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Preface 


Students of particle physics often find it difficult to locate resources to learn 
calculational techniques. Intermediate steps are not usually given in the research 
literature. To a certain extent, this is also the case even in some of the textbooks. 
In this book of worked problems we have made an effort to provide enough details 
so that a student starting in the field will understand the solution in each case. 
Our hope is that with this step-by-step guidance, students (after first attempting 
the solution themselves) can develop their skill, and confidence in their ability, to 
work out particle theory problems. 

This collection of problems has evolved from the supplemental material devel- 
oped for a graduate course that one of us (L.E.L.) has taught over the years at 
Carnegie Mellon University, and is meant to be a companion volume to our text- 
book Gauge Theory of Elementary Particle Physics (referred to as CL throughout 
this book) rather than a complete assemblage of gauge theory problems. Neverthe- 
less, it has a self-contained format so that even a reader not familiar with CL can 
use it effectively. All the problems (usually with several parts) have been given a 
descriptive title. By simply inspecting the table of contents readers should be able 
to pick out the areas they wish to tackle. 

Several new subjects have entered in the field in the fifteen years since the 
original writing of CL. Although we have not revised the book to incorporate them 
because we would not be able to do them justice, we hope this set of problem/ 
solution presentations is the first step towards remedying the situation. We have 
incorporated a number of new topics and developed further those that were only 
introduced briefly in the original text. Listed below are some of these areas: 


e Relations among different renormalization schemes 


Further applications of the path-integral formalism 


General relativity as a gauge theory 


Superconductivity as a Higgs phenomenon 


Non-linear sigma model and chiral symmetry 


Path integral derivation of the axial anomaly 


Infrared and collinear divergence in QCD 


Further examples of the parton model phenomenology 


QCD and AT = i rule in the non-leptonic weak decays 


More on gauge theories of lepton number violation 


Group theory of grand unification 


Further examples of solitons 


Many people have helped us in preparing this book. Our thanks go particularly 
to all the students who have taken the course and have worked through a good part 
of these problems. One of us (T.P.C.) also wishes to acknowledge the enjoyable 


vi Preface 


hospitality of the Santa Cruz Institute of Particle Physics when finishing up this 
project . The original literature has only been referenced casually, and we apologize 
to the authors whose work we may have neglected to cite. 

This book and CL share a page on the World Wide Web at the URL 
http://www.umsl.edu/-tpcheng/gaugebooks.html. Misprints or 
other corrections brought to our attention will be posted on this page. We would 
be grateful for any comments about these books. 


St. Louis T.P.C. 
Pittsburgh L.EL. 
January 1999 
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1 Field quantization 


1.1 Simple exercises in 1+ theory 
In A$* theory, the interaction is given by 


À 44 
Hy = 7,0 @). (1.1) 


(a) Show that, to the lowest order in A, the differential cross-section for two- 
particle elastic scattering in the centre-of-mass frame is given by 


do 2 


cu e 1.2 
dQ — 128z?s (ia) 


where s = (pı + p2)^, with pı and pz being the momenta of the incoming particles. 


(b) Use Wick's theorem to show that the graphs in Fig. 1.1 have the symmetry 
factors as given. Also, check that these results agree with a compact expression 
for the symmetry factor 


S=g [[ %ay™ (1.3) 


n=2,3,... 


where g is the number of possible permutations of vertices which leave unchanged 
the diagram with fixed external lines, a, is the number of vertex pairs connected 
by n identical lines, and f is the number of lines connecting a vertex with itself. 


(c) Show that the two-point Green's function satisfies the relation 


À 
(Ox + u?) OIT (6 609 ()10) = 3; OIT (^ G0 Q0) — i&^(x — y). 


Also verify this relation diagrammatically to first order in A. 


S=4 S=4 


Fic. 1.1. Symmetry factors. 


2 Field quantization 1.1 


(d) A Green's function involving the composite operator Q(x) = 14^ (x) is 
defined as 
GY G5 xi ss) = OIT(2 006090) 6090). (14) 


Write down, to the first order in A, the various contributions to ce ) (x; xj, x2). 


Solution to Problem 1.1 


(a) The tree diagram for a two-particle elastic scattering is shown in Fig. 1.2. Thus 
to this order the scattering amplitude is simply T = —iA giving rise to a differential 
cross-section: (see CL-Appendix A for rules of cross-section calculation): 


1 1 1 22 Ëp d?p, 
do — | — ià] 
[vi E v| 2E, 2E, (2x )?2E4 (2x )?2E, 


x Qzr)'8* (py + pa — ps — pas. (1.5) 
The last : factor is inserted to account for the presence of two identical particles 


in the final state. 
We then have the phase space factor of 


d?p; d?p4 
= | Qx)y*s*(p 1.6 
p IL m) 9 (p— ps— Pa) Qn 2E; QxY2E; (1.6) 
where p = pi + p». In the centre-of-mass frame, the four momenta can be 


parametrized as p; = (E, p), po = (E, —p), ps = (E', p), and p4 = (E', —p’). 
After performing the d?p, integration, the phase factor becomes 


p 


p= [ony ?8(2E — 2p 2 


n 
DE‘ dE’ 
= | Qx)?8(QE —2E' dQ 
fom ae 
|p] 
= d2 1.7 
3272? E ae) 
and thus the differential cross-section 
do 1 1 ipl A2 


= : 1.8 
dQ  |v—v34| 4E? 32z?E 2 cre) 


Fic. 1.2. 
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After substituting the flux of |v; — v2] = |(pi/ E1) — (p2/E2)| = 2|p|/ E and the 
invariant variable s = (pj + p2)? = AE? into the above expression we obtain 
do a? 
dQ — 128725" 
(b) (i) The diagram in Fig. 1.3 corresponds to a second-order term in the pertur- 
bation expansion 


(1.9) 


1 x 
7 (+) fan d* ys (O[T[b(x1)$ 22): OOO) OOOO): 
:b (y2) b (2) b (v2) b (y2):]0). (1.10) 


The amplitude like the one above but with the interchange y; < y» has the same 
contribution. This doubling cancels the first factor of 3 in the above expression, 
which comes from the Taylor expansion. 

Wick's expansion leads to the following contractions. There are four ways to 
contract $ (x1) with any one of the $ (y;)s and similarly four ways to contract $ (x2) 
with any one of the $ (y?)s; then there are 3! ways to contract the remaining pairs 
of $ (yı) and $ (y2). The (inverse) symmetry factor is 


Sta l 2 ! on jr 1.11 
x S ai "ed cus (1.11) 


This checks with the result obtained by using eqn (1.3) directly, because g — 1, 
Q3 = l,and f = 0. 
(ii) The diagram in Fig. 1.4 is first order in the coupling 
—ik 
4! 
There are four ways to contract $ (x1) with any one of the $ (y)s and three ways 
to contract $ (x?) with any one of the remaining three $ (y)s. Hence 


4.3 1 
S= — =L, 1.13 
4! 2 ( ) 
This checks with the result obtained from eqn (1.3), since g = 1, a, = 0, and 


B I. 


d*y (0|T[ Ee 22): Q06 006 006 Q:10). (1.12) 


FiG. 1.4. 


4 Field quantization 1.1 


(iii) The diagram in Fig. 1.5, like the one in Fig. 1.2, corresponds to the second- 
order term as given in (1). 

The multiplicity is determined by noting that there are four ways to contract 
$ (x1) with any one of the $ (y;)s and three ways to contract $ (x2) with any one 
of the remaining three @(y;)s. And there are (3) = 4.3 ways to contract the 
remaining $ (yi) pair to all the possible pairs out of the four ¢(y2)s. 


Sta ae) pides (1.14) 
ERUIT (4? 4 i 
Equation (1.3) also yields S = 4 because in this case g = 1, a2 = 1, and £ = 1. 
4! 


(iv) Figure 1.6(a) is a fourth-order diagram. There are 5 such diagrams corres- 
ponding to 4! ways to permute the y1,2,3,4 positions for a fixed x1,2,3,4, and the two 
categories of diagrams as illustrated in Fig. 1.6(b) are actually identical. Thus the 
Taylor series factor of i is only partially compensated. 

For brevity, for the remaining part of the amplitude we will only display the 
position factors of the fields 


XiXoX3X4 ViVi Vi V1 Y2Y2Y2Y2 Y3V3 33 Yayayaya (1.15) 
J2 
i Yi X5 
Fic. 1.5. 
Ji 
x, x 
yy Vy (a) 
X » x, 
» Y, 
(b) 
Y4 » 


FiG. 1.6. 
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and examine its combinatorics. There are 4 - 3 ways to contract $ (x1) and $ (x2) 
with the four $ (y;)s, and the same number of ways between $ (x3) and $ (x4) 
and the @(y2)s. For the remaining two $ (yi)s to contract into the respective four 
$ (y3)s and $ (y4)s there are 2 - 4 - 4 ways. Similarly, for the remaining two $ (y1)s 
to contract into the respective remaining three $ (y3)s and $ (y4)s there are 2- 3.3 
ways. Finally, there are two ways for the remaining two $(ys)s and $(y4)s to 
contract into each other. 


=j G z) 1 " 
S = ue -(4-3)- 2.4.4). 2.3.3).2 


4 2) 4»* 
1(4-3)4-23 1 
H3 uw. (1.16) 


This again checks with eqn (1.3), since g = 2, a2 = 1, and f = 0. 
(c) First we show that the differentiation of the two-point function with respect to 
x yields 
A (0IT (6609 (y))10) = (OT (0^ $ G9 ))10) 
+O Œ), $ (v)]10)8 (xo — yo) (1.17) 


where the equal-time commutator actually vanishes. Differentiating for the second 
time we have 


x(0IT 6 (x)0(y)]0) = (0|T O¢(x)6(y))10) 
-F(O|[909 (x), $ y)]]0)8 (xo — yo). (1.18) 


From the equation of motion O¢ (x) = —42$ — (A/3!)¢? and the canonical 
commutation relation [099 (x), $ (y)] 6(xo — yo) = —i 8^(x y), we then obtain 
the result stated in the problem. 


À 
x + uô OIT (626 ())10) = -3 017 (^ 606 Q)I0) — i&^(x — y). 
(1.19) 


— 


To verify this relation diagrammatically we note that the first order in à diagrams 
for the two-point function are given in Fig. 1.7(a). 
The Feynman diagrams lead us to the relation 
—ik 


(IT (6 C 0) = iAgG — 3) + (>) 


x faz li^g(x — 2]li^z(z— yir) (1.20) 


Using the relation (D. + u2)^p(x — y= —ó^(x — y), we obtain the left-hand 
side of eqn (1.19) to first order: 


TUM »«( 2) f dees diarear 


À 
= -5^rG — y)ArO) —i5"@ — y). (1.21) 
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oO. X 
x z y x 


x y y 
(a) (b) 
FiG. 1.7. 
O e Q C) . e () e . 
X. 3 
(a) (b) 
FiG. 1.8. 


Writing out the Green's function on the right-hand side, we have 


À À 
=z OITO 009 009 QJ = -5i Ar = y)i Ar (0). (1.22) 


Equations (1.21) and (1.22) clearly show that the relation (1.19) is satisfied. The 
Feynman diagram for eqn (1.22) is shown in Fig. 1.7(b). 


(d) There are three first-order diagrams for the two-point function 


G$ Gr xi, x2) = (OIT (4 x1) @2))10). (1.23) 


We shall explicitly work out the case of diagram (a) in Fig. 1.8. 
192 -iA dad 
oriwa» (Z) f aseo 


—id 
= (+) I d'yliAgGa — yli Ara — »0Arz(Q —y)P. (124) 


The symmetry factor of $ — 2 can be understood by noting that there are 4-3 ways 
to contract between $ (x1)$ (x2) and two gs in ó^( y), and 2 ways to contract 7 (x) 
with the remaining two $(y)s. Thus the 4! factor in the coupling is cancelled, 
and we are left with the 1 factor from the composite operator. The diagrams in 
Fig. 1.8(b) can be worked out in the same way. Their symmetry factors are also 2. 


1.2 Auxiliary field 


The Lagrangian density for a set of real scalar field $^, a = 1,2, ..., N, isgivenas 
1 a a ye a za A a na 
L= 5 Bp") 99^) — 7-d*d* — S (*9^. (1.25) 


(a) Work out the basic vertices in this theory by calculating the four-point ampu- 
tated Green's function to the first order in A. 
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(b) Consider the Lagrangian density 


1 
p- 5&9) BPG") — K gige +5 Tl > Tog $^ (1.26) 


where o (x) is another scalar field. 


(i) Show that if we eliminate o (x) by using the equation of motion, we end up 
with the Lagrangian in eqn (1.25). 

(ii) If we do not eliminate o (x), and take the propagator for o (x) in the momen- 
tum space to be —iA (which can be justified by adding a term (e/2)(9,0)(8"o) 
and then the limit of € — 0 after the propagator has been worked out), show that 
L’ gives the same basic vertex for $ (x) as that given in part (a). 


Solution to Problem 1.2 


(a) To the first order in A, the four-point Green's function with the four external 
lines carrying the internal indices a, b, c, d is given as 


OIT 9^ ho" (= 3r $b! 6! 0) (1.27) 


where we have grouped the four fields in the interaction term into two pairs labelled 
i and j, respectively—repeated indices are always summed over. 

As displayed in Fig. 1.9, there are two ways $'s can be contracted with 6”, 
and two ways between $/s and $$; these four ways are to be multiplied by 2 
corresponding to the interchange i «» j. Thus the factor of 8 is cancelled and the 
vertex is given by —id6“°5°. There are of course other ways we can pair off 
the four external lines. Removing the propagators for the external lines, we have 
the basic vertex for this theory: 


Cad e EE IR (1.28) 


(b) (i) Since the £’ does not contain the 3,0 field, the equation of motion for the 
c field 0L’/d0 = 0 is simply a constraint equation: 0/4 = ipg". Substituting 
this condition into the £’ Lagrangian density, the o -dependent part becomes 


Senes Log p= =" oy — a (deg? = — (ga ga? (1.29) 
2X 8 i 


and thus L’ = £. 


(a) (b) (c) 
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of 
ST te (*iA) PORE (i 6”) 
o? 
Fic. 1.10. Feynman rules for the Lagrangian £’. 

a b a d 
SJ i b Ay 
is o | 

] n 10 
| l 
| l 
Pa c a 
c d Ê b 
(a) (b) (c) 
FiG. 1.11. 


(ii) The Feynman rule from the £’ theory is shown in Fig. 1.10. 
From this we can construct the Feynman diagrams for the four-point function 
in Fig. 1.11. 


Diagram (a) yields (—i8%) (+i) (—i8**) = ihs, Similarly, diagrams (b) 


and (c) give —i57°5"4 and —i6“485°°, respectively. 


Remark. Very often this kind of auxiliary field is introduced to make the calcu- 
lation more tractable. For the case here, the use of the o-field makes the flow of 
the internal symmetry indices easier to monitor. 


1.3 Disconnected diagrams 

Consider the unperturbed and perturbative parts of the scalar field theory 
l 2 Hy m a 
zS EEEE -——4$. 1. 
Lo 5049 y — Ve, Ly zÊ (1.30) 


In the perturbation theory, the two-point Green’s function is given by 


G (x1, x2) = (O/T (6 (x1)$ (*2))10) 


e (OIT ($0 Gx1)6o(x2) expl—i f H'(x) dx])|0) (1.31) 
(0|T (exp[—i f H'(x) dx I0) l 


Use Wick’s theorem to demonstrate explicitly that the respective disconnected 
graphs in the numerator and denominator cancel. 


1.4 Simple external field problem 9 


T 


FiG. 1.12. 


Solution to Problem 1.3 
The two-point Green's function 


(OIT (01) Go(%2) expl—i f H'G)dxDlO — N 


(2) = 
FD) = Tepi S add D 


(1.32) 


has the following Wick’s (diagrammatic) expansions, shown in Fig. 1.12, for the 
denominator D and the numerator N, respectively, where the dot represents the 
‘vertex’ of Lı = —(m? / 2):9? (x):. This is equivalent to the expansion as shown 
in Fig. 1.13. 

We see that the disconnected contribution has been cancelled. 


1.4 Simple external field problem 


Suppose the Lagrangian for a scalar field is given by 


L= lo ay2 p: 2 1 
= 5 G,6** — 7-9! — Jon) (1.33) 


where J (x) is a real c-number function. 


10 Field quantization 1.4 


(a) Calculate (0|¢(x)|0) and the two-point function (0|T ($ (x)9 (0))|0) exactly. 


(b) Treat the term J(x)$ (x) as a perturbation and calculate (O|@(x)|0) and 
(OIT ($ (x)9 (0))|0) to the lowest order in J (x). 


Solution to Problem 1.4 


(a) The Lagrangian yields the equation of motion 


(A+ uô) = -I x). (1.34) 
If we define the usual Green's (propagator) function, 
(+ iP) Ag — y) = -8*(x — y). (1.35) 


the field operator can then be written as $ (x) = $o(x) + $), where $o(x) is a 
c-number function: 


pa) = Ji d*y Ara — y)J(y). (1.36) 
$Q) satisfies the homogeneous Klein-Gordon equation, (CI + uD) = 0, and 
can be expanded in terms of the usual creation and annihilation operators, satisfying 
the commutation relation [a (k), at (k' )] = 8 k-— k’): 


A ak E 
im J [Q)320,] ^ [ae ta qoe] : (1.37) 


Because $(x)|0) = (01Q x) — 0 the vacuum expectation value of the unshifted 
field operator is non-vanishing: 


(016 (x)|0) = do) = f d'y Ap(x — y). (1.38) 
and the two-point Green’s function is also shifted as 
(OITA œ) (010) = (OIT 99010) + (017 6)9(0)10) 
= $o(x)9o(0) + iA p (x). (1.39) 
(b) The ‘interaction vertex’ in the Feynman's diagrams for this theory is given in 
Fig. 1.14(a). 
(i) The perturbative expansion for the vacuum expectation value can be repre- 
sented by a diagram similar to Fig. 1.14(a). 
(cir 


n! 


(010 )]0) = (0176; G) Y 
? f dor OUO d I e 
=-i f d*y (0IT prr 00I Cy) 


= fe Ar(x — y)J(y) = pa). 
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J(y) JOD Jy 
x y x NX VY 0 
(a) (b) 
Fic. 1.14. 


(ii) The perturbative expansion for the two-point Green's function is given by 
Fig. 1.14(b). 


(OIT  (x)9 (0)/0) = (0T: (x)9;(0) 


ciy 4 4 
* Ti dy, Ay Jy) JCv)61Cy001Cy2]0)« 
= (i)? d* d! : . 
EN yx d'y [liA r — yDi Ag(C—-y2JCy) J 2) 
TO) € »)] 
= $o(x)óo(0). (1.40) 


1.5 Path integral for a free particle 


Show that the transition amplitude for a free particle (mass m) moving in one 
dimension has the expression 


Fog m a im (q' = qy 
(qt lq, t) — Ee ap a=? : (1.41) 


You should check that this result can be obtained by starting either from the 
Hamiltonian or the path integral (Lagrangian) representations of the transition 
amplitude: 


(q'| exp[- i H (^ — £)]lq) 


(1.42) 
N f [dq] exp li rs dt"L| 


(q^ t'|q.t) = 


where H = p?/2m and L = (m/2)q? and the integration measure in the path 
integral representation is given by 


m n/2 n-l 
N{dq = lim (——) dqi 143 
[dq] = lim (= I] q (1.43) 
with (t — t) being divided into n equal segments of A: t, ti, t5, ..., f, 4, t = th, 


having the corresponding positions q, q1, q2, .... Qn-1, Q' = qn. 
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Solution to Problem 1.5 


(a) The Hamiltonian method 
(q^. t|q. t) = (q'lexpl-i A(t’ — t)]Iq) 


/ -ip / 
= (q leo [| Se = n| Iq). (1.44) 


Inserting a complete set of momentum states: 


dp 
(q^. t'|q, t) -{2 (q' e| zi (t -»] Ip)(pla) 


—1p2 
JE exp | P y n+ iva’ =o) (1.45) 
T 2m 


which can be integrated by using the Gaussian integral formula: 


oo T b2 
| dx exp(—ax? + bx) = ,/— exp (=) (1.46) 
—0o a 4a 


In our case, we have a — (i/2m)(t' — t) and b — i(q' — q). Thus, 


PO m de im (q' —qy 
(q.t|q.t) — x ew | 75—2-| ! (1.47) 


(b) The path integral method 
The action can be written in terms of the space-time intervals as 


r tm m ta qi — qi+1 2 
S= Ldt" = —¢ dt" = — iran AN 
Í Í 24 2 H ^ ) 


i-l 


-xl«-aY mae aoaY). 048) 


Using this and the given integration measure, the transition amplitude can be 
expressed as 


n/2 


(q^, t'|q, t) = zy" fe exp [7 [(q — q1)? 


+ (a=) 9 Can- ah] | (1.49) 


The successive integrals can be calculated by using the formulae for Gaussian 
integrals of the form 


e Ew ab 
[selon eoe e] [| em em er] 
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so that one has 


fen exp [7 [a-a + (1— ey] 


[22i 1] ^. [im (a - ay 
pix E, PIZA 2 
duo 

f age | | D +a zu 
_ [22i 2]^ . im (q - 43) 
“|m 3 PIZA 3 

faa ev [7 | “= + (q «| 
S [2ziA 3] fim (a — a* 
S| m a4 PIZA 4 


and so on. In this way, one obtains 


, m \nl2 (2mriA\®ÀPP/12 ag L1? 
lim ( - ) AU SA 5 
n—oo \2ri A m 23 n 


im 2 
x exp OSA MC.) 


(q^. t'|q, t) 


2nd 
4 m N20 [im(q' —qy 
ms un) ss ee | 
m us im(q' — qy 
-(zue-5) aes | m 


where one has used nA = (t' — t). This result agrees with that obtained in (i) by 
using the Hamiltonian as the generator of time evolution. 


1.6 Path integral for a general quadratic action 


We will study the case of the action containing at most quadratic terms 


Siq] = fa lag? + bt -- c(0q4 *- d(0q +e ++ f(0]. U5) 
(a) Show that 


(ap. trlqi ti) = F(ty, ti) exp [iSc(qy. tp; qi ti)] (1.52) 


where S.(q y, tf; qi, ti) is the action for the classical trajectory, and F (t y, t;), being 
independent of q; and qf, can be written as 


(0,15) tf 
F(tp, ti) = vf [dn(t)] exp Lj dt [ai + enm vef] (1.53) 
(0,1) t 


Namely, we have the boundary condition n(t) = n(t') = 0. Thus ņn(t) can be 
thought of as the difference between a given q(t) and its classical trajectory. 
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(b) Show that the prefactor F (f y, ti) can be expressed in the compact form of 
F(t, ti) = N'/[det Ay”, (1.54) 


with the differential operator A= —a(d? /dt?) + c(d/dt) + e and N' being a 
constant. 


Suggestion. Expand ņ(t) as a series in terms of some orthonormal basis functions 
Xn (t) (with n = 1,2,3,...): 


n) = >> cnXn(t) (1.55) 


n 


where D Xn (t) Xi (£) = Sam and x,(t;) = Xn(t¢) = 0. The integration measure 
N [dn(t)] = N[[,dn(t,) can be taken as N [T, dc,. Thus we can obtain an 
alternative definition of the path integral as 


(ay. tylgi ti) = N f Teo. exp i S[q]. (1.56) 


Solution to Problem 1.6 


(a) The path integral representation of the transition amplitude has the form 


(qy.ty) 
(d rp. Lydi. ti) = N ldglexpi f at [L(q, 4, t)]. (1.57) 
(qiti) 


Let g-(t) be the solution to the equation of motion 


ôS d (0L oL 

e rs) or —({—)-—=0 (1.58) 
óq dt \ ðq oq 

with the boundary condition q,(t;) = qi and g-(tf) = qf. An arbitrary path 

q(t) can always be written as g(t) = g-(t) + n(t). Namely, n(t) is defined to 

be the deviation of q (t) from the classical trajectory with the boundary condition 


n(t;) = n(tr) = 0. In terms of the unique classical trajectory and y(t), we can 
express the transition amplitude as 


(qy.tp) 
(qp. tflqi, ti) = N [dn(t)] expli S[qc + nl}. (1.59) 
(qiti) 


The action S can be expanded in powers of n (t): S[ge+n] = S[qc]4- S1 +S2, where 
Sı is linear in y(t) and S5 is quadratic. Since the classical trajectory, according to 


the variational principle, corresponds to the path with respect to which the action 
is stationary, we have S; = 0. Thus 


tf 
Siac +n] = Siac] + f dt [a(i + e) + e(t)n’]. (1.60) 


i 


1.6 Path integral for a general quadratic action 15 


S[q.] is independent of 5 (t). Evidently S» is independent of qc, hence also of qi 
and q s. (This is only true for a quadratic action.) One then has 


(0,15) 
(qf, tflqi, ti) = exista DN f. [dn(t)] 
(0.1) 


tf 
x exp Lj dt [ai + enù + an) 
t 


i 


= F (tp, ti) exp [iSc (ay. tr; qi. ti) (1.61) 


which is just the claimed result. 


Remark. In many physical applications of the path integral formalism it is not 
necessary to know the prefactor F (1 y, ti), which does not depend on the coordinates 


(qr. qi). 


(b) Start from the expression 


F(tg,ti) = N fiano; f ar lai + eni + en] 


i 


[C8 d? d 
= N fite nexo Ui dtn(t) |-«2 + p + «| no] 
(1.62) 


where to reach the second line we have performed an integration by parts. 
Now expand ņ(t) in terms of a complete set of orthonormal functions: n(t) = 
x C, X. (t) with the condition of x,(t;) = x,(ty) = 0. We then have 


tf . 
F(tg,t)) = N f TT«o. apli f dino Ân] (1.63) 


where A is the differential operator given in the problem. For convenience, we can 
choose the orthornormal functions to be the eigenfunctions of A: 
Ant - [25 +e4 +e] nO sem (1.64) 
n — —-a— C= e n — KnXn š Å‘ 
5 di? dt ^ * 


Then 


/ ‘din Ani) = > / dt C Cn Ky Xn (1) Xm (1) = Yo es ko, (1.65) 


n,m 


and the prefactor for the path integral becomes 


F(tj,t) = NJ] f ee. exp ( Ya) . (1.66) 
n $ 
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For each term with n = / we can use the Gaussian integral f dx exp(—ax’) = 
(x /a) 1/2 to obtain the promised result: 


; 1/2 
F(tg,t)) = NT] (Z) = N' det A7! (1.67) 


We can check this result by working out explicitly the simple case of a free particle 
S= J dt (m/2)q?. Thus A = —(m/2) (d? (dt?) and the eigenvalue equation has 
the form for a simple harmonic oscillator equation, — (m /2) (d? x, /d 12) = ks Xn, 
which has the solution of x, = œn Sin@,(t — tj), with o, = (2k,/ m)". The 
boundary condition «(ty — tj) = nz, with n being an integer, implies that the 
eigenvalues k, = (m/2)(nz/tr — ti)”. Thus, the determinant has the value of 
det A-!? = IL !? Include the multiplicative factor from the Gaussian integral 
of (m/2)(in) 1? and choose the normalization factor N’ = [2n/ im (t — 1t)? so 
that we obtain the expected value (as determined in Problem 1.1) for the prefactor: 


F(tg, tj) = N’ inm\'" (tp— NO s i 1.68 
(ty, ti) = H( x) (zz )7 [75] . (1.68) 


1.7 Spreading of a wave packet 


The time-dependent Schrödinger wave function is defined by w(q, t) = (q, tiy}. 
(a) Show that 


pari = [aj tras ts da (1.69) 
(b) For the free particle, suppose Y (q, t = 0) is a Gaussian wave packet: 
p (q — ay 
= ————— |. 1.7 
V (q. 0) (zzz) exp | | (1.70) 


Show that it will spread as time evolves: 


ea 1 E q-a? 
where 
12 
o?(t) 2 o? (: + vos) (32) 


Remark. One may recall the physical interpretation for this spreading Gaussian 
wave packet. The initial Gaussian wave function can be thought of as a super- 
position of plane waves e/P*, As they evolve with time, such plane waves acquire a 
momentum and time-dependent phase e i1?" which will make the superposition 
go out of phase for t Æ 0. 
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Solution to Problem 1.7 


(a) This connection between the initial and final wave functions by the transition 
amplitude can be obtained simply by inserting a complete set of states in the 
expression for the wave function, 


Wap. tr) = (qp, tylv) = J datar tta ta nb (1.73) 


(b) Substituting into the above equation the expression for transition amplitude 
for the free particle case as derived in Problem 1.1 and the wavefunction y (q, 0), 


1/2 : EDI 


we end up with a Gaussian integral of the form shown in Problem 1.5 


(moy Pausar 1 V^ (q' — ay 
van= faa St) [T5 am) ve[- um 


-( m y 1 4T 4rio?t e B (q — a}? 
nit Ino? it + 2mo? P| Go2 F i2t/m |" 


(1.75) 


The w&*y has a simpler expression; it is straightforward to show it checks with the 
result given in the problem. 


1.8 Path integral for a harmonic oscillator 


The Lagrangian is given by 


2 
m., mo 


L = —q? --——q. 1.76 
zi z4 (1.76) 


(a) Show that the transition amplitude has the form: 


E mo He imo 
telgi ti) = | | exp} ——— 
df ipd 2i sin (ty — ti) 5 2sin c(t y — ti) 


x [a] + a?) costs = 1) - 2aja]]. (1.77) 


(b) Show that for an initial wave packet of the Gaussian form 


1/4 


vq. = (=~) p|- a-a], (1.78) 
we have 


alq, D = (^ exp [-mo(q — a cos wt)?] . (1.79) 


Namely, there is no spreading of the wave packet. 
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(c) In general, the transition amplitude, as a Green’s function, can be expressed 
in terms of the energy eigenfunctions as 


(q'.t'la.t) = XO dn(qon(q ef (1.80) 


where ¢,(q) = (q|n) and H|n) = E,,|n). Show this and then work out the ground 
state energy and wave function by taking the limit of t = 0 and t^ — —ioo in the 
transition amplitude (q’, t’|q, t). 


Solution to Problem 1.8 


(a) The action being a quadratic function, the transition amplitude, according to 
Problem 1.6, has the form of 


(qf, trldisti) = F (ty, ti) exp [iS ay. tf; qi, t] . (1.81) 


Thus we need first to calculate the classical action Se, then the prefactor F. 
Given the Lagrangian we can immediately write down the equation of motion: 
G + w*q = 0. Its solution corresponds to the classical trajectory: qe(t) = 
Asin cot + B cosot with its coefficients A and B to be fixed by the boundary 
conditions of qe (t = t; = 0) = qi and qe (t = ty) = qf. We find B = qi and 
A = (qf — qi cos ot y)/ sin wt y. Thus, 


c(t) = ji sinw(ty —t sin wt 1.82 
qct) um w(ty — t) + qr sinot] (1.82) 
with the velocity 
HO al (t; —t) + r] (1.83) 
c(t) = ——— | —qi cos w(tr — cos œt | . : 
sin oy f 4f 
The classical action is 
m 
S.(qp tf; qi, 0) = 5 


/ i dt [d2 (t) — »^q2(0] 
0 
w 


NN j 
= — dt [q; cos 20 (ty — t). 
sin? ot, 2 i 2 i 


+ q} cos 2wt — 2qiq s coso (ts — 2t)]. — (1.84) 


It is straightforward to do the t-integrals 


2. . . . 
mw sin 2wt sin 2wt sin wt 
| 2 Y cg cor L| 


Se(q4f, tf; qi, 0) = i Ty Io qiqf 


2 sin? ot 
mo 


2 2 
2 sin wtp K 4j) sosta 1 4] (k85) 
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This is the expression for the classical action that appears in the transition 
amplitude: 


(ay. tr gi, ti) = F (tp, ti) exp [iSc(ay. tg; qis ti)]. (1.86) 


Now we are ready to calculate the prefactor F (tp, tj). It can be determined from 
the condition of 


koe = [ datar, tslat); la à (1.87) 


where we have inserted a complete set of state {|q, t)} for a fixed time t. Explicitly 
writing this out, we have 


F(t, ti) exp [iS (qs. tf; qi, ti) 


= Fay FG. t) | daexplis. ar tj a. + iS.(q,t;qi,ti)] (1.88) 


The integral on the right-hand side has the form 


Too 1/2 B? 
A Cae ere 
Uu dq exp(—Aq^ + Bo) e“ = (=) exp (i + c) (1.89) 


where 


A= 


rn = -1) , coso(t — 5| (1.90) 


2i | sinæ(ts — t) sin w(t — tj) 


For our purpose of calculating the prefactor, there is no need to work out the Bg +C 
term as it only contributes to the exponent, which must match the i S, (q y, tf; qi, ti) 
factor on the left-hand side of the equation. Thus with the presumed cancellation 
(check this) of the resultant exponential factors on both sides of the equation, the 
only relevant Gaussian integral is 


zAU2  [2misino(t; — D sino(t — tj) |? 
f oae = (5) =| 082050 | (191) 


This means that the prefactors have the following relation: 


1/2 
[>] [sin w(ty — t] ^ Fap, ti) 
TL 


= [sine(t; — t)] F (tp, t) -[sino(t —5)] F(t, ti). — (1.92) 


From the above equation we can deduce the desired result: 


mao Me 
F(t, ti) = | i (1.93) 


2xi sin c(ty — ti 
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(b) From Problems 6 and 7, we have the relation 


V (q,t) = [ ag'a n o. (1.94) 
where 
, mo id imo 2 n / 
Se —2 : 
(a, tla 0) a] exp | Masia eosi an) 
(1.95) 
and, as is given, 
pus CERES Loc eee ioc odi 
vald. 0) = ( - ) exp | 5 — a) |. (1.96) 


Putting them together, 


dat p= (M2) ( mo ) fag 
ALD T 271i sin wt a 


x exp mR [CA + q?) cos wt 2qq'] iue (q' — ay 
2 sin wt 2 ` 
(1.97) 
The exponential integrand having a quadratic function of q': {---} = —Aq" + 
Bq' + C as its exponent 
pm —imocosot mo —imo iy 
|. 2sinot 2  2sinot 
—imo . 
B --— (q + ia sin ot) (1.98) 
sin wt 


im@coswt , mo 5, 
C= - q a’, 
2 sin wt 2 


the integral is of the Gaussian type discussed in part (a) and yields the result of 
(a / A)! exp((B?/4A) + C). We obtain the final wave function 


; 1/2 
baaz D | mo 2 sinot e| sped (1.99) 


2zmisinot —imco 
where the exponent has real and imaginary parts: 
—imo ei?! 


[++] = ————— (q + ia sint)? + 
2 sin wt 


ma 
BEN 
In this way we obtain the wave function 


imo cos wt mo 
2 a 


zsinor 2 


(q — a cos œt)? + i> sin ot (Zaq +.a2coswt). — (1.100) 
mwN! up no 2 
pala, d = (==) e" P exp | - 5 (a — a cos wr)? 
X 2 
.[mo . 2 
x expi [— sin wt (2aq + a° cos ot) é (1.101) 


and an expression for |y,(q, t)|? just as that quoted in the problem. There is 
no spread of the wave packet because the original Gaussian wave function is an 
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eigenfunction of the SHO Hamiltonian, and the time evolution comes in only as 
an overall phase. 


(c) We will first express the transition amplitude in terms of the energy 
eigenfunctions: 


(q^. t'1g, t) = (4! expli H (C — 01a) = Y (ql expli HG — Din) (nla) 


n 


= $e (q'In)nlq) = 9 bag on (Qe. 


Setting t = 0 for convenience, it is clear that in the limit of ^ = —iT with T — oo 
this sum is dominated by the ground state |0) contribution: 


lim (q', —iT|q, 0) = lim $o(q)0o(q) e ^". (1.102) 
T—oo T—oo 


This should be compared to the limiting expression for the transition amplitude 
obtained in part (a) 


(g^ 19.0) = (=) exp | zi [aP + 4°) coset” — 24/4] 
Tre = misno) P| Z2snor t ($9 T 
(1.103) 


Noting that both cos wt’ and i sin wt’ increase as seer in this limit: 


"OR mo X1? —mor,, m ; 
(q,-iT\q.0) = (=) exp Lu [a^ anie — 24 al} 


= (28 exp [u^ a | e Tn. (1.104) 
T 2 


Compare the expressions in eqns (1.102) and (1.104) and we obtain the ground 
state energy and wave function as 


F od _ (mo 1/4 —mo » 1.105 
0 = 59, wa) = (—) SP log op (1.105) 


1.9 Path integral for a partition function 


Show that the partition function of canonical ensemble Z = Tr(e~?"”) with 8 = 
(kT)-! and H the Hamiltonian, for a simple case of one degree of freedom system, 
can be written as a path integral representation as 


—ip 
z= | dao fidae gi dt aai) (1.106) 
0 


where qo = q(t = 0) = q(—iB) and A (q, q) is the Lagrangian in Euclidean time 
TIU 
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Solution to Problem 1.9 


The trace in the partition function can be written as the sum of the matrix elements 
of the e^?" operator between the eigenstates of the q operator, 


Z = y uet uy (1.107) 
do 


Compare this with the path integral representation of the transition amplitude, cf. 
in particular CL-eqn (1.47), 


(a p. telais ti) = (qgle ie” lai) 


tf 
E fren [iari exp Gf dilpá — Ha. pi). (1.108) 


We see that the partition function in eqn (1.107) can be viewed as the special case 
of the path integral representation in eqn (1.108) with the restriction 


tr — tj = —ip Or f; =O and tr = —if (1.109) 


and the initial and final position identified qf = qi = qo. Namely, the path q (t) is 
periodical 


q(t) = qti) = qo. (1.110) 
For convenience, we can introduce the new variable t = it. The integral in 
eqn (1.108) becomes 
Y a P . dq 
if dt [på — H(4, p)l -l dt ee - HQ. »| (1.111) 
0 0 dt 


and therefore 


B d 
Z= fiaa [iani exp If dt jot — H(q, » |} l (1.112) 


For most cases, H = (p? /2m) + V (q), the momentum integral is Gaussian 


f 1 2 .dq 
IE | De tigr? | 
f m (dq\? 


And we have the partition function 


| P m ( dq i 
Z=N [icono -f «| (54) +v] (1.114) 
0 2 dt 


where the combination —[(m/2)(dq/dt)* + V] is just the usual Euclidean 
Lagrangian A(q, q). The constant N is independent of temperature (hence has 
no physical significance). The integration is over all the periodic paths with the 
boundary path qo = q(0) = q(). 

From this problem we see that the partition function can be obtained from the 
usual path integral method through the steps (i) set t; = 0, and tp = —if, and 
q(ty) = q(ti) = qo; and (ii) integrate over qo. 


1.10 Partition function for an SHO system 23 


1.10 Partition function for an SHO system 


The partition function for the case of the simple harmonic oscillator V(q) = 
(mo /2)q? can be obtained as follows 


-1 
Z= tr(e PP) = See = (2 sinh - . (1.115) 


n 


Now use the path integral method, as outlined in Problem 1.9, to recover this 
result in two ways: 


(a) by making use of the SHO result of Problem 1.8, then performing the inte- 
gration over boundary values of qo = q(ty) = q(tj) as a simple Gaussian 
integral, or 


(b) by using the approach of calculating the path integral as indicated in 
Problem 1.6: Z œ det A~!/? with A being the appropriate operator for the SHO 
case. 


Solution to Problem 1.10 


(a) From Problem 1.8, we have obtained the SHO transition amplitude 


mo ue imo 
AAS hall rey o exp} — 


2ri sin w(t — ti 2 sin w(t — ti) 


x [(q? + 42) cos (ty — ti) -*«]. (1.116) 


To get the partition function by following the method given in Problem 1.9, we set 
ti = O and qf = qi = qo; the exponent in the above equation becomes 


: —5i in? (ot ¢ /2 
puces TP —241 (cos ot ; poo oul) o 
2 sin ot, sin ot y 
= t2 t 
E imo sin(@ f à - imc? tan OF. (1.117) 
cos(wt ¢/2) 2 


By integrating over qo and setting ty = —ip, we then obtain 


g. 
Off 2 
Z= (r 2) S dq, exp - (ime tan —— ) VA 
2ri sin wt ¢ 2 
1/2 1/2 € 
- (or “_) (<< ) = (s sin zx) 
2ri sin wt ¢ imo UTE 2 


= = (2sinn ay : (1.118) 
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(b) We start with the path integral representation of the partition function as given 
in eqn (1.114): 


B p 1 (dq 2 to 2 
z-v [uae |- f ae] 5 (3) zz 
: 1 ff d? 
=n f[uaeo|-5 f dtq (-5279)«] 


= N"[det A]! (1.119) 


where A = —(d*/dt”) + w and det A = [ [, @ with a, being the eigenvalues of 
A on the space of periodic functions f(t) = f(t + B). We expand this periodic 
function as f(t) = Y, c, "15^. then the eigenvalues are a, = c -- 4z?n? 8? 
for the eigenfunction e/"?**? “' In order to evaluate such a determinant of a series, 
we first take the logarithm of the determinant 


Indet A — > In(o? + 4Ax?n? p). (1.120) 
To evaluate this series, we note that 
^? — dindet A M d ln det A 
Indet A — dx ———— —2 Xak — (1.121) 
0 dx 0 dx 
In the integrand we have substituted w by x. 
d +00 
——IndetA = Y (x? c Ami Bp)! (1.122) 
dx? oer 


+00 
= x ? c 29 O c An? p?) 


n=1 


-1 
E 28? Too (es P) 


An? a 4r? 
= yn BX coth 1 BX = P coth Bx 
2x 2x 2x 
where we have used the identity 
+00 
mycothzy 2 1--2y? Soin? +y.. (1.123) 
n=l 
In this way 
inde A= f Bdx coth ÉX = 21n (sion 2x) (1.124) 
0 


or det A — (sinh(f x /2))*. Thus 
E 
Z=N (sion x) (1.125) 


which is in agreement with the result obtained in (a) when we recall that the 
temperature independent constant in front has no physical significance. 
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1.11 Non-standard path-integral representation 


Consider the Lagrangian with a position-dependent *mass' 


1 
L- 3f. (1.126) 


Thus the canonical momentum is p = f(q)q and the Hamiltonian H = 
(p?/2 f (q)). Show that the path-integral representation of the transition ampli- 
tude has the form 


(q^. tlg n = v f agiexp |i f ar [rai - 580) In rol}. (1.127) 


Suggestion. One can start with the expression of the transition amplitude 


v [vn f tries} f dt ipi = Ha 


, dpı dpn NC di — di-1 
l ML Ee dq, ---ddn stip | 
E aao am OFRAR 22 Pee d 


H Q qi +a) | (1.128) 


and then explicitly perform the momentum integrations. 


(q^. t'|q, t) 


Remark. This is the counter-example, first given by Lee and Yang (1962), show- 
ing that path-integral representation is not always of the form 


(q^, t'|q, t) =" f aofi f arao). (1.129) 


Solution to Problem 1.11 


For the given Lagrangian, we have 


E 2 
(q’, t'|q, t) =x fran [unes | dt |n - x] 


n 2 
>> qi — di- Pi 
2 ; s[»( St ') xl de 


The momentum integrals are of the Gaussian type Ra: dx exp(—Ax? + B) = 
(1/ A)!? exp(B?/4A): 


oo 2: 
ei F [4i 4i Pi 
: =| LE. ^( 51 ) 2l) 


7 Ee | 2 f (qi) 
= ex = 


2 
EN ae 1.131 
ist gir di d | et) 
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Since we are eventually interested in expressing the [dq] integrand in the form of 
an exponential, we will now write the position-dependent part of the prefactor in 
the exponential form [ f (q)]! = exp { ; In f (q)]. In this way the above integral 
becomes 


1/2 . EOS 2 . . 
i= (8) e| A < 5 mes ues 
iót 2: ót 26t 


This means that the path-integral representation can be written 


(gor lat = lim Orid”? f dai dans 


| fadi —4-N.— ilnf(q) 
veli] 5 ( re ) 2: fa 


=n f unol: f | LM 50)| ar). (1.133) 


This is the claimed result. To get to the last line we have used the expression for 
Dirac’s delta function as 


m 
5(0) = jim ae (1.134) 
1.12 Weyl ordering of operators 
Notes on operator ordering 


For the simple system of which the Hamiltonian in the form 


H LS 
cQ.) = om + V(q) (1.135) 


has no terms that depend on both p and q, the quantization is straightforward: 
just replace the classical variables (p, q) by operators (p, q). Thus the quantum 
Hamiltonian operator is unique: 


A(p, 4) = = 4 V. (1.136) 


and we have the path-integral representation of the matrix element 


AAA dpi Gti td inana, 
AG a) = f = H, (p. ee eiPiacca-d). (1.137) 


For the more general case of which the Hamiltonian function H.(p, q) can have 
mixed terms of p and q, for example p?q?, the quantized theory is not unique. 
Each of the choices: f?4?, Q p^Q, pq? p, and q? p? will have the same classical 
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limit. If these choices are non-equivalent, experimental measurements will, in 
principle, pick out the correct choice. Problem 12 will illustrate the point that for 
a Hamiltonian containing terms of the type q” p”, the path integral quantization 
corresponds to, in some sense, the most symmetric ordering, called Weyl order- 
ing. It is defined to be the average of all possible orderings of ps and qs. For 
instance, 


(pq" w= —1 È (a pa") = —- a" p t a"! pa ++ pa") 


(pq')w = ye pd pq ^. (1.138) 
m=0 


(n+ Dn +2) & 


An instructive discussion of Weyl ordering can be found in the book by 
Lee (1990). 


Remark. To do Problem 1.12, you may find the following identities useful: 


1 
2 = 5nin +1) (I-1) 
Dr = Lla +1)(2n +1) (1-2) 
j=l 6 


n 1 2 
Ve = E + D| q-3) 
[EI 2 


and 
n aE : n w 
2”=) B (1-4) 
sia n 
n2 ux (1-5) 


l=1 


n(n — 1)2"7? = Sa = »(7) (1-6) 


I-1 
where (7) = (n!/l!(n — I)!) are the binomial coefficients. Can you prove these 
identities? 


Suggestion. One approach to the first three relations will be to use the equalities 
Yong — D" — 37 90" = (n+ D)" form = 2,3, 4. We note that the left-hand 
sides are just different combinations of $ 7 lk with k = 1,2,3. The last three 
identities (I-4, I-5, and 1-6) simply follow from the successive differentiations 
(d" /dx")(1-- x)" at x = 1 form = 0, 1, 2. 
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Problems on Weyl ordering 


(a) Show that the Weyl ordering of operators p and q can be written as 


1 
(pq")w = —— (q"p +q"! pq t: pq”) 
n+l 


ig n! 


l n—l 
=) pe. (1.139) 
2 > ia n 


with the matrix element of 


di-«1 t di 


2 ) (qixilplqi)- (1.140) 


(qi+ıl(pq”)wlqi) = ( 


(b) Show the Weyl ordering of the operator product with two powers of p: 


2 


2.n = 
(Paw = Ga DatD 


> q” pq! pq" ^" 

l,m-l 

d 3 n (1.141) 
2" In - DI 


which leads to the matrix element of 


dix1 t di 


2 ) (qii p?lqi)- (1.142) 


(qi- iG? a") wlai) = ( 


Remark. According to eqns (1.140) and (1.142), the matrix elements of q in the 
Weyl ordering are just of the form (g;+1 + q;)/2 as prescribed in the path-integral 
formalism. 


Solution to Problem 1.12 


(a) Before working out the situation for general n, let us first consider the simplest 
non-trivial case of n — 2: 


(paw = į (°p + apq + pq^) = pq? + iq (1.143) 


where we have used the commutation relations [q", p] = imq"-! to move qs to 
the right of ps. The right-hand side is shown to be just the claimed result (as given 
in the problem) by further application of these commutation relations: 


1 


1 2 2 2 ` 2 ` 2 
53 (4 P *2apa + pq) = zla +2iq) + 2(pq? + iq) + pa? | 


Lu enm. (1.144) 
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The matrix element then has the simple structure: 


1 
(qiilIGaP)wlai) = 53 imla?’ p + 2qpq + pq’ qi) 


1 
= gi ia + 24:41:91 +9; )(Gi+11P 4) 


diit qi Y 

i+ i 

= (=) (qi+ılplai). (1.145) 
Now let us repeat the above steps for the general n situation, 


n = 1 = l n—l 
(pq )w pare d ) 


1 n 
= ( "ey nl) 
IÈ pq" + ilq 


pq” + sng, (1.146) 


where to reach the last line we have used the identity (I-1). This result is the same 
as given in the problem, eqn (1.139), because, 


1c n! "RE ig n! “x 
I "——Ó' n — 2 n i] n 
» Tey hit P o Dm =i eg 


1 n n «7 n—l 
-xX()w + ilg"7!) 


! (1.147) 


Il 
"S 
Q 
= 
+ | 
| ~. 
S 
Q 
1 


where we have used (1-4) and (1-5). The combination of eqns (1.146) and (1.147) 
yields the claimed result: 


n 


1 n! I T 
esc qp". 1.148 
(pq")w 7 Hl pq (1.148) 


The general matrix element can now be written as 


n 


n 1 n! bag fl 
(qii wlan = z 2 mo py den p" a) 


1 - n a 
mb 2 (‘ate ! (qi- Al pagi) 


1=0 


icti 
- (zu) (qi silla: (1.149) 
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(b) Before working out the general n situation, let us first consider the simplest 
non-trivial case of n = 2: 


(p^a4?)w = &(q^ P^ + apap  qp^a + pa^ p + papa + pq’). (1.150) 
The right-hand side can then be rearranged by using the commutators 


m—1 


[a", p] =im(q™ |p + pq”), (1.151) 


so that 
(Paw = | [»^q^ + 2i (qp + pq)] + pg + Dap] 
+[(pq +i)pq\ + [p?q? + 2ipq] + [p’a? + ipa] + pq 
= i(6p?q? + 12ipq — 3) = p?q? t 2ipq — 1. (1.152) 


This last expression can be shown to be just (q? p? + 24 p?q + p?q?)/4 which is 
eqn (1.141) with n — 2: 
(q^ p? + 2qp!q + p!q?) = 1 [(p?q? + 2ipg + 2iqp) 
+2(p?q + 2ip)q + p’q’] 
= i [4p + 8ipq — 2] = p?q? + 2ipg — 1. 


(1.153) 
Thus 
1 
(Paw = zr + 2qp?q + p’q’), (1.154) 
and 
iti + di ) 
(qizi (pwa) = (=) (qizil P^lqi)- (1.155) 


Now let us repeat the above steps for the general n situation. 


2n 
(gw = mr tnn pq" 


2 : AEE ep 
— l m n m 
ER EET P + ilg! )q" pq 


Y (pq q" —i-m ES gpg) 


ense 
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n 


; j m— zt 
7 (n+ D(n +2) 2c [p Epa" eie mg Jq lm 
l 


,m=0 
+il [pq "^! En id +m— Dg] p 
2 


> we Daa) 


x Jo [ra" + iQ + npa" - 10 m — 1g"). um 
l,m=0 


We will discuss separately the three terms on the right-hand side of this equation. 
In the first term we have the sum 


n n n-l n n n 
3 JJOPBESBOLIESESBCOESESE 
1=0 m=0 1=0 1=0 1=0 


l,m=0 


= (n+ 1D? — inn +1)=4}4n+1)n+2) (1.157) 


where the identity (I-1) has been used. We then evaluate the sum in the second 
term of eqn (1.156): 


n n n—m n n—m 
1,m=0 m=0 1=0 m=0 1=0 


-23in-m)n-m-cl1 c mn-m+1) 
m=0 m=0 
ing +1) - nm] = n(n +1)? — In?(n 4 1) 


m=0 


n(n + 1)(n +2), (1.158) 


where (I-1) has been used. To evaluate the sum in the third term of eqn (1.156), 
we will need to use all three identities (I-1, I-2, and I-3): 


n 


3 id +m—-1) 


1,m=0 
n n—l 


355353 


A 
m=0 1-0 m=0 


n n— n n 


l 
=% 1 m+} P 
0 m=0 1-0 


l 


n 


DY pia- Da-1+)+ d -Da0-141] 


[-3P +3 + DP — an+ 
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E 1 n?(n + 1? n(n + 1)(2n + 1) n(n + 1) 
=5[-s SP +3040 6 (n + 2) 5 | 


1 
= grt 1)(n 4- 2)(n — 1). (1.159) 
Substituting the results from eqns (1.157) to (1.159) into eqn (1.156), we have 
(p^q")w = pq" + inpq"^ — jn(n — Yq". (1.160) 


We next show that the right-hand side is equal to (1/2") » 7 ())4! puts 


] «fn x 
2 ( ME : 
1-0 


1 n 
-32. (^) [pq +il(q' p + pa] a" 


B n n . — n— n— 
-— (7) a + il(q'' pq" + pq”')] 


ly A 2g" ] n-1 n-2 
= 5, |, ) ra" + 2ilpa"™ 10-097]. a160) 


Using the identities (I-4, I-5, and 1-6), we have 


1 n n 1.2 n1 2n M neat 1 n—2 
x2. (A poai i pA ee (1.162) 


Comparing eqns (1.160) and (1.162) we see the relation of eqn (1.141) is satisfied. 


1.13 Generating functional for a scalar field 


The generating functional for the free scalar field $ (x) is of the form 


W,[J] = [to exp l i] d*x 2 (1.163) 

where the Lagrangian density with an external c-number source J (x) is given by 
1 1 

Ly= 509? = 34 4 Jó. (1.164) 


(a) Show that such an £; leads to the equation of motion (O + uo = J witha 
classical solution that can be obtained by the usual Green’s function method: 


p(x) = — f d^y Ar(x — y)J(y). (1.165) 


The Green's function A p(x — y) is the Feynman propagator for the scalar field in 
position space: 


dtk gie» 


Ar(x —y)— Om E-u ie (1.166) 
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(b) Show that, by a change of variable $ (x) = @-(x) + n(x) in the Lagrangian 
density, the generating functional can be expressed in the form 


i 


W,[J] = N exp I f d^x d*y J(x) Ag(x — yao} (1.167) 
where N is a constant, independent of J. 


Remark. One way to understand the ie prescription in the expression (1.166) for 
the propagator Ar(x — y) is to note that the path integral expression in (1.163) 
is not well defined because of the oscillatory behaviour of exp {i f uer " fora 
real £;. In principle, we have to go over to the Euclidean space-time t = it in 
order to convert this oscillatory behaviour into a damping one. We then return to the 
Minkowski space by the method of analytic continuation. However, a much simpler 
approach that will accomplish the same task is to add a term expli f d*x(ie)} 
with € > 0 in the generating functional. This will provide a strong damping to 
the Gaussian integral. The generating functional will then be well defined. The 
Green's function for the corresponding equation of motion (O + u? — ie)$ = J 
is of the form 


(D, +m? — is)^g(x — y) = —S (x — y) (1.168) 


with the solution as given in eqn (1.166). 


Solution to Problem 1.13 


(a) The minimization condition of the action (modified according to the ie pre- 
scription as discussed in the Remark): 


Si [o] = fas Ly= fas [1(09)! — iq) —ie)p + 74] (1.169) 


is simply the Euler-Lagrangian equation 


aLy ( aLy ) jas 
65$; = 9 —-—(u -—ige)$ + J — 0$ = O0. (1.170) 
UT 86 "BOA 
Thus the equation of motion is 


(O, + u? — iejo (x) = J(x). (1.171) 


This equation can be solved by the usual Green's function method 


dtd f Are —340)45y (1.172) 


with the Green's function (the propagator) being defined by the equation 


(B, +u? — ie) Ap(x — y) = —8* — y). (1.173) 


Equation (1.173) can be solved by Fourier transform with the solution being given 
by eqn (1.166). 
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(b) The change of variable $ (x) = $c(x) + n(x) in the Lagrangian density of 
eqn (1.169) 


$;Il0] = fase = [asec — u$ 4 Jo] (1.174) 


leads to an expression of the action in the form of 


Salbe +n] = / zs e + u$. + Jee] 


—nl(O+ u$ — J] — ini ein. (1.175) 


Because 6, satisfies the equation of motion, the second term on the right-hand side 
vanishes and the first term can be simplified, 


! dx [-56«(0 + u^) + Jee] f d*x [-536.J + Joc] 


=} f atx see 
Sel f PEIA Ia, 
(1.176) 
The generating functional being 
wI] = Ji [dp] exp(iSj[o}} = J anenun (1.177) 


we can then factor out the part of action which is independent of the n(x) field: 


i 


W;LJj — exp L5 fos JojA e= »0)dyl 


x frances {5 f sex + udn] 
= N exp bs] en J(x)Ar(x — y)JCy) ay (1.178) 


where 


N= funcoteo|-5 f a's n) +12)700| (1.179) 


is independent of J (x). This is the desired result. 
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1.14. Poles in Green's function 


Consider the following generalization of the LSZ reduction formula: let T (q,...) 
be a Fourier transform of the vacuum expectation value of a time-ordered product 


T(q,...)= fas e* (O|T (A(x) B) -- -)10) , (1.180) 


where the operators A(x) B(y)--- can be either elementary field operators like 
$ (x) or composite operators like p(x). Suppose the operator A(x) has a non-zero 
matrix element between the vacuum and some one-particle state carrying quantum 
number a, 


(0|A(0)|p, a) z 0, with (P + m2)? = Ea. (1.181) 


Show that in the upper half of the energy plane g, > 0 the function T (q,...) has 
a pole structure of 


lim T(q,...)—i (0|A(O)|p, a) (p. a IT (BO) - - - )10) 


yom q? — m? +ie 


for gy > 0. (1.182) 


Solution to Problem 1.14 


We only need to consider in detail the simplest non-trivial case of two operators. 
Generalization to cases involving more than two operators will be straightforward. 


T(q) = fas e'** (0|T (A(x) B())I0) 


= fas e'1* {0 (x) (0|A (x) B(0)|0) + 6(—x){0| BO) A(x)|0)} 
= [ es [eo Z onoma 


+ 6(—x) Yin» «iacoro]. (1.183) 
k 


For the one-particle state |p, a) in {|n)} 


dp 
So fee. (1.184) 


we can use the translational invariance to write (O|A(x)|p,a) = 
(0|A (0)|p, a) e~!?*, and 


fos e -P*9(x) = (27) (p — q) ra dt expli(qo — Eq) : t) 
0 


= (27)? 
(27) ô (p OPM ET 


i (qo + Ea) 
= (x5? i , 
(27) 8 (p puce ENT 


(1.185) 
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where we have used p — q so that 


D-E  dj-Wp-m, qd —mi 
“(qo + Ea) (qo + Ea) (qo + Ea) 


qo (1.186) 


Inserting this into eqn (1.183), we can evaluate the function T (q) in the limit of 
q? — m? with qo > 0 
2i Ea 


— m2 j 
mg i6 


= dp 353 
r- | 355-0» à (p V2 


x (0|A(0)|p. a) (p. a| B(0)]0) + - -- 


(0A (0)|q. a) (q, a| B(0)/0) " 


1.187 
q? — mie ( ) 


=i 


where the ellipsis stands for the remaining terms, which are clearly free of poles 
and hence can be dropped in this limit. This is the desired result. 
We also note that for the case of (q, a|A(0)|0) Z 0 there will be a pole term in 
the qo « 0 region of the form 
(0]B(0)|q. a) (q, a|A(0)]0) 


lim T(q) — —i 
yom @) q? = m2 +ie 


for qo < 0. (1.188) 


2 Renormalization 


2.1 Counterterms in 1¢* theory and in QED 


(a) Use the power-counting argument to construct counterterms and draw all the 
one-loop divergent 1 PI graphs for the real scalar field theory with an interaction of 


X145. 224 
(b) Use the power-counting argument to construct counterterms for the QED 
Lagrangian 
oe, S 1 ; 
L= yy"8, — my — evyy" vA, — gro" (2.2) 


where F,, = 0, Ay — 0, Ap- 


Remark. One of the key features of the QED theory is that it is invariant under 
the gauge transformation (see CL-Section 8.1 for details) 


w(x) > w(x) = e? yx) 
V (x) > y'a) = e" yx) 
1 
Ay(x) — AL) = Apl) + = dpa Q). (2.3) 


The desired counterterms must also be gauge invariant. 


Solution to Problem 2.1 


(a) The superficial degree of divergence D is related to the number of external 
boson lines B and the number of $? vertices n, by CL-eqn (2.133): 


Dad B= 14. (2.4) 


(i) B = 2 (the self-energy diagram): see Fig. 2.1(a) for the one-loop divergent 
1PI graph. Thus D = 2—n,. Since the number of external lines is even, nı must also 
be even: nı = 0 and 2, leading to quadratically divergent $? and logarithmically 
divergent 0,,@ 0" $ counterterms. 

(ii) B = 3 (the $?-vertex diagram): see Fig. 2.1(b) for the one-loop divergent 
1PI graph. Thus D = 1 — n; = 0, as n, must be odd (hence n; = 1), leading to a 
logarithmically divergent $? counterterm. 

(iii) B = 4 (the *-vertex diagram): see Fig. 2.2 for the one-loop divergent 1PI 
graph. Thus D — 0 leading to a logarithmically divergent $^ counterterm. 
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DD. =x 


(a) (b) 


Fic. 2.1. 
Fic. 2.2 
(a) (b) 
Fic. 2.3. 


Remark. We may also consider the ‘tadpole diagrams’ of Fig. 2.3 with B = 1 
and D = 3 — n, with odd n, = 1 and 3. The quadratically divergent ones are 
shown in Fig. 2.3(b), while the logarithmic divergent one is shown in Fig. 2.3(a). 


(b) Here both the external boson and fermion line numbers enter into CL-eqn 
(2.133) 


D-4-B-PF. (2.5) 


Let us enumerate all possible terms starting with the lowest possible external 
fermion (electron) and boson (photon) lines: 


(i) F = 0, B = 2 (the vacuum polarization diagram, Fig. 2.4(a)): thus the 
degree of divergence D = 2 (i.e. quadratically divergent). In order to have a finite 
term we need to expand this contribution z,,, (k) beyond the second order in photon 
momentum k: 


Tuy (Kk) = Tyy(O) + k’ guv (0) + kakv (0) + Tu (k). (2.6) 


Thus the required counterterms are (A)? and (3 AY". But there is no gauge-invariant 
counterterm of the non-derivative form (A)?. However, there is one gauge-invariant 
term of (0A)?: (ð Av — Au) (OH A" — 9" A"), which is the same form as the 
photon kinetic energy term Fy F^". 
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ive. 
"S 


(a) (b) 
(c) (d) 
FiG. 2.4. 


(ii) F = 0, B = 4 (the photon-photon scattering diagram, Fig. 2.4(b)): here 
we have D = 0 (i.e. logarithmically divergent). 


lvo (ki) = Pavao (0) + inten (k;) (2.7) 


where Poss (k;) is convergent. The required counterterm is of the form (AM. 
However, it is not possible to construct such a term which is gauge invariant. Thus 
we would expect I',,5, (ki) itself to be convergent. 


(ii) F = 2, B = O (the electron self-energy diagram, Fig. 2.4(c): the degree of 
divergence is one; hence it is linearly divergent. 
X(p)- E(0) + # X'(0) + X(p) (2.8) 


where we expect È (0) to be linearly (or logarithmically) and X'(0) to be logarith- 
mically divergent, X (p) being convergent. The required counterterms are X (0) jy y 
and X'(0)y/ y" 8, y, respectively. 
(iv) F = 2, B = 1 (the electron-photon vertex diagram, Fig. 2.4(d): it is 
logarithmically divergent, because D = 0. 
U',(p, q) 2 U,(O) + Pp. q) (2.9) 


with a counterterm of the form y y^ y. 


2.2 Divergences in non-linear chiral theory 


The non-linear SU(2) x SU(2) chiral Lagrangian is of the form 


2 
L= T Tr(9"U' ð U) (2.10) 


a] 


and T = (T1, T2, T3) are the Pauli matrices. 


where 
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Also f = 94 MeV is the pion decay constant. (For more discussion of non-linear 
chiral theories, see Problems 5.7, 5.8, and 5.9.) Use power counting to enumerate 
all the superficially divergent Green’s functions at the one-loop level and construct 
the appropriate counterterms. 


Solution to Problem 2.2 
The superficial degree of divergence is given by 
D=4-B+) nib +d; — 4). (2.11) 


For the chiral Lagrangian, we have the number of derivatives in the ith vertex being 
d; = 2, for all vertices. Substituting the topological relation 


2üB) + B = 2 nb (2.12) 
into 
L = (IB) — 2n +1 (2.13) 
we get 
b= 5 672-241 (2.14) 


The superficial degree of divergence is then 


D=4-B+) n(b; -2) =2+2L. (2.15) 


This gives the result that at the one-loop level (L = 1) the degree of divergence 
D = 4, independent of the external lines. It implies that the number of derivatives 
in the counterterms should be four or less. The term with two derivatives is just the 
term in the original Lagrangian. The four derivative terms should have the form 


(8,9) (9" $) (8,9) (9 9)9", n even. (2.16) 


Similarly for the other counterterms. Taking into account the SU(2) x SU(2) 
symmetry, the counterterms are of the form, 

[Tr(9"U' 3 U)? 

Tr(8"U' à,U à"U* Ə U) 

Tr(9'UU' UU ð UUŤ Qà"UU?) 

Tr(9"U' à"U)Tr(9,U' 3 U) 

Tr(9'UU' ,UU')Tr(3,UU' 9"UU). (2.17) 
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2.3 Divergences in lower-dimensional field theories 


Consider theories with scalar field ¢, fermion field y, and massless vector gauge 
field A,, in a d-dimensional space-time (d — 1 space coordinates and 1 time 
coordinate). 

Express the superficial degree of divergence of a diagram D in terms of the 
number of external fermion F, boson B lines, and the number of fermion /;, 
boson bj lines and the number of derivatives d; in the ith type vertex. Namely, 
deduce the generalization of CL-eqn (2.133) to a d-dimensional field theory. Keep 
in mind that the propagator in d-dimensional field theory has exactly the same 
form as those in our physical four-dimensional momentum space. For example, 
the propagator for the gauge field A, in the $ = 1 Feynman gauge is 


—iguy 
K^ ie 


iAw(k) = (2.18) 


Use the formula deduced in (a) to write down all possible renormalizable and 
super-renormalizable interactions for dimensions: (i) d = 2 and (ii) d = 3. 


Solution to Problem 2.3 


From the structure of the graph we have the relations 


B + 20B) = Y nibi, F 4 2F) = Y nifi, (2.19) 


l 


as well as 


(IB) + GF) - Yon; +1=L (2.20) 


where L is the number of loops in the graph. The superficial degree of divergence 
can be calculated by using the relation (2.20) 


D = dL — 2(IB) — (IF) + X nid; 


=d (w + (IF) — Xni + ) — 2(IB) — (IF) + X nidi. (2.21) 


Eliminating /B and IF by eqn (2.19), we get 


a a 89a] 
TEN a 
e" (F) (F) 
TOUR Jai + (S*) + (=) 4]. 
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Or 


d—2 d—1 
D=d ( 5 )s ( 2 )r*Xxna (2.22) 
where 6; is the index of divergence, 


d —2 d—l 


Clearly, these results check with CL-eqn (2.133) for the case of dimension d — 4. 
(i) The d = 2 case: Equations (2.22) and (2.23) are reduced to 


Dm 2-54 Domb atta -2. (2.24) 
e super-renormalizable interaction, 6; < 0 
$^, n —3,4,... 8($") = —2, 
wre", n=1,2,...  é(yé")--l, 
wywat, — dbywa") = —L. (2.25) 


Note the interaction of the type A,, A" is super-renormalizable but not gauge 
invariance. 
e renormalizable interaction, 6; = 0 


d=0, (vy, Pyre" 
di = 1, Vy, V 9,0", VysyuV F”, 
d; = 2, (0,00")¢". (2.26) 


(ii) The d = 3 case: Equations (2.22) and (2.23) are reduced to 
p=3-8 F+ > nô 8 d deg 3 (2.27) 
mE a Nidi, a as i? . 
2 2 


e super-renormalizable interaction, 6; < 0 

d=0, $9. t, o, wy,vA", 

d; = 1, 0,0 A" 9. (2.28) 
e renormalizable interaction, ô; = 0 


d —0, $9, ww, 
d; — 1, 9,0 A" $?. (2.29) 
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2.4 n-Dimensional 'spherical' coordinates 


In an n-dimensional space, the Cartesian coordinates can be parametrized in terms 
of the ‘spherical’ coordinates as 


X] = r, SsinO,. , sin 6,» +--+ sin 2 sin 61, 
X2 = ry SinO,. , sin O,_2--- sin @ cos 0}, 


X3 = rn Sin O,_ 1 sin O,_2 --- sin 63 cos 42, 


Xn = r4 COS 04.1 (2.30) 
where 
0< <2mx, 0€605404...,0,.1 € 7, (2.31) 
and 
y? Sa? x2 qoc? (2.32) 


Show that the n-dimensional infinitesimal volume is given by 
dx, dx dx3 ... dx, = rF-  (sinO, 1)" ? (sinQ, 3) 2... 
x (sin 05) (d0; d6» - - - dO, 1) dr, (2.33) 


as used in CL-p. 53. 


Solution to Problem 2.4 


We will solve this problem by finding the relation between the volume factors in 
n and n — 1 dimensions. Namely, we will proceed from the simplest n — 2 to 
higher-dimensional cases: 


(n = 2) — (n = 3) — (n = 4) — (general n). (2.34) 


(a n=2 
Here the two Cartesian coordinates (xi, x2) are related to the familiar polar 
coordinates (r2, 01) by 


xı = r5SinOj, X2 = r2 COs], 0x0; < 27, r2 = x? + x2. (2.35) 
The distance ds? between neighbouring points is given by 
(ds2} = (dxi)? + (dx) = (dr) + r3 (dO). (2.36) 


The ‘volume’ element is then the product of segments in orthogonal directions, 
i.e. the product of the coordinate differential with the appropriate coefficients as 
indicated by the (quadratic) distance relation: 


d V5 = dxı dx» = (dr2)(r2d01) = rdr d6,. (2.37) 
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(b) n=3 

Consider a sphere in three dimensions. If we cut this sphere by a plane perpendic- 
ular to the x3-axis, we get a series of circles in the planes spanned by Cartesian 
coordinates (x1, x?) which are related to the polar coordinates (r2, 01) by 


X; — r5sinO;, x» = r2 cos 6), 0x0,x2m, re=xi+x2. (2.38) 


The infinitesimal distance on this plane can be expressed in these two coordinate 
systems as 


(dx)? + (dx? = (dr; + r3(d6,)’. (2.39) 


We can also cut the sphere by a plane containing the x3-axis, resulting in a series of 
‘vertical circles’. On these two-dimensional subspaces, the Cartesian coordinates 
are (r2, x3) and the corresponding polar coordinates are (73,62). We recognize that 
0» is the usual polar angle. 


rp =173S8iNO, x4 = r4cos65, 0 x 0, x m. (2.40) 
r? = rft x= aAa. (2.41) 


As in eqn (2.39), the infinitesimal distance can be expressed in two equivalent 
ways: 


(dr)? + (dx3)? = (dr3} + r? (d2)°. (2.42) 


Combining the two sets of coordinates in eqns (2.38) and (2.40), we get the usual 
spherical coordinate relations, 


xı = ra sin 05 sin Ój, 
X2 = ra sin 0 cos 0}, 


X3 = r3 cos Ó. (2.43) 
We can turn the distance formula 
(ds3)* = (dx) + (dx3)* + (dx 
into 
(ds3)? = (dr; + r2 (401) + (dx3) (2.44) 
by using eqn (2.39). This can be further reduced, by using eqns (2.40) and (2.42), to 


(ds4)? = (dxi)? + (dx)? + (dx3) 
= (dr3)? + r3 (d0) + r4 (d0)? 
= (dra)? + r2 sin 3(d0,)? + r? (d0)’. (2.45) 
3 2 3 


The volume element can be obtained from the product of these three terms 


dV3 = (dr3)(r3 sin 62 d0j) (r3 d02) = P: sin 0» (dr3 d0ı d6»). (2.46) 
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(c) n=4 

We can also imagine cutting the sphere in four dimensions by the manifold (x4 — 
constant) to get a three-sphere with radius r3 = r4 sin 63, where we can introduce 
three-dimensional spherical coordinates (r5, 0;, 05) as in eqn (2.43) 


xı = r3 sin 62 sin 6, = (r4 sin 03) sin 0» sin 61, 
X2 = r3 sin 62 cos 0| = (r4 sin 03) sin» cos 01, 
X3 = r3 cos 0; = (r4 sin 03) cos 65, (2.47) 
with the distance formula (2.45) 
(dx)? + (dx2) + (dx3)? = (dr3) + rf (d0)? + r?sin^65(40)). — (2.48) 
Now we introduce two-dimensional polar coordinates (r4, 63) in the (r5, x4) plane 
r3 = r4 sin 63, X4 = r4 COS 63, (2.49) 
with the distance formula 
(dr3} + (dx4) = (dra)? + r3 (d05)?. (2.50) 


In this way the infinitesimal distance in this four-dimensional space can be rewritten 
by using eqns (2.48) and (2.50) 


(ds4)? = [(doi)? + (dx)? + (dx3)7] + (x4)? 

= [(dr3)? + r3 (d02)° + r3 sin? 0 (d0,)"] + (dxa)” 

= [(dr3)? + (dx4)?] + r2(d65? + r2 sin? 05(d0? 

= (dra)? + rj. (d03)? + r2(d05Y) + r2 sin? 650). — (2.51) 
The infinitesimal volume element is then 

dv4 = (dr4)(r4 d03) (r3 d05) (r3 sin 62 dO) 
= rj sin? 63 sin 6 (dr4 dO d0, d63) (2.52) 

where we have used eqn (2.49) to reach the last expression. 


(d) General n 


= rp Sin ĝ„—1 sin O,_2--- sin sinÓj, 


e 
| 


= rp Sin ĝ„—1 sin O,_2 + -- sin @ cos 0}, 


= 
N 
| 


X3 = r, SinO,. Sin O,_> +++ Sin 63 cos 62, 


Xn = rg COS 04.1 (2.53) 


0 <0 <2r, 05x606,0,...,8,.1 S T. 
(2.54) 
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The infinitesimal distance is 


(dsn) = (dbi? + (dx) + +++ + (dx? 
= (dry) + r2(d0, 1) + r? sin? 6, (40, 5? 
+ r? sin? 6,1 sin? 0, 5(d0, 3) +++ 
+ r2 sin? 6,1 sin? 0, 5. sin? 02 (d01)? (2.55) 


and the volume element is 


dV, = dx, dx2---dx, 
= (r,)" (sin6, 4)" ^ (sin9, 3)" 2 -+ 


x sin 62 (dr, d0, dO, - - - dO, ). (2.56) 


2.b Some integrals in dimensional regularization 


Use the dimensional regularization to derive the following results for the Feynman 
integrals with denominator power o in n dimensions: 


dk 1 
Or)" (k2 + 2p-k-- M2 + ie)* 
_ (-ay"? T(a —n/2) 1 


2 (2z)" Tia) (M2- pii ie) 0D" (2.57) 


(a) Iœ, n) = 


d"k kn 
(27)” (k? - 2p -k + M? + ie)? 
= —p,lo(a,n). (2.58) 


(b) I, (œ, n) = 


d"k kyky 
Qzy (k2 -2p-k-- M2 + ie)* 


M? T p? 
cn 5l . . (2.59) 


(c) Inv (o n)= 


Suv 


1 
= Ip(a, n) | Pure + 5 


(d) Tuvp (ot, n) = I Lis kukvkp 
pvp \, n) = 2r)” (k? + 2p - k 4- M? ie)? 


= Io(a, n) m em 5 (Suv Pp + Sup Pv + 8vpPp) 


2 
"v 
(a —n/2 — 1) 
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Solution to Problem 2.5 


(a) In the Feynman integral 


d"k 1 
lo(o, n) = f 2.60 
= | Ony E 2p kF Mi iey SEA 
the denominator can be written as 
D =k +2p-k+ M° kis = (p +k? -- (M? — p ie 
= k? + (M? — p°) + ie (2.61) 


where k’ = k + p. For the case p? > M?, we can perform the Wick rotation to get 
D =-k + M°- p +is=-—(k +a’) (2.62) 
where a? = p? — M? — ie and 


d"k 1 1 
(27)” (—D* (E^ +a?) 


In(a,n) =i (2.63) 


As usual [see CL-eqn (2.112)], the n-dimensional angular integration gives 


2g"/2 
I dO. (2.64) 
T(n/2) 


Then 
i(-1)* 2z"? f% gr-lgk 
Qz) T/D Jo (k? +a?) 
i(-1)7* 22"? if pog, 
2r) T/D? Jo (ta? 
i( 1) az"? 1 r(n/D)T (a — n/2) 
Qn)" T(n/2) (a?)e-€/9 I'(o) 
u (—-xy'? Pa — n/2) 1 
(2x )" I (a) (M? — p? + ige-n/? 


lo(o, n) = 


(2.65) 


One of the most common convergent Feynman integrals has o — 3, 
d"k 1 

(27)" (k2+2p-k+M? + ie? 

femp Tee (n/2) 1 

o Qm TO) (M-p + iej” 


I3, n) = 


(2.66) 


which gives, for n = 4, 


dtk 1 
Or) (K 4 2p. k+ M? F icy 
Al l ; (2.67) 
327x? (M? — p? + i£) 


19(3, 4) = 
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(b) I, (œ, n) ae ee (2.68) 
a,n)= $ : 
d (2z)" (k? -- 2p -k + M2 + igy* 
As before, we set k' = k + p. Then 
d^ k | 
I,(@,n) = ee (2.69) 


Or) (K + a2)" 


and the term linear in k, gives zero because of the symmetric integration. The 
result is 


I (a, n) = —pylo(a, n). (2.70) 


d"k k,k, 

(27)" (k? +2p -k + M? + ie)” 

d'k (k, — p,)(k, — pv) 

T] Ory — (xay 

d'k kyky d"k 1 


(c) In (o, n) = 


= | —— s | =— —. (2171 
Qxy (as C PP | Qay eray C70 
In the first term we can replace k,,k,, by (/n)?g,, to get 
d'k kk» - Wu d ge 
(2r) (k?-a?9* n J Qm (K +a). 
_ 8w d'k k* +a -a 
~ n J Qr? (K+) 
= E Tiga -1,n) -hæ n]. 272 
n 
Using the identity I (x + 1) = xT (x), we get 
bæ- 1,n)= Ca Io(o,, n) (2.73) 
oŒ ge e B 


and 


I (&, n) = LE + igi LM? — p?] | Io(a,, n). (2.74) 


(a — n/2 — 1) 
For the case a = 4, we have 


d"k k,k, 


Pob 
wln) Qn)" (à +2p -k+ M? 4 iej 


2 | Io(4, n). (2.75) 


1 
= 1 2 — — 
= [Pade deti P lon 
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which gives for n — 4, 


j 1 
1,04) = [Pu P 3g AM? — pl] — . — Q6 
uv (4,4) = [Pu pv + 581 Pll 56x? Wa pe LTO (2.76) 
d"k k kyk 
d Iuno (&, n) = TP 
Wm up (t, n) Or)" KF 2p -k4- M? + iy 
d'k (K, — pulk, — p), — 
= (ka — Pu) Pv)(k, — Pp) (2.77) 
Qz)* (k? + a?)* 
Dropping terms with odd powers of k’, we get 
d"k 1 
I,yp (a, n) = [ (kakv Pp =F Ky pyk, + Pukvkp) zx Pu Pv Pp] 


(2x) (k2 + a?) 
— pu pv pplo(a, n)— (Polur st Pu bvo T Dolup) 


; M2 — p. 
h(a, 2D + 3 (Suv Pp + 8upPv + nr |, 


2.6 Vacuum polarization and subtraction schemes 


Use the dimensional regularization to compute the one-loop vacuum polarization 
in QED. 


Solution to Problem 2.6 


The usual vacuum polarization in QED is given by 


in? (q) = (q*q? — q’g)in(q’) 


= Cie f 


d^p rl y i yp i 
Qz)* p-—-m-cie' p—4d-—mcie|. 


(2.78) 
In the dimensional regularization, we can replace 
d^p d? p 
2.79 
Quy ^" J Quy ds 


where £ = 4 — d and yp is some arbitrary mass scale that one can introduce in the 
dimensional regularization scheme. The integrand can be simplified as 


i i 
Tr |y“ B 
rly p- mtie” ux 


1 1 
F E eee 
xTr[y" (f +m)yf (p —4 4m). (2.80) 
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The numerator is of the form 
N® = Trly*py?(p — d)] + m°Tr(y*y?). (2.81) 
Dirac algebra in d dimensions gives 
(y*, yf} = 2g"? la (2.82) 
where J, is the identity matrix in d-dimensional Dirac algebra space, with the trace 
Trla = f(d). (2.83) 


Here f(d) can be any function so long as it has the property f (4) = 4. It is 
straightforward to see that 


Tr(d bé d) = f(d)(a-b)(c-d) —(a-c)b-d)--(a-d)(b-c)]. (2.84) 
Using these we get for the numerator 


N® = f (d) ([p* (p — 4? + pP (p — q* — g'? p (p—4)] - m^g^^). 


(2.85) 
The denominator is calculated in the usual way, 
us 1 1 | fi da (2.86) 
(p=? +58) [(p— 9g)? -m +ie] Jo A? l 
where 
A= (1—a)(p* — m°) + al(p — a — m°] 
= p’ — 2ap -q — m^ + ag? 
—(p-aqy-a (2.87) 
with 
a? 2 m? — a(l — a)q?. (2.88) 


The vacuum polarization is then of the form 


of - ie f aa f <P j Nee m 
Tete pae pao" pucr ee 


To simplify the integration we shift the variable, p — p-+aq.Then the numerator 
(2.85) becomes 


N'? — f(D Ep +q)" (p — (1 — aq)? + (p - aq) (p — (1 — a)q)* 
— g’ [m — (p aq) (p — (1 — e)q)1] 
= f(d)(2p* p? — 2a(1 — w)q%q? 
+8 [m — (p? — a(1 — a)q?)]] (2.90) 
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where we have dropped terms linear in p which will vanish under the symmetric 
integration in p. Then we have 


5 "n ! dp 1 
neq) = iiu fa [ du f Qxy (pl a 
x [pop — 2a(1 — a)q*q? 
+ gm — (p? - ed — eg]. (2.91) 


The term proportional to g^? can be written as 
-[p? -m +a(l— o)q?] + 2a(1 — o)q? = -(p — a?) +2a(1 — o)q? 


so we get 


d'p | 2p"p? 2a (1 — a)q%q? 
2r)! | (P - a?» (P s asy 


2a (1 — a)q? g^? g^? 
(p? E a’)? p? _ a? 


"T d“p [[ 2p*pP gi 
iso n f ae f Sol [Gna a] 


, 260 - a) (q?g*? — q*q^) | 


1 
x(q) = iegu* f (d) » da 
0 


com (2.92) 


The relevant formulae for the dimensional integration are eqns (2.57) and (2.59). 


[dip 1 i-mYPr(w-d/2 1 

n=] Ury- ay Qn Te capu °°) 
x14 £p ED __ 8Co) 
= | y P Ay e-a en 
Using these we get 

dp pp? | g i(-nyPrQ-dy2 1 5d: 
J Ory P- A aa ay  rQ) cay C?» 
dp g% iC? rü-4/2 1 (2:96) 


Quy (P-a ÈE Qr) T) (—a2)-4/2" 


eS) e 


Using the identity 
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we can show that 


=0. (2.98) 


d" p | 2p" pf gm | 
Qm^Lg^-ey p? =a? 
Now the vacuum polarization is of the gauge-invariant form, 
1 
l6z?(4x)-*/? 


2a(1 — a) 


n ^P (q) = eon! f (d) 2 g(1— o)q2]/2' 


(q* q^ ve) f da 
[m 


Expanding in the power of e, 


INO. anh Eds aS OS) (2.99) 
(Am)-52 e E i 
where y = 0.5772... is the Euler constant, 
uwa = 1 5 (in a? — lnu’) (2.100) 
we get 
2f(d) f! 2 Z ic 2 
P RU Peay ale ana ee 
8x? Jo E m 
Write 
fd) f(4) - (d - 4f" (4) -- —4(1 ae 4 ---) (2.101) 
where a = -i '(4). Then we have 


3 


1 PE ao! 2 
-f daa m|” a «04 |} 
0 uU 


Different subtraction schemes 


e? 1/2 
T(q) = | |? -y + mam + 20] 


From this we see that different choice of f (d) corresponds to different constants in 
the finite part of x (q), which is arbitrary anyway. For convenience, we can choose 
a = 0, or f (d) = 4 for all d. 


Minimal subtraction scheme (MS). Here we subtract out the pole in ¢ to get 


" e? 1 
m™s(4) = 575 gr pni) 


1 > - 2 
-f daa(l ain] ™ ia od |}: 
0 u 


This corresponds to choosing the renormalization constant, 


2 
(Zjb)ws = 1+ E (2.102) 
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Modified minimal subtraction scheme (MS). The renormalization constant is 
chosen so that the term (—y + In 47) is also removed from the finite part, 


Q) Afa (1—o)1 [eee] (2.103) 
mysla) = — aa a) In ] f 
MS 272 , u? 
From this result we can study the low- and high-energy behaviour of 7 (q). For 
la? << m?, 
$us 2 2 2 
ik [ee] dm —e( -a 4% (2.104) 
[n u 
and 
1 2 1— 2 
f do o(1 — o)In E iie ag | 
0 H 
1 »ü q? 
= do a(l — o) | In a(l — o) 
0 p> m? 
E GNE M Hun (2.105) 
— n etu " 
6 pw 30 \m? 
Then we have 
i= E E mu (2.106) 
MSE) 12 42^ 60m ` ` 


In the other limit |g? >> m?, 
2r t J= 2 —o(1-— 2 2 
m|” e OF | = n( o( Sw : m es] 
u u q*a(1— a) 


and 
1 2. — 1— 2 
[ awaa in| ™ es | 
0 H 


—g? 1 1 
= In (=) f daal -a)+ | do a (1 — a)In[a(1 — o)] 
H 0 0 


1 -q? 5 
=] TR 2.107 
a( < ) St (2.107) 
Thus the limit is 
2058 1 (=#) , 56 
zsa) = — F573 In me) t 36_qz to (2.108) 


2.7 Renormalization of A? theory in n dimensions 
Consider the 1$? theory where the Lagrangian is of the form, 
m? o? ro 
2 3! 


L =5 0,0) g. (2.109) 
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(a) Show that ào has dimension (6 — n)/2 in n-dimensional space-time. To have 
Ao with fixed dimension for arbitrary n, we can define 


z a 4— 
Xp = Ao(u) ^92, Ao — eu", with s= (2.110) 


where u is an arbitrary mass scale. 


(b) Show that the one-loop divergent graphs for the case n — 4 are those given in 
Fig. 2.5. 


(c) Carry out the renormalization program for this theory by using the MS scheme. 


Solution to Problem 2.7 


(a) Since the action $ — f d" x L is dimensionless, £ has the dimension n. From 
the mass term or the kinetic energy term we see that ¢ has dimension (n — 2)/2, 
which gives the dimension of Ao as (6 — n)/2. 


(b) From eqn (2.23) we know that the index of divergence for the ¢° interaction is 


gc ES Ec: 2.111 
sà) C) e 


which, as expected, is just the negative of the dimension of Ao. The superficial 
degree of divergence is then 


n—2 
D=n- (F) (2.112) 


where v is the number of $? interactions in the graph. The number of loops L is 
given by eqn (2.14) 


L=}(v—B)+1. (2.113) 
Thus in one-loop we have v = B, and 
D=n-2B, (2.114) 


and for four-dimensional theories n = 4, only B = 2 self-energy and B = 1 
tadpole graphs are divergent. 


Q 


Fic. 2.5. Self-energy and tadpole diagrams in the A? theory. 
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(c-I) The self-energy graph 


ix(p)- (Ag? d^k i i (2.115) 
OPES OF rey = m2) (= p? mT ' 
It is straightforward to evaluate this integral to get 
A2 2e T 1 d 
soa TO) id = (2.116) 
2 (An)? Jo [m2 — a(l — a) p? — ie] 
Using 
1 
r(e) c -Y + Oe); a’ =1+elna + O(e?) (2.117) 
we can expand È (p) around £ = 0, to get 
às 1 1 Anu? 
We T ( 2 
- f am|” =a) >o = =| | 
0 m 
We now rewrite the Lagrangian as 
1 2 Mey Awe, 1. 22 
= ô 2.11 
£ z Ou) 7? BE ye (2.118) 


with ôm? = m? — m. This amounts to the replacement m? — m^ and add the 


term 1óm?$?as a new vertex. The new self-energy X^ (p) is then 


E" (p, mg) = E(p, mg) + 4m’. (2.119) 
Now if we choose 
i you rs (2.120) 
m= — —— + Cm . 
2 (An)? E 


where c,, is finite for € — 0, but is otherwise arbitrary (different renormalization 
schemes correspond to different choices of Cm), then the pole at e = O cancels 
out and 


a2 1 Anu? 
El"(p,mg)- 2 le -ren( ) 
2 (4n m? 


- f dam m? — o(1 — a) p* — ie 
0 mh 
is finite. 


We now study this choice of c,, in various renormalization schemes. 
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(i) Momentum subtraction Suppose we choose 
x (p, mr)| p= = 0 (2.121) 


for some M?. (This corresponds to normalizing the propagator such that it is the 
same as the free propagator at p? = — M?.) Then the constant c,, is given by 


4 2 1 2 h= M?-i 
en -v-mn( il )+f dem [72+ 2 =| (2.122) 
0 


2 
MR MR 


and the self-energy is 


A 1 l m? — a(1 — a) p* — ie 
X(p, Es fa l R . 2.123 
s aan | S| osos OMT i122) 


(ii) Minimum subtraction (MS scheme) This corresponds to the choice 


Cm = 0, and it means that we subtract only the pole at € = 0 and the self-energy is 
AC uL Anu? 
yk ; = 0 a l 
(p: me) 2 a ds a( m^ ) 


- | [tmr] 
0 m^ 


(iii) Modified minimum substraction (MS scheme) It turns out that the 
combination 


(1/2) — y + In 4x (2.124) 


always appears in the dimensional regularization. Thus it is convenient to choose 


Cm = y — ln 4r (2.125) 
and we get 
2 1 1 2° =, f= 2 
ER(p, mp) =- f dem ee p 
2 (47)? Jo p> 
(c-II) The tadpole diagram 
We have 
(idou?) f d"k i i Aou 1 
= = r 1 S 2.127 
? 2 (20)" k? =m}  2(Any- = Dee) en 


This will contribute to the vacuum expectation value 
T 
(016 (0)]0) = — (2.128) 
MR 


and will give an infinite constant vacuum expectation value for the field. To elim- 
inate this infinity, we can add another counterterm to the Lagrangian of the form 


Ea c (2.129) 


This counterterm will have the effect of cancelling all the tadpole terms, without 
interfering with any other consideration. 
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Remark. The parameter of renormalized mass, m g, can be related to measurable 
quantities as follows. The physical mass of the $-particle, m,, is defined to be 
the position of the single-particle pole in the two-point function. This gives m, as 
a function 


my — my(mmg, A, U, Cm). (2.130) 
We can solve for mg in terms of other parameters, 

mg — mg(m,, À, U, Cm). (2.131) 
It is important to note that the parameter mg has implicit dependence on the 


arbitrary mass scale u. 


2.8 Renormalization of composite operators 


Consider a theory with a fermion and a complex scalar field. The Lagrangian is 
given by 


L= à, 9) ^4) - 126? - 506") 
TV Gy"8, — my + sve the. (2.132) 
Show that the composite operators 
Of-yy'y, — OF =i% uh — 00,4") (2.133) 
mix under the renormalization. 


Solution to Problem 2.8 


Vertices for the composite operators are displayed in Fig 2.6, where solid lines are 
fermions and dashed lines are bosons. Add two terms to the Lagrangian for these 


operators 
L> LAS p(x) OF (x) + i doy (x) OF (x). (2.134) 
The one-loop divergent diagrams for these composite operators are shown in 
Fig. 2.7. 
or 05 
u 4 a u 
=y A E 7(,*pj) 
7 X 
7 N 
P, P, P, P, 
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or 


Pi ve \ P» 


(b) 


LN S 
of N iJ 
/ \ E Pd Sec 
D / \ P, B d P» 
(c) (d) 


FiG. 2.7. 
Figure 2.7(a) is a logarithmically divergent Green's function for the operator O1' 
with two fermion external lines. We can separate out the divergent part as 
Di (i, P2) = y" Tis (0,0) + Pipl +++ (2.135) 


where the first term is logarithmically divergent and all other terms are finite. Thus 
we need a counterterm of the form 


—iVis(0, Oy" yr Jiu (x) = —iTi4(0, 0) Jip OF. (2.136) 


Figure 2.7( b) gives a logarithmically divergent Green's function for the operator 
Ot. with two scalar external lines. Again, separate out the divergent part as 


Mp (kis k2) = (ky + "11,0, 0) +-+- (2.137) 
It shows the necessity of a counterterm of the form 
—iVis(0, 0) Ji, 05. (2.138) 


Figure 2.7(c) shows the necessity of a counterterm of the form 

—iT2.(0, 0) Jo, Ot . (2.139) 
Figure 2.7(d) shows the necessity of a counterterm of the form 

—iT34(0, 0) J2, 0%. (2.140) 


Thus the effective Lagrangian which contains the composite operators and their 
one-loop counterterms is of the form 


Le = iA Ol (10 — Tia, 0)) + iJ5,07 (1 — T24 (0, 0)) 
—i Ji, OT y (0, 0) — i Jo, OT T4 (0, 0) 
= iJ Ot Zi + ido, OF Zn ih 0 Ziz +i Joy, Of Zu 


—:; H nu Zi Zi» Ot 
SEU) a Z5] NO? 


zd zo" Q.141) 
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where 

Zu = 1-—T,,(0, 0), Zi? = —T1p(0, 0), 

Z» = 1 — P2q(0, 0), Zy: = —V»(0, 0). (2.142) 


The renormalization constants are now in the matrix form, explicitly display the 
mixing of these operators, 


Zu Zn 
Z= 2.143 
E 2) ( ) 


which is neither symmetric nor real. Nevertheless we can diagonalize this 
by biunitary transformation (see CL-Section 11.3 for the details of biunitary 
transformation), 


Z=UZ,V' (2.144) 


where 


[z0 
ze A (2.145) 


is diagonal. V and U are unitary matrices. Then we can write 
Le = id! Zi OF =i J} Z Of + id; Z0 (2.146) 
where 


nh yt We TH _ prt TH 
OP=ViOF,  J'azU. 


This means that neither O¥ nor O7 are multiplicatively renormalizable. But the 
combinations 


O'-V4iOr-V5O  Of-VjiOr-Vvjioj (2.147) 


are multiplicatively renormalized. 


2.9 Cutkosky rules 

In the A? theory, the one-loop diagram in Fig. 2.5 gives the contribution 
2? d^k 1 1 
2 J Qn [(p +k)? — u? + ie] [k? — u? + ie] 


rs) =T(p*?) = (2.148) 
Show that in the complex s plane, the imaginary part for s > 4u? is of the form 


ImI (s) 


Hre +ie) —T(s —ie)] 


2 f d'k sgh en EOI. oS 
= 5 (Ome 27) &((p +k)” — u^)8(k^ — u^). (2.149) 
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Solution to Problem 2.9 


From the structure of the two propagators, the poles are located at the following 
two locations in the complex kg plane. From the second propagator, we have 


1/2 _ 


-. 


ko = x (k? +n’) e = (E, — ie) (2.150) 


where E, = (k? + 2”)!/?, and from the first propagator, we have 


ko = —po + (p + k)? + 42)? F ie = — po + (Ep — ie). (2.151) 


The integrand is of the form 


1 1 1 
x 
(ko — Ex + i£) (ko + Ex — i£) (ko + po + Epi — i£) 
1 
x z 
(ko + po — Ep+k + i£) 


I 


We can close the contour in the upper half plane and get the contribution from the 
residues at ko = — E, + ie and ko = — po — E pk + i£. 


(i) Residue at ko = — E, + ie 


1 1 
"n = —2mzi 3 : HE 
(2E, — i£) (— Ey + Ep + po — i£) (Ej — Enz + po + i£) 
(2.152) 
The last two terms in the denominator can be put into the form 
2 
(Ex — po! — E, = [K + u)? - po] —- (p +k’ - u’? 
= p —2poE, — 2p -k +ie. 
For convenience we can take p" = (po, 0), then po = ./s and 
1 1 : 
l (—2ri). (2.153) 


~ 2Ek S — 2A SE, + ie 


Since E, > u,we see that for S > 4u? the factor (S — 2A/SE, + ie)! has 
singularity along the path of integration (from E, = u to co) and will contribute 
to the discontinuity for $ > 47. 


(ii) Residue at ky = —po — Ep4 + ie 
1 1 


(Ep, — i£) (po + Epse — Ex + i£) (po + Epis + Ex — ie) 
(2.154) 


h = 2ri 


In the denominator, we have 


(po + Ep4)? — Ez — ie = på + (p-- K) + u? + 2poE psn —K — u? 
= po + 2poEpsk- (2.155) 
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and 


1 1 
h= —2ni | 2.156 
: (2) s 2 S Epi tie ee) 


It is easy to see that this denominator never vanishes for s > 4u? and will not give 
discontinuity in the physical region. Thus if we close the integration contour in 
the upper half ko plane, only J, will contribute to the discontinuity in the physical 
region. 

For the calculation of the discontinuity, we write 


fi 1 
ips ani) (=) Sa (2.157) 


where p = 4/s. Using the formula 


1 1 
=P = ind(x — a) (2.158) 


x—accie x—a 


we can obtain the discontinuity across the cut for the case s > Au’, 


2 
disc /, = (p + ie) — L (p — i£) = (—27i)°5(p — 2E;) (zz) . (2.159) 
k 


To get a more systematic rule for calculating the discontinuity, we write J; as 


1 
(p+k)? -u +ie` 


n- f dko (—2zi)8(K? — u’) (2.160) 


We see that this corresponds to replacing the propagator (k? — u? + ie)~! by 
(—2xi)ô (k? — u’). Similarly, 


disc J; = fw (—27i)5(k? — M2) (—2ni)8[(p +k)? — u?] (2.161) 


or 


. a? d'k i 2 2 : 2 2 
disc T (s) = >f On)? (—2xi)ê (kt — u^)(—2zni)ó[(p + k) — 4^] (2.162) 


which is the requested result. 


Discussion 


As indicated by this calculation, we can obtain the discontinuity of T (s) by putting 
each particle in the loop on the mass shell with the replacement of 


1 
k? — u? + ie 


> (-2zi)8(K? — u2)0 (ko). (2.163) 
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In fact, this discontinuity can be written in terms of physical matrix elements, as 
we now illustrate: 


1 1 
(k? — u? + ie) (k? — u? + ie) 


A? f d'k, dtk 


> | axy ox OO + be p 


D(s)- 


Then using the replacement given above we get the discontinuity as 


Mi f d*k 
disc T (s) = =] ony (—2mi)8(ki — u2)0 (kio) 


d*k 
x [ mz Cams - uem 
x &*(ki + ko — pJ6 (Kao). (2.164) 


The integration over Ko is of the form 


dko ADR = Woda) c 2.165 
[Beers EA es (2.165) 


where E, = (k? + p”)!/?, and 


1 ak, dk, UR 
disc r (s) = 5 f Qx 2E, / On) 2E; (—iXA)* Qn) 6 (ky + ko — p). 
The factor (—iA) is just the scattering amplitude in first order of A, Ti = —iA. Thus 
to order 7, the discontinuity of the scattering amplitude in the variable s = p? 
can be written as the integral over the phase space of |7,|*. This is the essence 
of the unitarity of the S-matrix, SS? = StS = 1 which implies for the T-matrix 
(S=1+iT) 


T-T'2TT (2.166) 
or 


Tip — Tj = »» Tas (2.167) 


The prescription of replacing (k? — u? + ie)! by (—2zi)5(k? — x”) is a simple 
example of the Cutkosky rule which gives a general method for computing the 
discontinuity for an arbitrary Feynman diagram and is summarized below: 


e Cutthrough the diagram in all possible ways such that the cut propagator can be 
put simultaneously on the mass shell for the kinematic region of interest (e.g. 
only for s > 4u? can both propagators be put on the mass shell). 

e Foreach cut, replace the propagator (k? — u? +ie)7! by (—2771)6 (k? — u2)0 (ko) 
and perform the loop integration. 

e Sum the contributions of all possible cuts. 


3 Renormalization group 


3.1 Homogeneous renormalization-group equation 


Consider the 4.ó* theory in d-dimensional space-time, where the Lagrangian for 
€ = 2 — (d/2) is given by 


1 


2 mo 2 4 
L= 5 (9,9) 2 $ dl $ 
1 m? À 
m (8,08)? — EX — PLE + (counterterms) (3.1) 


where AR, dr, and mg are renormalized quantities, and u is the arbitrary mass 
scale one needs to introduce in the dimensional regularization. 

Use the fact that the unrenormalized n-point Green's functions I (0 ( Pi, Ao, mo) 
depend on the bare parameters (mo, Ao) and are independent of the arbitrary mass 
scale, u, present in any scheme of dimensional regularization, 


a 
wer” (pi, ào, mo) = 0, with mo, Ao held fixed (3.2) 
u 


to derive the renormalization group (RG) equation for this theory. 


Solution to Problem 3.1 
Recall that the relation, CL-eqn (3.50), between unrenormalized and renormalized 
Green’s functions is given by 


—n/2 
I (pi, ào, mo) = Z3" TR? (pi, An, mr, u) (3.3) 


Thus the statement of uð/ð LT = 0 means that 
9 —n n 
n [Z," TE (pi a mg. p) | = 0. (34) 
ðu 
Note that both Ar and mpg depend implicitly on u. Thus we have 


n nz pud dee ð ame a 
2 au cU ac am Iar "al Ofir 


x D (pi, àr, mg, u) = 0. 
Defining the quantities, 


1 à OAR Ommg 
AR) = -u— Inz Ar) = L— n (A = UL —, 
y (Ar) aan o> B (Ar) ALTA Ym (Ar) MR ET 
(3.5) 
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we can write the renormalization group equation as 


a a a 7 
u— +B Ar) — — ny (Àr) + mgys Ar) — |T? (pi, àr, mg, p) = 0. 
ðu OAR ümg 
(3.6) 


Remark 1. Implicit in such calculation is the fact that the bare quantities A9 and 
mo are held fixed. 


Remark 2. This equation is a homogeneous equation which is more convenient 
to work with than the original Callan-Symanzik equation. 


3.2 Renormalization constants 


In Aó* theory, the renormalized and unrenormalized coupling constants in the 
dimensional regularization scheme are related by 


Anu) = W° Z (Xo (3.7) 
where Z is the coupling constant renormalization constant of the form 
Zz EA A (3.8) 
where Z, and Z, are defined in CL-eqns (2.23), (2.36), and (2.40). 


(a) Show that the 6-function can be written as 


wdZ 
ÀR) = —EÀR — = — ÀR. 3.9 
B (Ar) EAR Zdu R (3.9) 
(b) In the one-loop approximation, we have 
3X 
A A E Zp =1+ 0 (22). 3.10 
* l6z?& ? zi ( ) G10) 
Show that 
B(A) = x +o (a?) (3.11) 
~ l6z? ` i 
Solution to Problem 3.2 


(a) By explicit differentiation of eqn (3.7), we have 


QÀR 0 = 
he) = u— = uc (u-:Z(u 
B(Ar) =u a on (u° Z(u)ào) 
T dZ 
= -—&u “ Z(u)ào — Who 
du 
udZ 
= —EÀr — = —— ÀR. 3.12 
EAR Z du R ( ) 
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(b) Substituting the one-loop result (3.10) into eqn (3.8), we get 


- 3XR 
-1.. 7-142 ~ 7-1 _ 
Z =Z, 24,2 2Z,°=1- T2 (3.13) 
or Z ~ 1 + (344/1672). Thus 
dZ 3 dìr 3 
= = A 3.14 
n c qeu qu qo yY OY) 
and, ignoring higher-order terms, we obtain 
eee B (Ar) (3.15) 
Or dy leg V 
In this way the relation (3.9) becomes 
Ar) = —eAR — | =— | àr = —€AR — ——-B (Ar). 3.16 
B (Ar) = —€AR (55) R = —EÀR igz2, P AR? (3.16) 
Solving for 6 (Az), we get 
cy T n din 
Ar) = —eAR(1 c —gÀAg|l— . 3.17 
Be) < e( i iac) à «( 16z?e RD 
Taking the limit € — 0, we obtain the stated result: 
312, E 
B (Ar) = + O (AR). (3.18) 


167? 


Remark. More general analysis of £ dependence of 8(A) can be carried out as 
follows. We first write eqn (3.7) as 


ho = A(w) we Z. (3.19) 


From udAo/d y. = 0, we get 
, - d= E d= 
u? | e(AZ) + uw—(AZ) | = 0 or — £(AZ) = u — (AZ). (3.20) 
du du 


In the MS scheme , Z can be written as power series in (1/e), 


: bi) m0) | 


Z=1+ ; (3.21) 
€ 


then 


di o a 


AZ=A+ 5 
€ € 


(3.22) 
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where a; (A) = Ab; (A). Differentiating both sides of this equation, we get 


d = dan da, 1 
ue? E i + 3 a d: -| + 207A zen (3.23) 
Equation (3.20) becomes 


p $ dA € 


Assume that the 8 (A) is a finite series in €, 


BO) = [Bo + Bie + Boe? +--+ Bue]. (3.25) 


By identifying powers of £ on both sides eqn (3.24), we see that the 6(A) series 
must terminate after the first power of ¢ (y = 0 for k > 1): 


BA) = Bo + Bie. (3.26) 
From eqn (3.24) we then get 
f= =k (3.27) 
and 
da da 
Bo + Rie =-a of  fe--ai ATA. (3.28) 


Thus the 6-function is given by 


= + > + as — U. .29 
€ aj " aj [2 
Using üj = àbi, we get 
db, 
À S A2 ERE) . 3.30 


In fact, eqn (3.24) also relates different powers of (1/e) in the expansion of 
Z(or AZ). From the coefficient of (1/e)” we have 


a dan d dan dan 
Any = Po = + Bi zu -( ai +À 2) - Put 


dA dr} dA did 
or 
dan+1 dai dan 
—, À E À : 31 
an+1 + d ( ai + =) di (3:91) 


Thus all the coefficients a, with n > 1 can be determined from aj, by repeated 
use of eqn (3.31). 
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3.3 f-function for QED 
The photon propagator is given by 


ie? Dula) = — —2— ey (3.32) 
q^ lo n(q) 
where 
pcd e E uuu vw (3.33) 
1+ z(0) 1+ z(0) 
and 
71 (4) (Suv — qu») = 7t. (4) (3.34) 


is the vacuum polarization tensor. Define the running electric charge as 


e 


2 
e = ————— 3.35 
SERERA veo) 
where it (q?) = z (q?) — n (0) is finite. Show that in one-loop, we have 
4 12 
2 2 2 2 £0 LR 
ewe) = Au) + pale (3.36) 
for the case of u3, w2 >> m?. If we define 
de 
B(e) = Ro 63.37) 
HR 
then we will have 
2 
B(e) = — + O(e). (3.38) 


Solution to Problem 3.3 


Vacuum polarization in QED is calculated in Problem 2.6, and is given by 


gi e; T(e/2) da l a(l — o) 


2n? (An) 2^ m! — @a(l —a)r? 


2 
€ 1 

= —~4In4r — 
s (5+ Ina ») 


m? — qad — q) 
| i l 


1 
-6f do a (1 — a)1In +o}, (3.39) 
0 
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Taking u = m, the subtracted quantity becomes 


i (q^) = x(q’) — 1 (0) 


2 1 2 ay 
ES -5 da o(1 — a) In |" zi a 2], (3.40) 
VIA 0 m 
Write 
272 e 2 2.5 
PERSTO m. [1 — Rez (^)]. (3.41) 
For the case of |g?| >> m?, we have 
, e —q? 
ï Dm In (=) (3.42) 
e UD 
eque | + zin (5) ; (3.43) 


Thus, as (=q?) increases, eq”) also increases. 


Different subtraction schemes 
From the vacuum polarization z(q?) given in eqn (3.39) we can illustrate the 


difference of different renormalization schemes. 


Momentum subtraction scheme. In this scheme, we make a subtraction at q? = 
—M?, then 


2 pl 2 2 
2 —eo m^ — q*a(1— a) 
,M) = — d 1 l : 3.44 
mr (q^. M) axi h o a (1 — o) LM (3.44) 
Suppose m? >> la?| and M?, then 
2 2 2 
2 eg q M 
zr (q°, M) > TRA (£. =) > 0. (3.45) 


This means that a heavy fermion will decouple in the vacuum polarization at 
energies much smaller than the heavy fermion mass. This property will enable 
us to ignore all the unknown particles which are much heavier than the present 
energies. 


MS scheme. Here we subtract out the pole at € = 0 and some constants, 


"EE NP E 
a MS(q?) = zi daa ain] ™ 7 = 2], (3.46) 
T” Jo H 
In the limit m? >> |q?| we get 
2 2 
MS (q2) > at In (5) (3.47) 


which is non-zero. Thus in this scheme, the heavy particles do not decouple at low 
energies. One way to remove the effect of the heavy particles is to integrate out 
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the heavy fields in the Lagrangian and work with the effective Lagrangian without 
the heavy particles. 


3.4 Behaviour of g near a simple fixed point 
Derive the ultraviolet behaviour of g(t) in the case that the 6-function is given by 
B(g) = g(a” — 8°) (3.48) 
with a being a known constant. This example illustrates the typical behaviour of 


the running coupling near a simple fixed point. 


Solution to Problem 3.4 


To analyse the asymptotic behaviour, we plot (g) vs. g, 


8g) 
de: 
a +a 
Fic. 3.1. 
The initial condition for the running coupling constant is 
g(t) > go at t=0. 
Then it is clear from this plot that 
g(t)>a if go>O 
g(t) > —a if go <0. 
This can be verified by more explicit calculation as given below. 
re i f dg |» J 
E wem af — => ee dt. 3.49 
ap 7&9 um) (P) (3.49) 


Carrying out the integration and using the initial condition, we get 


1 z 8 
52 L (=) In (as =t (3.50) 
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or 
8 (3° EB a?) DE 
EXE d (3.51) 
8 (36 E ) 
so that 
2 2 2 
-2 a d $90—4 
-———————À with A= 3.52 
E = 1-Ae z Pen 
Taking the square root, we get 
i zta 
g= (3.53) 


(1 — Aen)?" 


To choose the sign, we need to go back to the initial condition that g = gp at t = 0. 
For the case go > 0, we take the positive sign 


so that at t = 0, 


$7 0-492 (ag) - 


In this case, g — a, as t — oo. For the case go < 0, we need to choose the other 
sign 


8o. 


(3.54) 
Then we have g > —a ast — oo. 


3.5 Running coupling near a general fixed point 
At the stable critical point g = go, show that 


(a) if (g) has a simple zero: 8(g) = —b(g — a) with b > 0, then the approach 
of g(t) to go as t — oo is exponential in t; 


(b) if 8(g) has a double or higher zero: 8(g) = —b(g — a)" with b > 0 and 
n > 1, then the approach of g(t) to go as t — oo is some inverse power in f. 


Solution to Problem 3.5 


(a) Simple zero: 8(g) = —b(g — a) 
From the renormalization group equation 


dg = pig). i! E = - f bat, (3.55) 
dt g—a 
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then with the initial condition of g — go at t = 0, we have 


In ( LM. ) wip (3.56) 
go—a 
with b > 0, 
g=at(go—aye”. (3.57) 


Then, g — a exponentially in the asymptotic t — oo limit. 


(b) Double zero or higher: 8(g) = —b(g — a)", n » 1. 
The same calculation yields 


g-a} n-DLl(G-a" (eo-a | 
or 


1 
1/(80 — a)"7! + (n — 1)bt 


g=a+| | > a+ O0 (r Vd), (3.58) 
1— oo 


3.6 One-loop renormalization-group equation in 
massless Aó^ theory 


In the renormalization of the massless 4^ theory, we can momentum subtract at 
p? = —M? to avoid infrared singularities. In this case the renormalization-group 
equation takes the form 


à ð n 
l2 + BO). - nyo) T (pi, pz, ..., Pn) = 0. (3.59) 


Verify explicitly, the one-loop result for the four-point function po (pi, P2, p3) 
satisfies this renormalization-group equation. 


Solution to Problem 3.6 


From CL-eqn.(2.31), the four-point function in one-loop is of the form 


T$ (s, t, u) = —iAo + F'(s) +O +r (u) (3.60) 
where T (p°) in the dimensional regularization scheme is given by [Cf. CL-eqn 
(2.121)] 

R A o ! 2 
rp) = Xmi|à-d Jp do[In a (1 — a)] — In(—p^)í. (3.61) 
Suppose we make a subtraction at some space-like momentum p? — — M?. Then 
we have 


r2 2 2 -iX -p 
ro^) =U (p*) —-T(-M*) = 35,2 I 3 (3.62) 
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where the dependence on M is rather simple (compared with the u? dependence 


in the massive theory). The renormalized Green's function being 


T (s, t, u) = —ix + PG) +P +P) 
we get 


ə 


3i — 3iX 
Ma tw) = L^D = : 


16r? 16x? 


Also we have 
2 


dons (93 
BA) TR (s,t,u) = c 


) [-i + O()] 


where we have used CL-eqn (3.47) 


= 34? > 
pa) = (3) + O00). 


HOEY: 


(3.63) 


(3.64) 


(3.65) 


(3.66) 


Therefore, from CL-eqn (3.48) that y (A) ~ O (42), we see that ipis (s, t, u) 


satisfies the renormalization-group equation to order A?. 


3.7 p-function for the Yukawa coupling 


The Lagrangian for the Yukawa interaction is given by 


se i 1 2 
L= Win", -my + FIV) + 20,0? — oe. 


Compute the Callan-Symanzik -function for the coupling constant f. 


Solution to Problem 3.7 
l 
| geo TSY 
i / ^ 
> oa -> > 
P\ JP P p p p 
NG LA 
E 
Fic. 3.2. 
It is convenient to set all the masses to zero. 
(i) Vertex correction 
d^k je 
r=(-ify 
ou? ice y G a) E 
d^k da 
= with a? 2 —a(1 — a) p° 
=? f asy le =a aie 


(3.67) 


(3.68) 
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where we have combined the denominators by using the Feynman parameter and 
have shifted the integration variable k — k + ap. The divergent part is then 


d*k oss ay Se A? (3.69) 
UU eae dq tS 


so that 
r- 5 (no e). (3.70) 
167? a? 
The vertex renormalization constant is then 
EE E E E E (3.71) 
16x? 


Recall that the 8-function is given by 


br =—f where Zr = Z;'ZpZj.. (3.72) 


0 = 
——— Z,, 
9 (In A) 
Here Z and Zy, are the wavefunction renormalization constants for scalar and 
fermion fields. Thus the contribution coming from Z ; is 


Que gals f° 
a(n A) ^ — 162 


Bi--—f (2). (3.73) 


(ii) Fermion self-energy 


4 H . 
Ly(p) = Cif? = ee -— ; (3.74) 
Combine the denominators in the usual way 
1 1 da 
Po-p-] @ SUM 


with A — (k — ap) — q? and à? = —a(1— o) p>. Shift the integration variable 
k — k + ap; the numerator becomes (1 — à) p — K. Then we have 


d'k [!,|[ü—o)p —K] 
- 2 
Xy(p) =f lol do (k2 — a?) 


: d (1— a)p ( apt ) (3.76) 
acr a a 1672 no ee : 


and the wave function renormalization constant is 
2 


Z;=1— In A? +--. 3.77 
, get PD 
and its contribution to the 8-function is 
ə f? 
io = —f (3.78) 


Z, = , 
adn A)” 1672 


Since there are two such diagrams in the vertex, this contribution should be 
multiplied by two. 
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(iii) Scalar self-energy 


i i 
ndn C oos y '(; 7) 


dtk Tr[K (f —K)] 
": 2 
=(-)f f n Fe (3.79) 
The numerator is, in the dimensional regularization, 
N =Tri¥ (p - E) S 4(p-k-K). (3.80) 


The denominator is 


mor) 


1 l 1 
————— = | d«———Às with a? = —a(1—o)p? (3.81) 
Roam =f (E — a) P 


where the shift k — k + o p has been made. With the shift the numerator is then 


N =d[(k+ap) — p: (k +ap)] > d[k? —a(1 —o)p?] = d (k? + a?). 


(3.82) 
The self-energy is 
dik [! E: 
Zp) = —f of Qxy [ da: Goa 0 ta. (3.83) 
Using the formulae 
dk 1 | i T(n—- 4/2) ( 1 V7? 
(21)! (k? — a2) (An)4? T(n) (3) FEM 
dik k2 B i(-y-! Tan = d/2 or 1) 1 n—d/2-1 d is 
(2m)! (X? — a? — (And? T(n) () (5) Sem 


we get 
dk (+a) i [aX IC ?) si 3 
Quy (2 — a2)? ~ (yn (=) E E ( E l 


i 13 7 4 qud d 
= (Any (=) (a) (2 T a 


The self-energy is then 


X =-f? d A 174 |r(5..d Pe. 3.87 
i-r xac (jaa) ( ia) PUE 
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The divergent part, which is relevant to the wavefunction renormalization, is then, 
with d > 4 and T (2 — 4/2) > (2/(4 — d)), 


42 72 2 NET A2 
ipf pP ig (3.88) 
l6n2 ~\4—d 16r? ^ 4 


Xo(plas = 


where we have used the correspondence (2/(4 — d)) — In A? (see CL-p. 56). The 
wave function renormalization constant is 


f A2 
Zo =1+ ia p (3.89) 
and its contribution to the 8-function is 
b3 = = : (3.90) 
The total contribution to the -function is then 
8-0 eee B= os (242% 1e) = 25, (3.91) 
16x? 2 167? 


This is the result given in CL-eqn (10.16). 


3.8 Solving the renormalization-group equation by 
Coleman's method 


Consider a one-dimensional fluid with velocity v(x) and in the fluid there are 
bacteria (see Coleman 1985). Let p(t, x) and g(x) be the density and the growth 
rate of the bacteria, respectively. 


(a) Show that the density of the bacteria p(t, x) satisfies the differential equation 


ð 0 
E + v = «e| p(t, x) =0. (3.92) 


(b) The position of a fluid element is described by x = x(t, x) with the initial 


condition x (0, x) = x. Namely, the fluid element which was at x at t = 0 is now 
at x at time f. Clearly x(t, x) satisfies the differential equation 


LES = v(x). (3.93) 


Show that if o (0, x) = oo(x), then at later time p(t, x) is given by 


P(t, x) = po(x(t, x)) exp li dt'gG(r, »| (3.94) 


Solution to Problem 3.8 


(a) The term due to the growth rate g(x) is self-evident. We will concentrate on 
the second term which is due to the motion of the fluid. 
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Consider a fluid element f with length dx located at x. The bacteria in this fluid 
element is just p(t, x) dx. Ata later time, t + Af, this fluid element is replaced by 
those which were located at (x — vAt) at time t. Thus the rate of change in the 
bacteria density in f is 

[o(t, x) — p(t, x — van] .. " p 
At ax 


where we have made the approximation p(t, x — vAt) ~ p(t, x) — vdp/dxAt. 
This gives the second term in the differential equation. 


(3.95) 


(b) Integrating eqn (3.93) for x, we get 


x d t 
f a / dt’. (3.96) 
x v(y) 0 
We can differentiate this equation with respect to x to get 
1 ox 1 
— — ——— = 0. (3.97) 


u(x) ax v(x) 


Then for any function f (x) we can show that 


a. ot m 
gE =f ET = f (xx), 


ð Ox 
UG) SEE x) = vQ)f'G)— = f'GyvG). (3.98) 
x Ox 
Combining these we get 
E = LJ f (x(t, x)) = 0. (3.99) 
Or changing t > —t, we get 
E à Ld fGCt, x) — 0. (3.100) 


Then it is straightforward to verify that the solution is of the form 
t 
p(t, x) = po(x(—t, x)) exp p dt'g(x(-t', »| . (3.101) 
0 
Remark. The generalization to a higher dimension is simply 


ð a 
E + Uj (1, es Xn) L— E] P(t, xy, ..., Xn) = 0. (3.102) 


ot Ox 
Define 
d. a = ; = 
di oaa) = V (Xis: Xn) with  xj(0, x1, ..., Xn) = Xi. 


(3.103) 
The solution is then 
t 
p(t, xi, ---, Xn) = poQ (t, X1,...,Xn)) exp li dt'gGx; (t, xi, ..., | i 
0 
(3.104) 


3.0 Anomalous dimensions for composite operators TI 


3.9 Anomalous dimensions for composite operators 


In the A¢* theory, compute the anomalous dimensions for the composite operators, 
$? and $6, in the one-loop approximation. 


Solution to Problem 3.9 


(i) Anomalous dimension of à? As was described in CL-Section 2.4, the only one- 
loop divergent graph involving $? is in the two-point function p2 , and is of the 
form 


TO (o; pofan dl i i (3.105) 
cQ C mE EC 2r [P-e] La- pe 7 


This has exactly the same structure as the function T (p?), given in CL-eqn (2.70), 
which appears in the four-point function. Taking over the result, we have 


-— A 1 
T (p; pi, P2 = = In — -f da In[u? — (1 — o)p?] +- | 
327 HU 0 
(3.106) 
and 
Ze =14+7T9(0,0,0)~1- ——1n zr (3.107) 
$ 3222 u? 
The anomalous dimension is then 
= ——_] Zn = —~. wl 
Ye oA = Tem (3:108) 


(ii) Anomalous dimension of ¢° The one-loop divergent graphs are all of the type 
shown in Fig. 3.3 with altogether (6) distinctive diagrams. 


Fic. 3.3. 


This again can be expressed in terms of T (p°). Taking into account the combina- 
torics we get 


Zys = 1+ 15r9(0,0,0) ~ 1— 2X e 3.109 
$6 — + g2 ( VU; ) e T 32742 "um (3. ) 
The anomalous dimension is then 
154A 
ys (3.110) 


= Ter?’ 


4 Group theory and the quark 
model 


4.1 Unitary and hermitian matrices 
Show the following relationships between the unitary and hermitian matrices: 


(a) Any n x n unitary matrix U tU = 1 can be written as 
U = exp(i H) (4.1) 
where H is hermitian, H* = H. 


(b) det U — 1 implies that H is traceless. 


Remark. This result means that n x n unitary matrices with unit determinant can 
be generated by n x n traceless hermitian matrices. 


Solution to Problem 4.1 
(a) The matrix U can always be diagonalized by some unitary matrix V 
VUV' = Ua (4.2) 


where Uy is a diagonal matrix satisfying the unitarity condition U;U " — ]. This 
implies that the each of the diagonal elements can be expressed as a complex 
number with unit magnitude e^. 


Ua = : (4.3) 


where as are real. It is then straightforward to see the equality Uz = e/P*, where 
Hy is a real diagonal matrix: Hy = diag(o, 065, ..., Œn). We then have 


U = V'U,V = Velia y = eH (4.4) 
with H = V! H,V. Because H; is real and diagonal, the matrix H is hermitian: 
Hi = (ViH,V) = VHV = H. (4.5) 
(b) From the matrix identity e” = det(e^), we have for U = e'” 
eH — det (e™) = det U. (4.6) 
Thus det U = 1 implies that TrH = 0. 
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4.2 SU(n) matrices 
The n x n unitary matrices with unit determinant form the SU (n) group. 


(a) Show that it has n? — 1 independent group parameters. 


(b) Show that the maximum number of mutually commuting matrices in an SU (n) 
group is (n — 1). (This is the rank of the group.) 


Solution to Problem 4.2 


(a) To count the number of independent group parameters, it is easier to do so 
through the generator matrix. From the previous problem, we have U = e!", 
where H is an n x n traceless hermitian matrix. For a general hermitian matrix, 
the diagonal elements must be real, H;; = H}. Because of the traceless condition, 
this corresponds to (n — 1) independent parameters. There are altogether (n? — n) 
off-diagonal elements and thus (n? — n) independent parameters because each 
complex element corresponds to two real parameters, yet this factor of two is 
cancelled by the hermitian conditions H;; — Hj; Consequently, we have a total 
of (n — 1 +n? —n) = (n? — 1) independent parameters. 


(b) From the discussion in Part (a) we already know that there are n — 1 independent 
diagonal SU (n) matrices, which obviously must be mutually commutative. On the 
other hand, if there were more than n — 1 mutually commuting matrices, they could 
all be diagonalized simultaneously, thus yielding more than n — 1 independent 
diagonal matrices. This is impossible for n x n traceless hermitian generating 
matrices. 


4.3 Reality of SU(2) representations 


This problem illustrates the special property of the SU(2) representations, their 
being equivalent to their complex conjugate representations. 


(a) For every 2 x 2 unitary matrix U with unit determinant, show that there exists 
a matrix S which connects U to its complex conjugate matrix U* through the 
similarity transformation 


S-!US = U*. (4.7) 


(b) Suppose y and w are the bases for the spin- + representation of SU(2) having 
eigenvalues of +1 for the diagonal generator 73, 


Bin — ly, and Two = —ly, (4.8) 


calculate the eigenvalues of T} operating on vf and w3, respectively. 


Solution to Problem 4.3 


(a) We will prove this by explicit construction. Problem 4.1 taught us that the 
unitary matrix U can be expressed in terms of its generating matrix U — expi H. 
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Thus the matrix S, if it exists, must have the property of 
S!HS—-H* (4.9) 


so that S~'US = S^ (expiH)S = U* = exp(—iH"). The generating matrix H, 
being a 2 x 2 traceless hermitian matrix, can be expanded in terms of the Pauli 
matrices 


H = ao; + a202 + a303 (4.10) 


with real coefficients of expansion as. Since o; and o3 are real, o? imaginary, we 
have 


H* = ajo, — a202 + a303. (4.11) 


Equation (4.9) can be translated into relations between S and Pauli matrices: 
S-lo48 = —o,, $-lo58 = on, and $-lo4S = —o3. Namely, the matrix S must 
commute with o>, and anticommute with o; and o5. This can be satisfied with 


$ — co» (4.12) 


where c is some arbitrary constant. If we choose c = 1, the matrix S is unitary and 
hermitian; for c — i, S is real. 


(b) The statement ‘y and yw are the bases for the spin-3 representation of SU (2)' 
means that under an SU (2) transformation (i = 1, 2) 


Vi > Y; =U; with U =exp(ia-o). (4.13) 
In matrix notation, this is Y’ = Uy. The complex conjugate equation is then 
y*-—U*y* 2(SUS)* or (Sw) = U(SY*). (4.14) 


This means that Sy* has the same transformation properties as y. Explicitly, with 


S = io, we have 
x _ {9 1)\(¥¥Wi\)_(% 
se-(59)- C8) eun 


To say that it has the same transformation properties as 


(Xn 
v= ( A (4.16) 


means that, for example, 


; 1/2 0 ) ( yi ) 
T: a es ae 4.17 
QC 205 em 
Namely, the eigenvalues of the 73 generators are 


t5(/2) = 65000 = 3 
tT) = BO) = — 3. (4.18) 
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Remark. This shows that the T — 5 representation is equivalent to its complex 
conjugate representation. We say that it is a real representation. This property 
can be extended to all other representations of the SU(2) group, because all other 
representations can be obtained from the T = 1 representation by tensor product. 
Part (b) shows that the matrix S transforms any real diagonal matrix, e.g. o3, 
into the negative of itself. In other words, S will transform any eigenvalue to its 
negative. Thus the existence of such a matrix S requires that the eigenvalues of the 
hermitian-generating matrix occur in pairs of the form +a1, +a2,... (orare zero). 
It is then clear that for groups of SU(n) with n > 3, such a matrix S cannot exist 
as eigenvalues of higher-rank special unitary groups do not have such a special 
pairwise structure. 


4.4 An identity for unitary matrices 


(a) Show that if A and B are two n x n matrices, we have the Baker-Hausdorff 
relation 


:2 
e^Be-^ = B+ i[A, B] + zlá [A B] +- 


LIA, L4, [AS BI. T] (4.19) 


(b) Show that the matrix B is invariant (up to a phase) under the transformations 
generated by the matrix A, if these two matrices satisfy the commutation relation 
of [A, B] = B. 


Solution to Problem 4.4 


(a) The matrix J, defined as J(A) = e^ Be^!^^, being a function of some real 
parameter A, can be differentiated to yield: 


dJ ; ; dJ 
— = e™ilA, B]e ^^ > — = i[A, B] & iC, 
dA dA |i. 
J iXA;2 -iXA PJ “2 “2 
di i^[A, [A, B]]e "P T. [A, [A, B]] = i^C; 
d'J iA; -iXA d'J ; ; 
— L n A, C; l = n A, C; E ^ o 
uc [ ile => di^|, i"[ =i 
Expand J (A) in a Taylor series: 
Sas) A" «9S A" 
JQ) = = iC, — 4.20 
ue 2. da” haao n! 2} n! Rm 


where Co = B, C, = [A, B], and C, = [A, C,_-1]. Setting à = 1, we have the 
desired result 


2 
e^Be-^ = B+ ILA, B] + zl [A, B] +-+. (4.21) 
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(b) To show that ‘the matrix B is invariant (up to a phase) under transformations 
generated by matrix A’ means to show that 


ei^^ ge i^^ RB (4.22) 


for an arbitrary real parameter o. But from Part (a) we have already shown that 
oo o" 
ia A —iaA __ n doen 
ei^ Re iua a y». Cnr (4.23) 
where Co = B, Cı = [A, B], and C, = [A, C,_1]. For the case at hand of 
[A, B] = B we have C, = B for all n =0,1,... 
oo a" 
ia A —ia A n ia 
B =B — = Be". 4.24 
e e p zi e ( ) 
This is the claimed result. 


4.5 An identity for SU(2) matrices 


Prove the identity for 2 x 2 unitary matrices generated by Pauli matrices o. = 
(01, 02, 03): 


exp(ir - o) =cosr + (f- o)sinr (4.25) 


where r = |r| is the magnitude of the vector r and f = r/r is the unit vector. 


Solution to Problem 4.5 


We will first derive a useful identity for Pauli matrices. Consider the multiplication 
of two matrices 


(A - o)(B - e) = (0; 0;) A; Bj 
= ile 6j t 0j 0i) + (ci oj — 0j 0i)]Ai Bj 
= (foi, oj) + loi, c; DAiBj 
= 5 (28); + 2ieiox) Ai Bj (4.26) 
where we have used the basic commutation relations satisfied by the Pauli matrices: 
loi, oj] = 2i£ijkOk and loi, oj} = 2óij. (4.27) 
Thus we have the identity 
(A-0)(B. 0) =A-B+io- (A x B). (4.28) 


Set A = B = r, we get (r - o)? = r? +io-(r xr) = r° and(r. o? = r?(r. 0) = 
r? (f - ø). It is then straightforward to see that 


(r-o)" 2r" and (o)! =r” $. o) (4.29) 
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with n = 1,2, .... The desired identity for the unitary matrix then follows as 


sn 


exp(ir - o) = > Ly o)" 


n 


| 
M 
a 
3 
+ 
> 
&; 
M 
| 
Et 


cosr + (È - a) sinr. (4.30) 


Remark. This relation holds only for 2 x 2 unitary matrices and does not hold 
for higher-dimensional cases, where anticommutation relations are much more 
complicated than just the Kronecker delta. 


4.6 SU(3) algebra in terms of quark fields 


(a) Given a set of composite quark field operators 


ill T A! 3 
F = fa (x) qo) d x (4.31) 


where the quark field operators 


qi(x) 
q(x) = | a) (4.32) 
q3(x) 
satisfy the anticommutation relations 
jeh} = as °@ — yd, (4.33) 
Xo—yo 
and where A‘, with i = 1,2,...,8, are the Gell-Mann matrices 
Bc sou E (4.34) 
———|-if"—, : 
2 2 2 


show that { F'}, if assumed to be time-independent, generate the Lie algebra SU(3): 
[Fi, Fİ] = i fK FA. (4.35) 


(b) Calculate the commutators [W^ 


a? 


W4] for the non-hermitian generators 
We = I g GOqa x) dx. (436) 


Show that wi is just the isospin raising operator. Similarly, w2 and Wl are, 
respectively, the U-spin and V-spin raising operators. 
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Solution to Problem 4.6 


(a) The proof can be obtained by applying to the commutator [FŻ, F/] the iden- 
tity of 


[AB, CD] = —AC(D, B} + AB, C}D —C(A, DB - (C, AJDB, (4.37) 
which for the present case has (A, C) = (B, D) = 0, 


i jy 3 3 T X T A 
[F', F^] = | dxd'y|q;(x) "ü q(x), qu CO ES qa(y) 
ab cd 
= 3). 73 83 i al 
= fa xd'yó (x — y)|qiQ) S Ópc 2 qa(y) 
ab cd 
f (=) 5 (5) (x) 
ae à D cd d 2 E 


3ygt MOM ; ijk pk 
SET (x) DER q(x) = if" F*, (4.38) 


where, because F's are assumed to be time-independent, we have chosen xo — yo 
for convenience, and applied the equal-time anticommutator of the quark field 
operators. 


(b) Again from the identity eqn (4.37) and the quark field anticommutation rela- 
tions, we have 


[wr wi] = f sy [ioo ahora] 


= f es£yso - y [aicosta o - aote co] 

= 8 W? — 8b Wi. (4.39) 
If we write (qi, qo, q3) = (u, d, s), the non-hermitian operator 

wl- i! qi (x)qn(x) d?x = ^ ul (x) d(x) d?x (4.40) 
is shown to be an operator which transforms a d-quark to a u. Clearly Wi is the 


: T vie wi wi 
isospin raising operator. Similarly, we have s —> d and s —> u. 


Remark. In this notation the third component of the isospin generator 73 takes 
the form of 


D=} f[aw- dts 3 faja- dan s 
= 4(W} — W3) (4.41) 
and the hypercharge in the form of 


Y= y fotu + dd — 255) d'x = 3(W] + W3 — 2W3). Oe) 
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4.7 Combining two spin-+ states 


Consider a doublet y = (vi, V?) of the SU (2) group. Show that the composite 
operators $ = Vy and V = ytty, v = (n,7,13) being the usual Pauli 
matrices, transform as a scalar and a vector respectively. Also, demonstrate the 
vectorial transformation property of V in several ways: 


(a) for a general infinitesimal rotation, 
(b) for a finite rotation around the 3-axis, 


(c) for a general finite rotation. 


Solution to Problem 4.7 
Under the SU(2) transformation, we have 
" A " = PRIN y! > y^ = yt ele t/2 (4.43) 


where œ = (o, 2, 03) are the three arbitrary real parameters. It is clear that yi y 
is an invariant under SU(2) transformation. 


S ES y^ y = ptet eTe cie iP, = yy =$ (4.44) 


(a) To demonstrate the vectorial transformation property of V under a general 
infinitesimal rotation 


y — y'c(1-ia«-c/2)y, 


" " : (4.45) 
y! — y^ x wl +ia- 1/2), 
we note that the transformed composite operator can be written 
V' = y^ ry! c y (1 ia: v/2)1(0 —ia- v/2)y 
La (1+ i [= d d O(a?) y. (4.46) 
But the commutation relation for Pauli matrices yields 
A-T Tj ; . 
[= d =a; [= d = iajejut; — I(T x a). (4.47) 


Thus we have demonstrated the vectorial nature of V under the infinitesimal SU(2) 
transformation 


V —y'(r—-rxa)y-—-V-Vxa. (4.48) 


(b) To demonstrate the vectorial transformation property of V under a finite rota- 
tion around the 3-axis: 


Y'= Ry, v^"-—wR, with R = e7®5/, (4.49) 
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the transformed V operator can be written 

V = y^" vy! = YİR tRy = yen? qe isiy, (4.50) 
Applying the formula of eqn (4.19) 


2 


n .[03t3 i O33 O33 
R'tR= | : | | l | , Il ms 4.5] 
T rci 2 T| + m1 2 Tc (4.51) 


we clearly see that, because [(t3/2), 73] = 0, and thus R'nR = %, the third 
component of V is unchanged under a rotation around the 3-axis. For the other two 
components we need to calculate [(t3/2), T,2]. This can be considerably simplified 
if we work with the combinations t+ = tı + it, which obey the commutation 
relation of 


[2 | (4.52) 
—,T,|-—cu. : 
2 
In particular, we have 
T3 T3 T3 
a Le: [a4] [= an 
and thus 
" 1 ] 
RITR = t4 ( + (o3) + 5; fiers)” T -) = qe”, (4.54) 


" 1 l 
RitR=t_ (1 + (—ia3) + g Cie dee =) =r_e™%®, (455) 
It then follows that 


RiuR = (t4 LS TI gm = COS Qt, — sin oat? (4.56) 


NI = 


and similarly 
R'mR= 5 (t4 ei^ p r ee) = sin a3T, + cos at». (4.57) 


Consequently, the three components of V have the following transformation 
property under a finite transformation around the 3-axis: 


Vi = cosa3V; — sina V2, 

V; = sinas V; + cos œ3 V2, 

V; = V3. (4.58) 
(c) For the case of arbitrary SU(2) transformation, we have 


V = y" ri! = y U UV where U—ei**?. (4.59) 
2 


um el). p ICE) CD T+ 
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The basic commutator can be calculated as follows: 


KS J ! u| aK, [3. d = ajiejaqt; = (—a- tat (4.60) 


where we have recognized the spin-1 representation of the rotation operator 
(tie = —i€ jki. (4.61) 
For the double commutator, 


(3) [629] - c 552). 


= (-a-t)u(—a- t); 


= (—a- t)j/t) (4.62) 


and so on. Thus 


A 1 ; 
U'«Uc- [i+ Cia + gia tes] tı -—(e'**uu, (463) 
! kl 


or 


V; — Vj = CD je Ve (4.64) 


4.8 The SU(2) adjoint representation 


(a) Suppose 6$ transforms as a vector under SU(2) as discussed in eqn (4.64): 
$; — 6 = (e "*) ud. (4.65) 


Show that the transformation law for the 2 x 2 matrix defined by Ô= r. $ is 
given by 


$—ó$?'—-U'ÓóU with U-e/*'?, (4.66) 
(b) Suppose È is a 2 x 2 hermitian traceless matrix which transforms as 
$—$£-2U'$SU with Use ie? (4.67) 


Show that Ê’ is also hermitian traceless, and with det Ê’ = det Ê. Since Ê and 
X’ are hermitian and traceless, they can be expanded in terms of Pauli matrices 


L=t-d and =r g. (4.68) 


Show that $ and @’ are related by a rotation. 


(c) Suppose we have the nucleon in the isodoublet representation N = (p, n), 
and the pion in the isotriplet representation m = (7), 72, 73) with m3 = x, 
(n, — ima) //2 = mt, and (7 + ima) //2 = a, construct the SU(2) invariant 


pion-nucleon x N N coupling. 
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Solution to Problem 4.8 
(a) We will show that $' = U'QU follows from the transformation eqn (4.65): 
b= $t; = (e! **) dir; (4.60) 


1 
= [re ian + Fie? es] tj 
2! i 


which can be written, according to eqn (4.63), as 


$'— UIU = VÔU. (4.70) 


Remark. This problem shows that there are two alternative ways to describe the 
transformation of the vector representation (more generally, the adjoint represen- 
tation): as in eqn (4.64) or as in eqn (4.66). 


(b) To show that $/ is hermitian if © is hermitian: 


$5-(u'5uy-ui$'u-u'$u-S. (4.71) 
To show that Ê' is traceless if X is traceless: 
trX/ = trU' SU = trUU'$S = tr =0. (4.72) 
To show that det Ê’ = det Ê: 
det X' = det U' XU = detUU'?$ = det Ê. (4.73) 
Expanding Ê’ and Ê in terms of Pauli matrices: 
MEE: (a Ts me | S 
it is easy to calculate their determinants: 
det È = — (i + 3 + 5). (4.75) 


Thus the above result of det Ê’ = det È implies that the transformation $ —> @’ 
leaves the length | $| unchanged. This must be a rotation. 


(c) From (a) and (b) we see that the 2 x 2 hermitian traceless matrix fir. T, 
formed from an SU(2) vector x, transforms by the similarity transformation: 


foM=uinu with U-e*'?, (4.76) 
In this form, it is easy to see that the product N ‘TIN , where N is an SU(2) doublet, 


is invariant under SU(2) transformations. This suggests the invariant pion—nucleon 
x NN coupling to be 


_ 0 + 
Lenn = gNt- TN = 8(P, ñ) ( pm A ) c) 
= [6p — iün)n? + V2(pnnt + üpz-)| ; (4.77) 


and thus the relations among coupling constants are 


1 1 


Sppr® = — Sinn = p P P Nd = &. (4.78) 
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Remark. The relation 25,5;« = gāpr- follows from the hermiticity of the 
Lagrangian density (or charge conjugation). 

4.9 Couplings of SU(2) vector representations 


(a) The p vector meson has isospin 1 (it has three charge states: p+, p°, p7). 
Construct the SU(2) invariant pr coupling. 


(b) Theo vector meson has isospin 0. Construct the SU(2) invariant woz coupling. 


Solution to Problem 4.9 


(a) Since p has spin 1 and isospin 1, we can represent the p-fields as o, (x) and 


define a 2 x 2 matrix P, = T- Pu As one has seen in Problems 4.8 and 4.9, it 
transforms under SU(2) as 


Ê, — P = U Ê,U (4.79) 


just as the pion matrix fI — fl’ = U'TIU, where U is an arbitrary 2 x 2 SU(2) 
matrix. This suggests the invariant coupling to be 
Loan = gtr(Ê o" TET) 


-«( "n 2 ður? eo a? fine) 


V20” —p /28,n-  —ü,z? 42n- =n? 
= g[2p™ (8, * n^ — 8,n ^n^) + 2p*" (8, x? — ð r’) 
+ 2p" (8, n’ — 8,n?n*)]. (4.80) 


This implies, for example, the equality of decay rates 

T(p° > z*z-)2r(o* > rtr’) 2T(p^ > rr’). (4.81) 
Remark 1. The decay o? — °z° is forbidden because the (297°) system can 
only have even orbital angular momentum because of the Bose statistics. Hence 
angular momentum conservation will forbid this decay. Note: the same argument 


can be applied to the vector gauge boson Z to forbid the decay into two identical 
Higgs (scalar or pseudoscalar) bosons. 


Remark 2. The other possible coupling tr(P, 11d" TT) is not independent of the 
one just considered. This can be seen by applying the Pauli matrix identity 


(r- A)(t- B) = (A- B) +it- (A x B) (4.82) 
which implies that 
tr (Êa AÑ) = ip, ("x x x), (4.83) 


> 


" 


„fiar f1) = —i p, (9" x x x). (4.84) 
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(b) The SU(2) invariant Lorentz scalar combination out of the p, 7r, and @ meson 
fields can be constructed as 


Logo gtr(B, Ho" 
= 2g (pin + pat + par’) o". (4.85) 


4.10 Isospin breaking effects 


Exact SU(2) symmetry implies the degeneracy for particles in the same irreducible 
representation of SU(2). But the SU(2) isospin symmetry is broken in nature by 
electromagnetism as well as by up-and-down quark mass difference. The first-order 
electromagnetic breaking, involving the emission and absorption of a photon (and 
thus the electromagnetic charge operator Q acting twice), contains an isospin- 
changing AJ = 1 piece, as well as a AJ = 2 piece. On the other hand, the quark 
mass-difference: 


My 


E E +ma z m, — Ma __ 3 
my,uu + madd = — u +dd)+ — 3 uu — dd) (4.86) 


contributes only a AJ = 1 breaking, as the last term transforms as the third 
component of the isospin generator 13. Thus the strong interaction Hamiltonian 
can be written as 


where Ho) is SU(2) invariant, Ho) is the AJ = 2 electromagnetic breaking 
term, and the A7 — 1 piece Hay contains both the electromagnetic and up—down 
mass-difference breakings. In this problem you are asked to calculate the first- 
order mass shifts due to H’ by using the Wigner-Eckart theorem for the following 
isomultiplets: 


(a) 1 = 1: (p, n), 
(b 121: (£+, X9, =>), 
SWCATT AT AP, A7). 


Solution to Problem 4.10 


According to the Wigner—Eckart theorem, the matrix elements of a tensor operator 
OM , having isospin T and third component value M, have the simple structure of 


(1, nor rng) (r5 7, M; 1, 5) (1' || Or |Z) (4.88) 


where the first factor on the right-hand side is the Clebsch-Gordon coefficient and 
the second factor is the reduced matrix element, which is independent of J, L, 
and M. For this problem, the operator O = Hy and Ho which transforms as the 
(T = 1, M = 0) and (T = 2, M = 0), respectively. 


4.10 Isospin breaking effects 9] 


(a) I= 5 multiplet (p, n). The first-order mass shift due to Ha ) can be evaluated 
by the Wigner—Eckart theorem as 


m, = (p [Ho] p) = (3-3 Hol $3] 
= (5,5|1,0; 4, 2) my. = - d ma (4.89) 
and 
m, = (n Hola) = 5 75 Hol 2 7) 


= (5,—-4] 1,0; 5,-5)8%my = {150 my (4.90) 


NI 


where 5) my is the J;-independent reduced matrix element. 

Exactly the same calculation shows that the AJ = 2 shifts 5m, = 6m, = 0 
as the corresponding Clebsch-Gordon coefficients vanish (because an J = 2 oper- 
ator cannot connect two J = 1/2 states). 

In this way we find that the proton and neutron mass shifts mp. = 5 mp,n 
have the same magnitude but are opposite in sign: 


bmp = —óm,. (4.91) 


Remark 1. We can apply this result to any other J = 5 multiplets. For example, 
ómgo = —ómz-, ômgo = —ómy-, etc. (4.92) 


Remark 2. Alternatively, we can write down an effective mass term in the 
Lagrangian, which contains an operator having an isospin value of (T = 1, M = 
0). For the isodoublets this can be represented by a 2 x 2 matrix, t3. The effective 
mass term for the nucleon can then be written as 


Limy = Nomyt3N = ómy(p, ñ) (o =) (7) 
= ômy (pp — ñn), (4.93) 
which yields 
óm, = —óm, = My. (4.94) 
(b) J = 1 multiplet (X*, X0,YX-) The Wigner-Eckart theorem yields 
Omg = (£* [Hy] BY) = (1,1 [qo] 1+) 


= (1, -1/1,0; 1, 4-1)8? mg = V 18m; (4.95) 


&O my = (x? [H| x?) = (1,0 [Ha] 1, 0) 
= (1,0]1,0; 1,0)8 my = 0 (4.96) 
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(1) = - 1 -\_ 1 
my- = (X Hol E ) = (1—1 [Hay] 1. 1) 
= (1, —1|1, 0; 1, 2 1)ó'! mg = - [480 ms (4.97) 
and 


52 mys = (Et [Ha | Bt) = (1, +112, 0; 1,418 my = Js? ms (4.98) 


8? my, = (X? |] x9) = (1, 012, 0; 1, 0)S mg = (4.99) 
8? my. —(X-|M5| £7) = (1, -112, 0; 1, —1)8O mg = J 158? mg. (4.100) 
Combining these results and using the notation m; = V Him; and m = 


ry poms, we have 


my- = Mo +m, - m», 
myo = mo + 0 — 2m, 
mys- = mo — m, + m3. (4.101) 
The / = 1 and / = 2 mass splittings can then be isolated: 
mı = $(ms+ —my-), (4.102) 
my = l(mg. + my- — 2myo). (4.103) 
While m; contains both the electromagnetic and up-down mass difference effects, 


m» is purely electromagnetic in origin. 


Remark. The same analysis holds for the isotriplet pions. In particular, we have, 
besides 6! m,» = 0, the result 


Dmr = —8Um,.. (4.104) 
But zr * is the antiparticle of z~ and should have the same mass. Hence 
óm;« = ómg-. (4.105) 


The only way to reconcile these two eqns (4.104) and (4.105) is to have the reduced 
matrix element ôm, = 0. (The Wigner-Eckart theorem does not by itself give 
any information about the reduced matrix element.) The same result can be seen 
from writing out the mass term in the Lagrangian: 


Lm) = AUm, m (fts ft) 


i x? JInt\ (1 0 x? /2nt 
= A‘ m, tr 
J/2n- =r? 0 -1/VJ2n- =r’ 
= AU m, (n9? —Intn- — n" 4 2g*n7) = 0. (4.106) 


Thus the pion mass differences (and for o mesons also) are entirely due to the 
I = 2 electromagnetic corrections. 
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(c) 1 = 3/2 multiplet (A*^*, A*, A9, A7) 
The Wigner-Eckart theorem yields 


1 0 3\ 5 350 

5° m ye = 3, +3 1, 0; 3, 2) Oma = "E Oma 
(1) 3 1 «3 1\ 50) = 1 501) 

ô mae = (5,45 1,0; 5, +4) ô ma = y 3505 Ma 
(1) 3 1 ae) 1\ s(1) um 1 sd) 

ô Myo = {3 — 3] 1,03 5, +) ô ma = sf ma 


Oma- = (3, -3| 1,0; 3, 3)59 m4 = —y380ma — (4.107) 


and 
2 2 2 
ôl man = 3,43 2, 0; 3, +3) 5° ma = Jis Ima 


2 , g 
Pma = (3, -1|2,0 3, -1)82 m, = zdi in 


(2) _ 1/3 1 .3 1\ s(2) = 1 (2) 
à mao = (5, —35| 2 0; 3,-4)6 m zô m 
2 2 2 
Pma- —(3,—3|2,0: 5, -3)9? mA = JU "ma. (4.108) 


Combining these results we have 
me = Mmo + 3m +m, 
Mat = mod m; — mo, 
Mao = mo — mj; — m», 
ma- = mo — 3m, + ms. (4.109) 


Besides allowing us to isolate the Z = 1 and J = 2 mass splittings, these equations 
also imply a mass relation of 


ma» — ma- = 3(ma+ — mao). (4.110) 
This simply reflects the absence of an J = 3 piece in the symmetry-breaking 
Hamiltonian. 
4.11 Spin wave function of three quarks 


As an exercise in Clebsch-Gordon coefficient calculation, construct the spin states 
of baryons, which are composed of three spin-j quarks. 


Solution to Problem 4.11 


The possible spin states for two quarks are S12 = 0, 1, where Sj; = S, + S2. As 
discussed in the text, the $;? = 1 states |S12, S15. .) are 


|1, 1) = oo 
|1, 0) = (ai 2 + b102) 
|1, —1) = Bi po (4.111) 
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where œ = 5, 1) and B = i -i) are the spin-up and spin-down states, respec- 
tively. Also we have the spin-zero combination: 


0, 0) = -5 (@1b2 — £i). (4.112) 


Combining the Sj; = 1 states with $4 = 5, we obtain S = 3 and i states, where 


S = S2 + S3 = Si +S + S3. 


l 
2* 


s-is-i-nu 


$, 5) = a 0703. (4.113) 


To reach the other $ = 3 states, we use the lowering operators 


1/2 


S_|S, S2) = [(S + S,)(S — S: + D] “IS, S: — 1) (4.114) 
to obtain 
S_|3, 3) = V3|3, 1). (4.115) 


On the other hand, S- = (S12)... + (S3)_. Thus 


S.|L, 1) 


$3)2 Gi-1L 1) |$, +5) + I1, DG93)- |5. 5) 
= J2/1,0)a3 + |1, 1) fs. (4.116) 


Combining eqns (4.115), (4.116), and (4.111), we get 


3,4) = d [Var oes + 11, n4] 
= l(a Bo + f102)05 + 10783] 
= Sr lori p203 + B10505 + 0400 f]. (4.117) 


Similar to eqn (4.113), we have 


|S = 5, S 2-3) = I1, —1) |5. —3) = 518283, (4.118) 
and using S4 we can obtain 
$-4- lei as + Bios + Bi Bras]. (4.119) 


The state |S = P $, — ) must be orthogonal to N = 3, S, = 1) in eqn ( 4.117): 


1 
2 


4 [711.005 + 211, 05] 


Nie 
Nie 
PS 
n 

Il 


= Jz [Zonas — (Bio + or fo)on], (4.120) 


where the subscript S signifies the symmetry property of the state under the per- 
mutation of quarks 1 <> 2. Similarly, we have 


h-iN- o fi Boos — (oio + Bio) Bs]. (4.121) 
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But 1, +4) can also be obtained from combining the S12 = 0 and $3 = 5 states. 
Such combinations are antisymmetric under the permutation of quarks 1 < 2: 


Pih iB — Bio) 
5-37 Jp (fs — Bio) fs. (4.122) 


To summarize, we have four S — 3 states, which are completely symmetric under 


any permutation of all three quarks (1, 2, 3): 


3) 3) = Manas 
3,4) = -K [æ Bows + 1&3 + 010 Bs] 
3—3) = gleb + Bios + Bi b203] 
3, —3) = Bi Bobs (4.123) 
and two S = 5 states P +3) s = Xm,s, which have mixed symmetry with respect 
to the permutation of (1, 2, 3) but are symmetric under the permutation of 1 < 2: 


TEES geas — (Bia + o B3)o3] 
1-1), = 41261 Boas — (ai fo + Bios] (4.124) 
and two S = 5 states 5, +4) A = Xm,A, Which have mixed symmetry with respect 


to the permutation of (1, 2, 3) but are antisymmetric under the permutation of 
]e2: 


D zla = zeb — p1a2)o 
Pia 405 - Be. (4.125) 


Remark. If we are interested in the isospin of three non-strange light quarks u and 
d (as for the nucleons and the A resonances), we can work out the corresponding 
isospin wave functions by the simple substitution of a — u and 8 — d: 


. . . m 3 
(a) Symmetric isospin J = 5 states 


Att 


= |}; 3) = mate 

At = 3, 1) = gludus + diuaus + u1u2d3] 

A’ = 3, -i- s luideds + diu2ds + didou3] 

A` = |3, -$) = didods. (4.126) 


(b) Mixed-symmetric (but symmetric with respect to the interchange 1 <> 2) 
I= 1 states dys: 


Li guud — (diu» + u1d5)us] 
i3); = Jg Ddidaus — ids + du3)ds]. (4.127) 
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(c) Mixed-symmetric (but antisymmetric with respect to the interchange 1 <> 2) 
l= 5 states bya: 


= Jg ndo — diu3)us 


Nie 

Nie NIE 
ae 
> 


z 
l 


= Jg Qd; dju5)ds. (4.128) 


4.12 Permutation symmetry in the spin-isospin space 


Show that the spin and isospin combination of the mixed symmetry states dis- 
cussed in Problem 14.11, Xm, ,sġm.s + Xu.AQÓM.A iS invariant under the general 
permutations of particles indices. Hint: Such permutation operations are repre- 
sented by orthogonal matrices in the 2D spaces spanned by mixed-symmetric spin 
wave functions, x; = Xm,s and xo = Xy. 4, Or isospin wave functions, $1 = $y.s 
and $» = $m,4A. 


Solution to Problem 4.12 


The general permutation of three indices can be denoted as 


Ber E 3 (4.129) 
i3 


l 12 


where (1, 2, 3) are replaced by (ij, i2, i3)—thus a permutation of the particle 
indices (1, 2, 3). There are six elements in this permutation group $5: 


1 2 3 i 2 3 1 2 3 
ra= (3 1 J Pa=(3 2 a Pa=(} 3 F 

1 2 3 1 2 3 1 2 3 
Ps = (3 3 ar Pua = (3 1 3 EIE 2 i) 


Itis clear that under any of the permutation operations, the mixed-symmetric spin 
wave functions xy,s and xy,4 transform into linear combinations of xy,s and 
XM. A- The trivial examples are J and P}2. By construction, we have 


PizXu,s = XM,s> Pi2XM,A = —Xu,A: (4.130) 


Le. Xm,s and xy, are eigenstates of Pi; and J. The operator J and Pj; can be 
written as an orthogonal matrices: 


rs es 1 0 XI D EEM 1 0 XI 
«(S NO he). m 


The more general cases can be exemplified by Pis acting on 


n; ve l2or1 012 ffs — (Bia + a B2)or], 
x = |i tza = Yq — Boo. (4.132) 
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to yield 
Pixi— -zlobi — (3&2 + a3 2)o1] 
Scr eius (4.133) 
and 


Pi3 X2 = zb — f3a5)a1 
= 334i. (4.134) 


Thus P5 can also be represented by an orthogonal matrix 


NAI 
Pis = a 06 (4.135) 
-£ 41e ; 


It is not difficult to convince oneself that, because the permuted states Px — x' 
must remain orthogonal to each other, all the six permutation elements can be 
represented by orthogonal matrices: 


PIP = PPT =I. (4.136) 
From this property it follows that the combinations such as 


PS-xbtx3. RT = xoi H o (4.137) 


are invariant under all the permutations of the particle indices. 


Remark. Since the combination Xm, sġm,s + xu,a¢m.a is invariant under any 
permutation of quark indices, it is totally symmetric in the spin and isospin space. 
From this we can conclude that the nucleon wave function, which is a product 
of spin, isospin, and the totally antisymmetric colour wave functions, is totally 
antisymmetric with respect to interchange of any of its three quarks. This is com- 
patible with the requirement of the (generalized) Pauli principle as the nucleon is 
a system of fermions (quarks). 


4.13 Combining two fundamental representations 
Work out the tensor products of the defining representations of SU(2) and SU(3): 


(a) Let y = (2 = (2) be an isospin doublet with its hermitian conjugate being 
wis (vi yš) = (ut d’). Find the isospin of the product yw; (where i = 1, 2). 


Vs s 


yi u 
(b) Let y = (: = | d | bean SU(3) triplet. Decompose the product V7 y; 
(where i — 1, 2, 3) into irreducible representations of SU(3). 
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Solution to Problem 4.13 


(a) It is useful to denote the complex conjugate v by v. Namely, V! = v7. 
From the fact that under an SU(2) transformation, 


Wi — y = Uy; = Ul v; (4.138) 
where Uj = Uij and U is unitary, we have 
y; — wt = URS = wily (4.139) 
or 
yi — y” = wii (4.140) 
where U [ = (U iu )*. It is clear that the combination yw! y; is an SU(2) invariant: 
y" y; = WU i = WI UR Vind = Vio yy = Vy. (4.141) 


Thus y’ y; has isospin J = 0. It is easy to see that the remaining three combinations 
in the product /'/; transform as an J = 1 triplet. We can remove the J = 0 
combination by the following subtraction: 


Tj = yip — 38) (0 We) (4.142) 


which has the property of 7/ = 0. The Tj components can be explicitly written 
out to be: 


T] = yo m uident 
T? 2 ^y, m du~ nt 


and 


go 
| 


= yi = 35 (wii + Wn) = 5 (VV — Wn) 
= zuu — d'd) ~ n^ (4.143) 


T? = Wh — 1 (V ya or Ww) = —1 (v ya. — Ww) 
= —} (uu — d'd) ~ n. (4.144) 


Sometimes it is convenient to write T; as a traceless matrix 


. Y T? 1 n9  2n* 
T= d > = — ‘ (4.145) 
T; T; J2 2x = JE 0 
We can summarize the result in the form of a direct sum: 


2*x2=1+3, (4.146) 


where the representations are denoted by their respective dimensions. The triplet 
is called the adjoint representation of SU(2). 
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(b) Again the SU(3) invariant trace 
wiv; 2 u'u 4- d'd + sts (4.147) 


is an SU(3) singlet. The remaining eight components transform as the octet repre- 
sentation under SU(3), 


3x3'—1-8. (4.148) 


Following the same procedure as in (a) we can display the adjoint representation 
of SU(3) as 


Ai = yy; — $5 (W y). (4.149) 
To display the quantum numbers of various components: 
Ab—-uldem, Ab-ducem!, 
Al 2 uis K^, Aj =stu~ Kt, 
A =sid~ K?, A2 = d's ~ K®, (4.150) 
for the diagonal elements 
Al 2 ufu — liu 4 did + sts) eae (4.151) 
—u'u-— —(u'u s's)~ — + — 3 
l 3 4/2. 46 
where 
z? = dois — dtd), n= So + did — 2s!s). (4.152) 
J/2 v6 
Similarly, we can work out 
0 0 259 
Wee and ABR SE, (4.153) 


A ve Ve 


These octet components can be organized as a traceless hermitian matrix: 


m , m + + 

"Ww LI NM 
A-|Al Az Ai|- x7 -zt K 
Aj A A K- x -a 


Because of the transformation properties of the defining representation and its 
conjugate: 


y;— wi =U); — ww — y" = yU, (4.154) 
the adjoint representation transforms as 
Ai, — A5 = UJULA} = (Uu) Af (Uy), (4.155) 


or, in terms of matrix multiplication, it has the simple form of 

A— A’ =UtAU. (4.156) 
Let us recall that here the U matrix is the defining representation of the SU(3) 
group. 
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4.14 SU(3) invariant octet baryon-meson couplings 


The baryon octet can be represented by a 3 x 3 matrix 


E DQA + xe A = a 
at Ve = p 2t% ka "Ed 
= 3 mL cA B- P —~22 4 A m0 
E- go =A p n Eun 
v6 P n 6 
and the pseudoscalar meson octet by 

E x at Kt 

E zum ne 0 

in | E c t 

7 0 p. 

K K 75 


(a) Construct the SU(3) invariant BBM couplings. 


(b) Express all the above meson-baryon couplings in terms of two SU(3) sym- 
metric couplings. This implies numerous coupling relations. But most of them 
actually follow from SU(2) isospin symmetry. Thus it is useful to express these 
SU(2) invariant couplings directly in terms of the two SU(3) couplings. 


Solution to Problem 4.14 
(a) In terms of these baryon and meson matrices, it is clear that there are only two 


invariant B B M couplings as there are only two independent traces of multiplying 
these matrices together: 


Lieu = N2[gi tr(BBM) + gi tr(BMB)| 
zu E (5i Bimi) n (5i mB) | , (4.157) 


A common way to express these couplings is to write 


_ D+F _D-F EE 
81 — 2 > 82 Ex 2 , . 
so that 
F - D = 
Lism = —z tr(B[B, M] + —tr(B{M, B}). (4.159) 


V2 J/2 


Namely, the F coupling is proportional to the commutator, and D to the anti- 
commutator. We now work out these couplings in terms of individual baryon and 
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meson fields: 


(i) The x * couplings 
Lat = V2M}? (m BIB] + e; B! BS) 


= Vint |g (5 +4)+( p iq) + Be | 


v2 V6 


(4.160) 
Or 
F D y—— 
£j = in| 7 (Ex - PO )+ — (EFA - AX) 
V6 
D+F — D-F 
+ —— Be + zi (4.161) 


(ii) The x? coupling 


fies 2n (91 8/8} + e B! Bi) + M? (n BiB; + s257 Bs) | 
=| | Zp (mere E-H- 
cU ASA Ue ua ae ue 
EAE X^ A ( x0 ^) ae! 
au ( P Ve Dien 
+ | DES (mere 
PIV V8)NVA Vo PS 
-E-E Bum ( 7+) me 
42. 46 2 46 


B afe — 82) (z-x- - EFE) + S ( 


dpi (a= 


DOA + Az") 


- gg) +e- im (4.162) 
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Laz aL (z-x- = z*z*) a ^ (2% n Ax") 


2 [e] [e 
(iii) The K * couplings 
Lk = J/2M; (9 BiB} + e B! Bi) 


F.. x 
5 (9p - im). (4.163) 


px? XU B us 
= vix+| (E +ax-)+ + >t? 
81 X2 82 JZ 
—28g1ı +82 —— 81—282.. | 
Re TA (4.164) 
J/6 We c 


D+F (p2? 
Lee = N2K* — 
K+ J2 | 2 (= +n 


D+3F — D-—3F 
dd AS. | 


2/6 


(iv) The K? couplings 


Lpo = VZM} (m Bi B? + e B? Bi) 


H gog- 
D "(8 z zc) 


(4.165) 


y 
= vada [pz +i ( 


E A 


r2) 
V2 v6) 46 


en[rz( ua "ie 


n RES pogo __ 
= J/2K E (- + pz) + oA E + mic 


up uut. 
qo BETES? gr 


v6 


i (4.166) 


4.14 SU(3) invariant octet baryon—meson couplings 103 


Or 
D+F / ng? D-rí xg __ 
£go = V2K° c donet = cu 
i [PE CER) +25" (C02. 
D-43F D—3F 
pat AE? 2 i^. (4.167) 
2/6 2/6 


(v) The 7° coupling 
Lys = 2| MI (m BLB] + 928} Bi) + M3 (g1Bi B? + ez BI BI) 
+ M3 (e BLB] + s25} BÀ) | 
n? pj pl | pig? Bj p3 
z “Als! (Bi B) + BB? - 2B; Bj) 
+g: (BI Bi + B? B} — 25} i) | +- 


so that 
8 yO UA 0 
n X» A (E k) - " " 
Lp = — + + +E-E 4L E-H -X*ÀX 
i apie =) VL RENT: 


D A D o AN wee, a "E 
+ + + + E WR —2pp—2nn 34^ 


42 v6 42. 46 
+ | LEO (+4) +E 2+? TX-XC 
AN EINA e "E 


Or 


8 
T The + g2) (Z-x- + DOE? EFE+) - (g1 + gAA 


+ (g1 — 2g) (E787 + E98") - Qi - en (Pp + zz 


8 
= zf (z-x- 4 Xx. z*z*) — DKA 
V3 
3F —D ( 
2 


D+3F 
2 


mom | mm0 
Ha uu + 58°) - 


(pp + zl (4.168) 


The other couplings are related by hermitian conjugation: 


erie kesken eu (4.169) 
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(b) The baryon octet contains the following isospin multiplets: 


singlet: A 


doublets: N = B IE ( 
n 


triplet: È= 


0 
-) (4.170) 


while the meson octet contains 


singlet: nÈ 


K+ K? 
doublets: K = , K°= (4.171) 
K? K- 


EET. x9 f2nt 
riplet: = f 
P J2n- =r? 


From this it is straightforward to construct all the SU(2) invariant couplings, 
cf. Problem 4.8(b): 


(i) Three singlets 


nAA (4.172) 
(ii) One singlet © two doublets 
nNN, nee, KAS, K^AN (4.173) 
(iii) One singlet ® two triplets 
ntr, Atr&=Ii (4.174) 
(iv) One triplet 6 two doublets 
NIN, SITE, NK, BLK (4.175) 
(v) Three triplets 
trê 5H (4.176) 


By working out the components such as 
NUN = (pp — n\n? + A2(pnz^ + npr) 
SSN = xt (BFE — Dz") -a-(z-*- z»z*) 


+r? (z-x- z zr) (4.177) 
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and comparing them with the couplings shown above, we can easily express the 
SU(2) invariant couplings in terms of the SU(3) D and F couplings. 


D-—F 
gaNN)=——,  gaXX)-F, (4.178) 


and similarly 


D 
—g(nAA) = g(gEX) = gGt AX) = — 


V3 
D+3F 
(nNN) = (KAE) = — 
gn 8 2J8 
Gan equ esc mc 
iE DES 
DoD D+F 
gr EE) = —g(KNX) = — 
D-—F 


g(K EZ) = -g(r NN) = — 


(4.179) 


Remark. Just as we have seen in Problem 8 that, in terms of the Cartesian com- 
ponents zt =(7 72 73), the coupling NIIN can be written as NTN - x, the three 
triplet coupling tr $i fI can be written as i X^ x X - x, where we have used the 
identity 


fr(tj t t4) = let. (4.180) 


4.15 Isospin wave functions of two pions 


Two pions can have total isospin J = 2, 1, 0. Use the relations 


LA, 15) 2 [G 4- BU- 5 - D]? qu, b — 1) (4.181) 
LII, b) 2 [U — B) + 5 +D], B + 1) (4.182) 


to construct the total isospin wave functions of two pions. 


Solution to Problem 4.15 


(a) The / — 2 states 
Starting from 


|2, 2) = Inn) (4.183) 
we can use J_|2, 2) = 2|2, 1) and I. |1, 1) = V2|1, 0) or I. [x *) = V2|77°) to get 


I2, 1) = — (|x fx) + |x? x7); (4.184) 


a 
v2 
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and use I_|2, 1) = 4/6/2, 0) and I..|x?) = J2|z-) to get 


1 
|2, 0) = 74 (|n 27) + 2 |n?n2) + |r). (4.185) 
Similarly, 


1 
I2, 21) = — (|n$n;) + [n1 73) 


v2 
|2, —2) = |x; my). (4.186) 


(b) The J = 1 states 
The |1, 1) state is a linear combination of LAO ) and |o Ty, which is orthogonal 
to the |2, +1) state. Thus if we write 


|1, 1) = a [mi 22) + b |n) ) (4.187) 


with |a|* + |b|? = 1, the orthogonality condition becomes 1/ J/2(a+b) = 0. The 
solution of a = —b = 1/4/2 can be chosen: 


1 
|1, 1) = m (jt) — |n?n2)). (4.188) 


This choice (as opposed to a — —b — —1/4/2) corresponds to a particular con- 
vention for the Clebsch-Gordon coefficients. It is easy to see that using the isospin 
lowering operator J_ we can get the other J = 1 states: 


1 
10 = 75 (|r) err) 


1 
|l, -1) = Fi (|x) — |x, 22)). (4.189) 


(c) The J = 0 state 
The |0, 0) state must be orthogonal to both |2, 0) and |1, 0). This fixes it to be 


1 
[0, 0) = N. (|n 27) — |n$n3) + |n17)). (4.190) 


Remark. We note that the J = 2 and J = O states are symmetric under the 
interchange of particles 1 < 2, while the J = 1 states are antisymmetric. (This 
is why the combination |r?) ) is absent in the |1, 0) state.) In general, for two 
particles with the same isospin, the largest total isospin states are symmetric under 
the interchange of particles 1 < 2. Then the next isospin states are antisymmetric, 
followed by symmetric states, etc. For example, in a system with two I = 3/2 
particles, the state with J = 3, 1 is symmetric, while the one with J = 2,0 is 
antisymmetric. 


4.16 Isospins in non-leptonic weak processes 107 


4.16 Isospins in non-leptonic weak processes 


The low-energy AS — 1 non-leptonic weak Hamiltonian is given by 


GF " 
Hy Jj; a - yo lIsy, (1 — ys)u] + h.c. (4.191) 
The first term (ud) is an isospin state |1, 1) 2 1). From 
isospin addition of 
|1, 1) Bi- 2a . i] SE (i). (4.192) 


we see that this weak Hamiltonian can be decomposed into two pieces with definite 
isospins: 


Hw = Hip + H3/2. (4.193) 


(a) Use this isospin decomposition of Hwy and Clebsch-Gordon coefficients to 
evaluate the decay amplitudes for 


K*— m*x5, K? >n, K? > xg, (4.194) 


in terms of two reduced matrix elements. 


(b) Repeat the same calculation for the decays A > pr~ and A > nz. 


Solution to Problem 4.16 


(a) Here we need to evaluate the matrix elements of (mm|H,|K) = 
A (cz [H5;5| K). Since (K+, K?) is an isospin doublet, |K ^) = 


h, +4) and |K?) = i L2 we have 
MaalK*) = |z z) lz 3) = 10 
Hayo|K+) = |}, 4) (4, 4) = Bla, 1) - 111, 1), (4.195) 
HK) = |3,5)|3.—3) = 281.0) + 10, 0)) 
Hj K’) = |3, 5) |z 73) = 2502.0) + 11,0. (4.196) 


From the result obtained in Problem 4.15, 


2. 1) = z (Ini n2) [pm )) 
Il. D = 45 (latm) |ninz)). (4.197) 


we see that the final state of the decay K^ — 7r "r? must be either of the isospin 


states |2, 1) or |1, 1). But from angular momentum conservation, zr *z? must be 
in a relative orbital angular momentum L = 0 state, which is symmetric under 
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the interchange of z^ <> x?. Thus we must use the symmetric combination as in 
|2, +1) and only the 7 = 3/2 of the Hamiltonian can contribute: 


(ata [RSIK*) = (rtr = DHK") = 2,145515, 5). — 4.198) 


The Wigner-Eckart theorem can then be used to relate it to a reduced matrix 
element A3/2 


(2, 1 [252] 5 3) = (2,113, 35 3 5) Ase ao (4.199) 


Namely, the decay amplitude is evaluated in terms of the reduced matrix element 
as 


T(K* > ntr?) = Asp. (4.200) 


As for the decays K? — zx *z- and K? — z'?z, we have from Problem 4.15 


2, 0) = Je (|i n) + 2 n2) + [n1 )) 


11,0) = + (rtm) - [xr r3 )) 


|0, 0) = 4A (Inf) — |n$n3) + |n, 27) (4.201) 


which shows that the J = 1 state is antisymmetric in z+ <> x~, whichis forbidden 
by angular momentum conservation and Bose statistics. We then have 


45 (eris) arat) = 512,0) + /310, 0) 
[n?n2) = 21.0) — tto, 0). (4.202) 


Thus 
(ata |Hw|K°) = 45 (2, 0] + V2(0, 01H, K’) 
= Jy ((2, 01/21 K°) + 210, 0r 21 K^)) 
= A [ (2,05. 55 z 73) Aa 
+ ¥2(0,0|3. 53 3, —3) Ao] 
= + (Au - Ain) 
= zÁ- Arp. (4.203) 
Or 
T(K? > ntn) = Aap ZA (4.204) 


and similarly, 


T(K? > n?2?) = Aap — Ap. (4.205) 
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Remark. Experimentally, it has been observed that 

T(K* > nn?) «T(K? > ntr) (4.206) 
and 


T(K}? > ntr) 
————————— e v2. 4.207 
T(K9 — nlx?) v2 ( ) 


This can then be translated through eqns (??), (??), and (??) into the amplitude 
relation of 


A32 « Ai. (4.208) 


This is the celebrated A7 — 1 rule of non-leptonic weak decay. 


(b) For the A — pr” and A > nx? decays, we have the isospin structure of A 
being an isosinglet, and 


= 113 1 2|l 1 
Ip = 411. -3- J211.-3) 
0 243 1 1 {1 j! 
Inx )=45 3,-H+/t 33): 2?) 


Thus 
(px PHA) = 3. 3| Maal A) — V3 (4, 3| Pal a) 
= NV - [oA m. (4.210) 
nx "IPLAA) = 3 (3. 3| po) + y5 (4, 3| Ho) 
= (24s + J 1A n- (4.211) 


where A3/2 = (3, —5|Hs/2| A) and Aj/2 = (5, —$|Hyp|A). Again the exper- 
imental data are in agreement with the AJ = 1 rule A3/2 « .A1j» prediction 
of 


T(A => px) u 
T(A > nw) - 


A2. (4.212) 


5 Chiral symmetry 


5.1 Another derivation of Noether's current 


Consider a system of scalar fields {¢;}, i = 1,2,...,n, with a Lagrangian 
depending on ¢; and 0,,¢;: £ = £(¢;, 0,,¢;). Under an infinitesimal space—time- 
dependent (local) transformation on ¢;: 


$;(x) — $ = $i + 04; = di + ex) Ai) (5.1) 


where €(x) is some infinitesimal space-time-dependent parameter and f;($) is a 
function of the scalar fields (9). 


(a) Show that the coefficient of 3„€ in 0 is just the Noether's current as displayed 
in CL-eqn (5.15): 


Ju) = fi- (5.2) 


9(8,9;) 


(b) Show that the coefficient of e in ô£ is then the current divergence 0" j, (x). 


Solution to Problem 5.1 
(a) Consider the variation of the Lagrangian: 
al ƏL 
ôL = bo; + 
89; 9( Ou Gi) 


Because variation and differentiation commute, and because 6¢; = €f;: 


5 (0,01). (5.3) 


8(9,9;) = OSGi) = (Que) fi + Edy fi (5.4) 
we have 
seme Es ENT + 9€ Fors (5.5) 
86i 8(9,01) d(Ou Gi) 


Noether’s current (for 0,,€ = 0) in CL-eqn (5.15) is just the coefficient of the „€ 
term in eqn (5.5). 


(b) The divergence of Noether’s current can be evaluated directly: 


al aL 
9" j (x) = 0^ f= |^ | fi+ 9" fi. (5.6) 
: 0 (0,01) (Indi) (dni) 
Using the Euler-Lagrange equation of motion, 


aL al 
dp 
Indi 0(8,:) 


=0, (5.7) 
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we have 


P al 
(0, i) 


which is just the coefficient of the € term of eqn (5.5). 


9" ju (x) = 9" fi, (5.8) 


al 
fi 
Oni 


5.2 Lagrangian with second derivatives 


Consider the case where a Lagrangian depends on ¢j and 0,,¢; as well as the second 
derivatives: 


L= Lli, Whi, 848,01). (5.9) 


(a) Derive the Euler-Lagrange equation of motion for this case. 


(b) Derive Noether’s current for a global transformation: 


pix) — 6j = $i + 54; = Qi + fi) (5.10) 


where e is some infinitesimal space-time-independent parameter. 


(c) Show that the current derived in (b) is the same as the coefficient of 0,,€ in 
6S —8f[f Ld*x for a local transformation. Hint: The higher order derivative terms 
0,,0,€ can be reduced to 0,,€ upon integration-by-parts. 


Solution to Problem 5.2 


(a) The variation of the action 
S= [ £i dubi ðh ds 


being 


= ( [2555 95 0,066) + — 5 s 69) 4 
ôS = I E ôdi + 38,6) ^ 09) F agy’) d X, (5.11) 


where we have used the property that differentiation and variation commute, 
8(8,0;) = 3u Qi) and 8(8,8,9;) = Indy Qi), (5.12) 
we can obtain the Euler-Lagrange equation of motion through integration-by-parts: 


OL 3 ac T5 oc 
ð Qi COA 


0, —— 
i 0 (9j, Oi) 
(b) For the global transformation, 6¢; = €f;(@), the variation of the Lagrangian 
becomes 


=0. (5.13) 


aL al 


OL 
ôL = Si — 0, fi UTER EFE 
E + 350,65 ^ * 36,6) 


à] (5.14) 
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After using the equation of motion, and combining terms with the same number 
of derivatives: 


aL aL 
SL = €d, fi — €9,8, fi 
9(0, di) ð (ð dvi) 
aL aL 
+€——— 0, fi + € = 949, fi 
0(9,9;) d 9(9,9,0;) " fi 


al al al 
-e | fi] eem] à, fit 
9(8,9;) 8(9,9,6;) 8(8,8,9;) 
If £ is invariant under the global transformation, the conserved Noether current 


can then be identified through 6£ = eð, j“ = 


aL ac ac 
pie: ;— 8, i+ ð, fi. 5.16 
: 30,6)" 30,00)" 9 (ð Ipi) fi dns 


ZI zo) 


Remark. After applying the equation of motion 5£ can always be written as the 
divergence of some 4-vector (which is the essence of Noether's theorem) because 
the equation of motion follows from 5S = f 8£d^x = 0 which comes about 
because terms having the same number of derivatives combine into a total diver- 
gence so that it vanishes upon integration-by-parts. 


(c) Here we consider the local transformation 


Spi =ef) and — 8,(89) = (9,6) f; + €, fi- (5.17) 


In the variation of the action, 


ac ol ^ 
is B OA) 3,88) sare A080 dx 
aL 
gg ug eh te je (5.18) 


the very last term can be rewritten upon integration-by-parts 


al 4 aL 4 
— | d Eð, fi dx = — | 94 ————€9, fi dx 


0(9,0,i) 0(9,0,i) 
0(9,0,) AP e 


so that all terms are either proportional to e or 9,,€: 


us f ss * 80:5) Ou fi + ko NN 


ƏL ac a£ ; 


From this, we see that the coefficient of 0,,€ is ine Noether's current. 
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5.3 Conservation laws in a non-relativistic theory 


Consider a non-relativistic system described by a Lagrangian L = L(qi, qi) with 
qi, i — 1,2,...,n, being the generalized coordinates. Suppose L is invariant 
under the infinitesimal transformation 

di — q; = qi t ietijqj. (5.21) 
(a) Show that the quantity (Noether's charge) given by 

oL 
Q= aq, 04 (5.22) 

is conserved, d Q/dt — 0. 


(b) If the Lagrangian is given as L — imv? — V(r), where v = dr/dt with 
r = (xi, x2, x4) and r? = xr + 32 + x, show that L is invariant under the 
infinitesimal rotations 


x; — X; = X; + Gj; (5.23) 
where €;; = —€;;. Explicitly construct the conserved charges. 
(c) For the case where L = imv?, show that L is invariant under the spatial 
translations 
r— r =r+a (5.24) 


where a is an arbitrary constant vector. Find the conserved charges. 


(d) Consider a system of two particles interacting with each other through a poten- 
tial which depends only on the relative coordinates V (rı — r2). Show that the total 
momenta p = mıVı + m»v» are conserved. 


Solution to Problem 5.3 


(a) The variation of the Lagrangian is given by 


OL oL. 
ôL = ——óqi + ——óqi. (5.25) 
84i ði 
Using ôq; = (d/dt)(6q;) and the equation of motion 
ƏL  doL 
SO; (5.26) 
0qi dt ði 
we get 
d ðL ðL d 
ôL = ôqi ôqi 
di 95,70 * aq 4; 09? 
d (ƏL d (OL 
= — | —ôqi | = ie— | — tiq; |- 5.27 
di Es a) MT G D i 


Thus the invariance of the Lagrangian ôL = 0 implies the charge conservation 
d Q/dt = 0, with the charge being Q = (0L/04q;)tijq;. 
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(b) We can see that 


1 oV 
8L = -móv? — E =0 (5.28) 
2 or 
follows from e;; = —e€;; because 
or Xi 1 
ór — bx; = —óxj = —xjeijxj — 0 (5.29) 
OX; r r 
and 
Ôv? = 2%/5x; = 2Xie;ji; = 0. (5.30) 
We can use the expression in eqn (5.27) 
d (OL d (OL OL 
óL—«;—l-—x;l-le; ; i 5.31 
2162) lus (Fes sx) pe 
to find the conserved charge for this rotational symmetry, 
oL oL : ; 
Qij = 37 Xj Xi —mxjx; — mXjxi = pixj — DjXi (5.32) 


ax; ^ OX; 
which are just the familiar angular momenta. 


(c) Because a is a constant, we have v' = v and thus 6L = jmóv? — 0. To obtain 
the charge of this spatial translational symmetry, we note that, for an infinitesimally 
small a, one has óx; — a; and thus 


d (aL d (9L d 
óL-—-—-|[-9xij-—ai — ) =a; tj). : 
di (s: s) "dt (=) ag nn) ven 


Consequently ôL = 0 leads to the conserved charges mx;, which are just the 
familiar linear momenta. 


(d) The Lagrangian for this case is given by 


1 1 
L= gm + gm — V(ri — rj). (5.34) 
Clearly, L is invariant under the spatial translation of the form 
rı — r| =r; +a, rn — r, =r, +a. (5.35) 


For infinitesimal translations, we have ôr; = ôr2 = a and 


d (ƏL oL 
óL ( órij + oar) 


= dt (dr 973; 
d . ] 
= aj (mihi + mor»). (5.36) 
dt 
Thus the total momentum 
p = mV + movo (5.37) 


is conserved. 
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5.4 Symmetries of the linear o -model 
The Lagrangian for the linear o -model is given by 
L= 1[G,2 + (9,0] + Niy"3,N 
Y . LE n Ay 2 22 
*gN( +iyst-m)N + 7 (o qu pes io tm) (5.38) 


where N — (? ) is an isospin- + nucleon field, w=(1, 72, 73) an isospin one pion 


field, and o an isospin zero scalar field. It is convenient to use a 2 x 2 matrix to 
represent the spin 0 fields collectively: 


L=o+it-n. (5.39) 
(a) Show that the Lagrangian is invariant under the isospin transformations: 
N— N'-UN,  X—XY' -UXU, (5.40) 


where U — exp(5 a: T) is an arbitrary 2 x 2 unitary matrix with œ = (a1, 05, 03) 


being a set of real constants. Find the corresponding conserved isospin vector 
currents Vi i —1,2,3. 


(b) Show that the Lagrangian is invariant under the axial isospin transformations 


B-r 


N — N' =exp ( 15) N, Xi yey av: (5.41) 


where V = exp(§ B- T) is an arbitrary 2 x 2 unitary matrix with B = (£1, B5, £3) 
being a set of real constants. Find the corresponding conserved axial-vector cur- 
rents A4. 


(c) Calculate the charge commutators 
[9 gH. OO", - 10071, (5.42) 
where 
Qi = f d'xVi(x) and Qu = T d? x A (x). 
(d) Calculate the commutators of particle fields with the vector charges: 
[Q", N°], Kee car [O',o] (5.43) 
and with the axial-vector charges: 


[D N°], [0 Sat]. [Q?, a]. (5.44) 
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Solution to Problem 5.4 
(a) It is useful to define the left-handed and right-handed chiral nucleon fields: 
1 1 
N, = aU — ys)N and Ng = jd T ys)N. (5.45) 
Thus N = Nr + Ng, ysNr; = —NL, and ysNg = -- Ng. Also, 
EE = (oit. ao —it-m =o’ 4+(t- m)? = (o? + n?) (5.46) 
where we have used the Pauli matrix identity 
(r- A)(r- B) = (A- B) +it-(A x B). (5.47) 
We can then write the Lagrangian as 
L = Str (3 E3 X7) + NLiy"9, Nr + Ngiy"9,Nn 
2 
S U wt H t À hp 
tg (NLENn + NgX NL) + g )—- 19 ÈY yr. (5.48) 
For the isospin rotations, we have 


Nu — N,L2UN,Q Nr — N,—-UNg, and X — Y=UrU'. 


(5.49) 
Thus, 
tr(Z/ x) = tr(UXU')(Uxiut)) = tr(xxt) (5.50) 
and, in the same way, tr(9, X0" X^) = tr(d,, X590 X). Also, 
N;iy"8,N, = NLU'iy"3,UN; = Nyiy"d,N1 (5.51) 
and, similarly, for the N ni y" ð Npr term. Furthermore, 
N,X'N,— NLU'UXU'UNg = NLXNR. (5.52) 


Thus £ is invariant under the isospin rotation. To get the conserved current, we 
need to work out the infinitesimal transformations: 


a: 


N — N' = exp(i "az (rei) (5.53) 


or 


N. (5.54) 


Also, 


Dy X (1+i —) ( +i (1 j =) 
— ~ A a 
l 2 oO LT: X l 


M cito P. v-a]. (5.55) 
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From [z;, tj] = 2i€;j,7 we can work out the last commutator to be 


[= r-a] = iek jt = i(o x m)- T. (5.56) 
Thus, 
X'—o'Ltir.m Yot+it-n—it-(ax T) (5.57) 
Or 
o'=0, m -—m-—axm. (5.58) 
Namely, 
óc —0, óm—-—uaxzm. (5.59) 


The conserved isospin vector current V,, is simply the Noether current for this 
symmetry transformation: 


—oa. V" = samen + an + aa 
= —Ny"=N — 9" m(x x). (5.60) 
Or 
vh — Ny" ZN — 8^ gx m. (5.61) 


(b) The axial transformation of the nucleon field 


N —. N' S exp ( P 2 N (5.62) 


takes on a simple form when expressed in terms of its chiral components 
N,—V'N, and  N4,—VNm (5.63) 
where V = exp (i Br). It is then easy to see that both Niy” ð, Nz and 
N ni y" 0, Ng are invariants. Similarly, both 
tr(Z/xi*) = tr(y!xvt5)yx'v) = trix) (5.64) 
and tr(d,, 20" X3) are also invariants. For the Yukawa couplings, 
NLX'N, = NLV(VEV»)VNg = NLENR. (5.65) 


Hence £ is invariant under the axial isospin rotations. To get the conserved current, 
we need to work out the infinitesimal transformations 


v—w'=exp (is) v= (iit) (5.66) 
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or the infinitesimally small change of the nucleon field under axial transformation 
being 


„P-t 
65N =i ysN (5.67) 
and 
pes (1-12) +ir-m(1-i*) 
, , B-r 
on civi no e [ET eon] es (5.68) 


From {t;, tj} = 26;; we can work out the last commutator to be 


{a onl = pen. (5.69) 
Thus, 
E'—-o'ir.n ~ot+(B-mti(t- m)-io(B- v) (5.70) 
i 
o' =o+B-n, m-—m-of. (5.71) 
Namely, 
sso =B- n, àm—-of. (5.72) 


The conserved isospin axial-vector current A,, is simply the Noether current for 
this symmetry transformation: 


—p-.A" = DORT + an? + aa 
— —Ny"B* NP e(B-m c m. B. — (573) 
Or 
AY = Ny*wz N — (x8ü"o — c9" x). (5.74) 


Remark. We can combine the transformations in (a) and (b) as follows: 
Ng — Ns = RNg (5.75) 


N; — N,-LN, (5.76) 
5D = EUR (5.77) 
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where we have introduced the right-handed and left-hand transformations 


) and L — exp ( - =) (5.78) 


with y = 6 = a for the vector transformation, and y = —ô = f for the axial 
transformation. Under the infinitesimal transformation, R ~ (1 + i5 


yo 
R= ( 
exp (i 


óg NR —i E T NR and óg Nr, =0 (5.79) 
and 
/ : yov 
x ~(o +it- m(1-i ; ) 
BERE jg T iE Ta (5.80) 
or 
y-n Xxy y 
Spo = —, ORK = — —g. 5.81 
RO 2 RU 2 27 ( ) 


From these field variations, we can immediately work out the corresponding con- 
served current 


- 1 
R = Nay" 7 Nn T ato ; G^ n x m-oi" m). (5.82) 


2 


Similarly for the left-handed transformation, L ~ (1 + 58 - T): 


ôLNe=0 and 8,N, =i INL (5.83) 
and 
, Ô- c ] 
X c—ll-ci 2 (c +it- m) 
ó. T ô- m mX ô 
Bs iT: j j . .84 
o Fit- xi 2 o 2 +1 2 T (5.84) 
or 
ô- T mxó ô 
ôLO = ES ópm = 5 + 5? (5.85) 
leading to the conserved current 
= T T 1 
L“ = Niy" Ni + 5 0" g zO“ x m+0 0" m). (5.86) 


The vector and axial-vector currents are then given as 


V" =R“+L and | A"— R^ — I, (5.87) 
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(c) Let us first consider the vector charges 
i= i d?x Vi (x). (5.88) 


Because of current conservation, arvi = 0, the charges Qi must be time- 
independent. We can then choose to work with equal-time commutators: 


- : «Tj LT; 
[O- O lny = f Prdy [v aN — Eime n'n", NT x — eji "n 
(5.89) 
which can be evaluated, see Problem 4.6, as 
+ Ti E Tj + Ti Tj 3 
[cow N'o2No)] | 2 veo [2 2| vo? - » 
2 2 Mc 53 
: + Tk 3 
= ies (N +N) S(x—y) (590) 
and 


€itm€ jnk [O° m Qo)" (x), 9*2 Qr 0l = 90 
= eiie jnk (—i8!* Pr” (yu (x) + 15" me! Go) (y)) 9 (x — y) 
= —i (€ikm€jnk O°" x" — ei, € jk dT n) (x — y) 
= —i (lrini — 8 gon gn + 6 Om n! — Irini) a — y) 
= —ieijkeus (09 n” 5° (x — y). (5.91) 
After substituting the results of eqns (5.90) and (5.91) into (5.89): 
POOF lint = ies f dx (NN = cin e") =i¢;,Q*. (592) 
In a similar manner, we can verify the other commutation relations of 
[O', Q?] 2 iej,Q" — and — [Q", Q7] = iei Q*. (5.93) 
Remark. If we define the right-handed and left-handed charges as 
Qi, = Qi + 07, Qi = Qi - Q7, (5.94) 
the algebra becomes 
[oi oi] = iaoi, [Ok OR] = ien 0s (5.95) 
and 
p oj =0. (5.96) 


Namely, each set of {Q} } and {Q} } separately form an SU(2) algebra. This is why 
it is referred to as the SU(2); x SU (2)g algebra. 
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(d) Here we calculate the commutator of the various fields with the isospin charge 
Qi = , Jk (v WTNA) = etfi D . 69) 
For the isodoublet nucleon field, 
ri be 
[Q'. N*Q)] = f dx [vr (5) N° (x), mo ; (5.98) 
we can use the identity 
[AB, C] = A{B, C] — (A, C}B (5.99) 
to get 
f "n ac 
[Q', N“(y)] = — (5) N*(y). (5.100) 
For the isotriplet pion field, 


[Q'. z^ ()] = e Jj dx [9 (x)x* (x), zc ()] 


- -ent [ex — i8/ x Q)8* (x — y) (5.101) 
= ie! n (y), (5.102) 

For the singlet o -field, 
[O', o(y)] = 0. (5.103) 


By comparing these results with the eqns (5.54) and (5.58) obtained in Part (a), we 
note that these charge-field commutators just yield the variation of the field under 
the isospin transformation with some parameter a’: 


læ: Q, 6(x)] = i89 (x), (5.104) 


where $(x) = N(x), x' (x), or o (x). Similarly, for the axial charge, we have 


[B- Q, 6(x)] = iósó (x): 


[QÀ, N“(y)] = — (5) ys N*(y), (5.105) 
LOF, zx (y)] = —ió" o (y), (5.106) 


[O”, o(y)] = ixt). (5.107) 


122 Chiral symmetry 5.5 


5.5 Spontaneous symmetry breaking in the o -model 


In Problem 5.4 the effective potential for the scalar fields has the form of 
2 
A 
V= -50° +0?) + m + my. (5.108) 


For the case of u? > 0, the minimum of this potential is at [see CL-eqn (5.168)], 
2\ 1/2 
et+rav, v= (4) (5.109) 


In the text, we chose the vacuum configuration to be 

(r!) = (x°) = (m°) =0, (o)=v. (5.110) 
Now consider the alternative configuration of 

(r!) = (x7) = (0) =0, (m°) =v. (5.111) 


(a) Show that the charges which do not annihilate the vacuum are Q!, Q?, and 
Q?, and the Goldstone bosons are z!, z?, and o fields. 


(b) Show that the remaining charges, Q?!, Q??, and Q?, form an SU(2) algebra. 
g 8 g 


(c) Show that the fermion bilinear Lm = gvNiyst?N generated by (x°) = v can 
be transformed into the standard fermion mass term of Lm = my N'N' by some 
chiral rotation. Find this transformation. 


Solution to Problem 5.5 


(a) Given that (zr?) + 0, we seek charge-field commutators eqns (5.100)-(5.107) 
which are proportional to the zr? field: 


[O', x°] = -[Q°, 2'] =[0%, 0] = in’. (5.112) 


We see that the charges Q!, Q?, and Q* do not annihilate the vacuum [otherwise 
the above equation would imply that (z^) = 0], and zt! , 27, and o are Goldstone 
boson fields. 


(b) From the charge commutators calculated in Problem 4 we have 
[Q". 0°] 2 ig', -[0, 0°]=iQ?, [Q°, g']- ig". (5.113) 
This means that the charges Q?!, Q??, and Q? form an SU(2) algebra. 


(c) To find the chiral rotation it is useful to decompose the fermion field into its 
chiral components, N = Nr + Ng. In this way we have 


Lm = guNiyst?N = gu[Nzit? Na — Nai? N]. (5.114) 
Consider the chiral transformation 


NL-LN,,  Ngr=RN}, (5.115) 
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where L and R are unitary transformations. To turn 
Lm = gv [NL Lit? RNR — Ñk RIT LN, ] (5.116) 
into the standard fermion mass term of — (N NL + NN 1) , We require 
L'iR--1, R'iL-1, (5.117) 


which is actually one condition as (L'it?R)! = — Rit? L = —1. One simple 
solution to this condition, hence the required chiral rotation, is 


3 
Da-i =exp (-ix5). R=1, (5.118) 


where we have used the identity of 
"na ae Fe (5.119) 
exp | {0 — | = cos — + it” sin =. ] 
RRD 2 7 


Remark. In spontaneous symmetry breaking, the choice of the vacuum expecta- 
tion value (VEV) direction is a matter of convention. All different choices yield- 
ing the same symmetry-breaking pattern are physically equivalent. In the example 
under discussion, both choices of (z^) 4 0 and (o) Æ 0 give the same symme- 
try breaking, SU(2) x SU(2) —> SU(2) or equivalently SO(4) > SO(3), and have 
exactly the same physical content. 


5.6 PCAC in the o -model 


Suppose we introduce a symmetry-breaking term into the o-model Lagrangian 
Ésp = —co(x) (5.120) 


where c is a constant. 


(a) Find the new minimum for the effective potential, 


2 
Xr 
V = -5 0? +r) + ac + m + co. (5.121) 


(b) Show that in this case, pions are no longer massless and, in the tree level, their 
masses are proportional to the constant c. 


(c) Show that the axial-vector current A,, derived in Problem 5.4 is no longer 
conserved. Calculate the divergence 9" A,, and show that it is proportional to the 
pion field z. 
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Solution to Problem 5.6 


(a) We have the minimization conditions 


av 
ae. T [7i +A(07 + lo +¢=0 (5.122) 
o 
and 
av 
o [742 + A(o? + nari = 0. (5.123) 
y 


Since it is not possible to have [7-42 + A(o* + 2?)] = 0 fora non-vanishing c, 
we must have 7’ = 0 and the o-field satisfying the cubic equation: 


-wo 4 Ao? +c =O. (5.124) 


Remark. In this case the vacuum configuration is unique because the symmetry- 
breaking term of eqn (5.120) has singled out a direction. 


(b) To discover the physical content of the model, we shift the fields 
mw = m, o'=0 —v, (5.125) 


where v is the solution to the cubic equation —u?v + Av? + c = 0. The terms in 
the effective potential become 


o? + gi? = 0"? + gp? 4 2vo! 4 V? (5.126) 


(a? + 9°) = 4v?" + 27? (o? + n?) + non-quadratic terms. 
We then have the mass terms in the effective potential 


ra a 
Y= ze (c? + 1?) + " [4v?6? + 2v* (c? + 2?)] 


3X ? À 5 
BASE. gt [2v EC Vig? 
2 2 2 2 


3 
= G = x) c? — Er? (5.127) 


3 
mi = 2p? — £ (5.128) 


ml --f, (5.129) 
v 


If we pick c < 0, then both m2 and m2 are positive. That all three components 
of a have equal mass means that the explicit breaking £53 = —co (x) still leaves 
isospin SU(2) symmetry unbroken. 
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(c) The divergence of the axial current is related to the variation of the Lagrangian 
as [see CL-eqn (5.14) or Problem 5.1] 


B- 9" A, = ós£. (5.130) 


The right-hand side would vanish were it not for the presence of the symmetry- 
breaking term Lsg = —co (x). Thus 


OL sp 
a(o) 


where we have used a result obtained in Problem 5.4, eqn (5.72). In this way we 
find 


ôsL =ô5LsB = ôso = —cB- x, (5.131) 


Ə A, = —cm. (5.132) 


Remark 1. The constant c can be related to the pion mass and the pion decay 
constant, m, and fy. For the z — uv, decay, the amplitude is proportional to the 
axial current matrix element, which defines f; by 


(OJAS (0) ^ (p)) = 15” fa Pp- (5.133) 
Thus the matrix element of the divergence is given by 


(013^ A" (O)|xr?(p)) = 5 fem? = —c(O|x(0)|x?(p)). (5.134) 


—c= frm. (5.135) 

In this way, the divergence has the PCAC form 
QUAS = famn’. (5.136) 
The specific value of the pion decay constant is fixed as follows. The amplitude 


for the 7+ — u*v, decay can be written as 


G 
T = Jg 04; Olr qoa y^ Q = ys)v (5.137) 


with 

(01A; (Ot (p)) = i2 fr Pu- (5.138) 
With this definition, one finds from the decay rate that [see Problem 11.3(c) for 
the calculation] 


0.93 
fa = m, = 92 MeV. (5.139) 


J2 


Remark2. Comparing eqns (5.129) and (5.135) we see that the VEV of the o -field 
is simply the pion decay constant: 


v= fs. (5.140) 
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5.7 Non-linear o -model I 


In the o -model of Problem 5.4, the combination X X* = o? + x? is invariant under 
the SU(2) x SU(2) transformation. The non-linear o -model is obtained from the 
linear o -model by imposing the constraint of 


o°’ +r =f? — f — constant. (5.141) 
We can solve for o as in 
o -(f^-m)^ (5.142) 


which is interpreted as a power series 


4 
o=f(1-3 5-75 4..). (5.143) 


(a) Show that the linear o-model Lagrangian eqn (5.38), after eliminating the 
o -field through eqn (5.142), is of the form 


1 1 29 
L= 5 | Guy + aya" ° m + Niy"d,N 


f? 
+g |V- m + iysen| N. (5.144) 


(b) Calculate the scattering amplitudes, in the tree approximation, for the 
reactions: 


(i) N*(pi) + N? (p2) > N° (p3) + N? (pa), 
(i) mi (ki) + N° (pi) > m (ko) + N? (p). 


Solution to Problem 5.7 


(a) We have the basic relation 


o = (f? — r’)! (5.145) 
To obtain an expression for 0,0, we start by differentiating o? + x? = f? to obtain 
00,0 = —z-0,z, which can be written as 
1 1 
saa aa emen a a (5.146) 


Substituting eqns (5.145) and (5.146) into the Lagrangian for the linear o-model 
1 E 
L=; [0 Lm)? + (9,0)] + Niy"9,N 


2 
: n 
4+ gN(o 4 iyst-s)N + Zo? +e- FOH (5147) 
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we get 
1 > (G1: 0,2) Spp 
Lag (0,1) eer ee + Niy"d,N 
+ gN[CP? — 2)? +iyst-a|N+--- (5.148) 
1 2 GU u 
= 5 («m T Ny" 8a, — my)N 
= i . (x - 0, x)? 
(b) i) N*(pi) + N^(p3) > N*(p3) + N^ (pa). 
p D p 
a E k g a ! P, Cc 
| 
| 
| 
b i » d b d 
p, p, D, 5 


Fic. 5.1. NN scatterings with pion exchanges in the t- and u-channels, respectively. 


In the tree diagrams for these two processes, the basic pion nucleon vertex is 
the same as in the linear o -model. For the first diagram with a pion exchanged in 
the t-channel: 


i 


Ti = g°lii(ps)iys(t")cau(p1)] = lit(padiys(t")apu(p2)] (5.150) 


T 


t—m 


where t = (pı — p3)?. Use the identity of CL-eqn (4.134), 


1 
XO ese a =2 (so - juu) ; (5.151) 
k 


to reduce the above amplitude to 


i 


u(p4)iysu(p2). 
(5.152) 


1 eus 
Ti = 2g” (soo — juu) u(pa)iysuCpi) 


2 
t — m2 


For the second diagram with the exchanged pion in the u channel, we have 


i 


5 U(p3)iysu(p2) 


1 ere 
Th = —28° (saos — jui.) u(pa)iysuCpi) 
(5.153) 


2 


u— m 


where u = (p; — p4)? and the extra minus sign in front is required by Fermi 
statistics. 
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i J 1 j i $ 
N / M a \ 
\ / s pud N / 
\ / ied N / 
N 2 ane Wa 
a b a b a b 
(a) (b) (c) 
Fic. 5.2. Tree diagrams for x N scatterings. 
Gi) mi (ki) + N*(pi) > 4 (k2) + N” (p2). 
Here we have three tree diagrams 
i 
Mı = 5 ii(pr)igys(t”) i —— (t )uigysu(pi) 
3 piti- my : 
i 
= ü(piigysz——;— ——— igysu(pi) (^t^) ji, (5.154) 
P B SIG cema pi j 
Sot i ; a 
Mp = ü(pi)igys ——],;——— —igysu(pi) (1^ t^) ji, (5.155) 
ji—ÉEo—mx 
M; = (pz) utp)” Sj. (5.156) 


5.8 Non-linear o -model Il 


The constraint (5.141) can also be satisfied by parametrizations other than 
eqn (5.142) resulting in different versions of the non-linear o -model, to be studied 


in this and the next problem. 


(a) Show that the constraint o? + zx? = f? can also be satisfied by the 


parametrization 


; 1:6 
z-oiiega-fep( F ) (5.157) 


where $ = ($1, $2, $3) are arbitrary functions. 


(b) Show that the Lagrangian in this representation is of the form 


f2 


L= —Tr (Ə Et 37) + Niy ð” N + gf(NLUNR + h.c.) (5.158) 


4 
with 


Š = exp ( T J (5.159) 


f 


being the same as X of eqn (5.157) except for the overall factor of f, and £ is 


invariant under the transformations 


X— E'2LEXR, NL N,-LN;, Ng Ne= RNg. (5.60) 


(c) Calculate the scattering amplitudes for the same reactions as those in 


Problem 5.7(b). 
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Solution to Problem 5.8 
(a) From 
=o tir: z= fopi =$) (5.161) 
X! = f exp (4f) =0 —İT- T, (5.162) 
we get 


Ste = 0? 49 = fep (^ =t) exp ( 24 =f? (5163) 


(b) Since 
2 ; 1 + 
(8,0)? + (8, x)? = 51r OZE ) (5.164) 
and 
N[o +iyst- x]N = NLENg + NREN, (5.165) 


the Lagrangian can be written, using X = f X, as 


2 " p = m m 
L = x (8, :0^ Et) + Niy ðt N + gf (NLENm + hc). (5.166) 


If we write Niy ð” N = Niy ð” N, + Nai y,0" Ng, it is easy to see that Lo is 
invariant under the transformations 


È — LDR", N; LNr, Ng > RNp. (5.167) 


(c) Expanding X in powers of $ 


zu 


rud (9,X9^x) > E el (5.168) 


f 2f? 
= myNN + gN(iyst- d)N 


. 2 
ef(NL=Ne thc.) = gf |s (1+ cat LN +] Nahe 


E G42 
yp N+. (5.169) 


Comparing with the interaction given in Problem 5.7, it is clear that the $ fields 
play the same role as the x fields as far as their couplings to N (x) are concerned. 
Hence we recover the same scattering amplitudes as calculated in Problem 5.7. 


130 Chiral symmetry 5.9 


Remark. Problems 5.7 and 5.8 are equivalent ways to realize the chiral SU(2) x 
SU(2) symmetry without the scalar field o (x). For example, in Problem 5.8 we 


have, under the axial transformations, L = R = exp (4), 


X X = exp (= £) exp (= £) exp (55 £) = exp (=£) : 


For the case | B| < 1, we can write 


Gare oi ee eee me ewe) 


We can write the left-hand side as 
Tt) | it-@ it-@ it-B 
exp += t- &ew( =1+ + Lee. 
( f 2 f 
We then see that 


jte. (5.170) 


Clearly, the relation between $ and @’ is quite complicated and is, in general, 
non-linear. Thus the theories discussed in Problems 5.7 and 5.8 are referred to 
as non-linear realizations of the chiral symmetry. In Problem 5.9 we will study 
another non-linear representation. 


5.9 Non-linear o -model Ill 


Suppose we redefine the fermion field of Problems 5.7 and 5.8 by a local axial 


transformation 
Ni > N, =LN1, Ng — Nk = RNR, (5.171) 
with 
L= R =exp (-: zt) =  sotht =È. (5.172) 
(a) Show that the Lagrangian can be written as 


2: å M a + 
L; = Pr, (3, X9" €) + Nt iy, [8, + £'8,£] Ny 
+ Ny, [Bn + £9,8] Na+ gf(NL Ng + NRN). (5.173) 
(b) Calculate the scattering amplitudes, in the tree approximation, for the 


reactions: 


0 N*(pi) + N?(p2) > N*(p3) + N"(pa), 
(i) (ky) + N* (pi) > 77) (ko) + N^ (pp). 
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Solution to Problem 5.9 
(a) From 
Nr = RİN =EN,  NL=LÎN, =EN}, (5.174) 
we get 
NLXNg + hic. = NIE EEIN, + h.c. = Ni Nh + h.c. (5.175) 


where we have used 
E DEt = exp (- zt) exp ( 2j exp ( i a e (5.176) 


9, Ng = (8,85) Ng + EtL Ns. 9,N, = (8,)N, --E8,N,, — (5.177) 


the Lagrangian (5.158) then becomes 


2 EA arid - 
L3 = Ër, (9, Ea x") + my N'N' 


t N,iy, [On + EOE] N; + Noiy, [ðu 4-£9,8] Ne. (5.178) 


Remark. In this Lagrangian, the coupling of the Goldstone boson $ to the N 
fermion always contains a derivative, 


ee A RP A. 
Fae =(1 EXON ) 2 (5.179) 


and 
= f2 SAE ST V 4 
L3 = rui (3, EIE ) + N'Giy,9, — my)N 
£ T: 0,9 
N' H N' 
es (5) 


(0:39 o0 
Qm 


T N'y, (5.180) 


(b) (i) N'(pi) + N/(p;) > N*(p3) + N'(p4). The matrix element for the first 
diagram in Fig. 5.1 is given by 


i(pi — p3)" 
2f 


x pony rupi] t P2 (;) 


Ti = [u(p3)yuys t )xiu(p1)] 
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Using the Dirac equation we have 


Bee. 
TCO Rene Cte ies P a BMS 37 liGs)iysuGn)] 
= —gli(py)iysu(pi)]. 
Similarly 
lp) sup] PP = — g[i(pajiysu(pa)]. (5.181) 


Thus we see that this is the same scattering amplitude as obtained in Problem 5.7 
(hence also Problem 5.8). Clearly, this is also true for the other diagram for the 
NN scattering. 

(i) z^(k) + N'(pi) > z^(k3) + NJ (p2). The matrix element for the diagram 
in Fig. 5.2(a) is 


M; = ii(pr) (=) (5%) u(pi)(t?r’) jz. (5.182) 


2f ) Pakki mu \ 2f 
Write 
Kays = [-ys(p2+k2 — my) — (P2 — my)ys -2myys]. (5-183) 
Then 
M; = tapa] nii- 2myys———" nl ysu(p1). (5.184) 
(23) Pitki-—myn 
Also using 


Kiys =(pitki —my)ys + ys(B i — my) + 2myys] (5.185) 


for the second term, we get 


bra)... 
M = Ope [iod — 2my)u(pi) 
- (pi Qm p Cru], (5.186) 


The second term is seen to be the same as the amplitude M, obtained in Problem 5.7 
after using the relation my = gf. Similarly, for the diagram in Fig. 5.2(b) 


arb. 
= Sat | — ü(p)( o + 2my)u(pi) 
-apd mny z Gmwoutpi]. (5.187) 
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For the seagull graph in Fig. 5.2(c) we have 


M3 = pili [G^r0;; CE 0 + T) jl o] up). (5.188) 


The first terms in M, and M}, combine with M5 to give 


My = os iion [erii — 2mo = etri + 2m) 


+ (TPt) j(K) + (040) jl alud} 


"5 le 2my) (z^ * + v*vP)igu(pi) 


= FEC Sul) (5.189) 


This is precisely the amplitude M3 given in Problem 5.7. 

We have demonstrated in Problems 5.7, 5.8, and 5.9 that these different ways to 
define the pion field all give the same on-shell S-matrix elements. The differences 
are in the off-shell behaviour. For example, in the realization of Problem 5.9, 
the pions couple to N fields through derivative coupling and will vanish in the 
soft pion limit (k;, — 0). Since off-shell matrix elements are not measurable 
quantities, all these different realizations are physically equivalent. However, if 
one approximates some measurable quantities by some off-shell matrix element, 
then the difference in these realizations become significant. Which of these is the 
best approximation can only be decided by experiment and clearly will depend on 
the physical quantities of interest. For example, the realization given in Problem 5.9 
seems to work quite well in the low-energy processes involving slow pions. 


5.10 SSB by two scalars in the vector representation 


(a) Show that a set of scalar fields $ which transform as a vector representation 
in an O(n) group can break the symmetry from O(n) > O(n — 1). 


(b) Show that for the case with two vectors in an O(n) model, the spontaneous 
symmetry breaking (SSB) is at most 


O(n) > O(n — 2). (5.190) 


Solution to Problem 5.10 


(a) The $(x) fields belonging to a vector representation in O(n) means that under 
O(n) rotations we have 


Qi > $; = Rid; with RR’ =R R=l1. (5.191) 
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Rij are matrix elements that are real. The scalar product @ - $ is invariant under 
O(n), 

pihi = Rij Richj de = djxbj be = $j0;. (5.192) 
The effective potential V(@) which is O(n) invariant can depend only on 6$ - 9. 
For example, 


i A 
H 2 
VQ) em o 99-P es, : (5.193) 
In other words, V depends only on the magnitude $ = |4| of the O(n) vector, 
V(o) = V$). (5.194) 
This means that the minimum of V ($) depends only on $, 


We can then choose the vector @ to be in an arbitrary direction. For example, the 
choice 
$ = (0,0,...,v) (5.196) 


will have the property that it is invariant under the rotation among the n — 1 
coordinates $1, $5», ..., $4.1, 
/ / R 0 
Rjéjmds ^ Ry- (o Y (5.197) 


with R, (n — 1) x (n — 1) orthogonal matrix. Thus the symmetry breaking is of 
the form 


O(n) > O(n — 1). (5.198) 


Remark. In this case, the pattern of the symmetry breaking does not depend on 
the fact that V(@) is a fourth-order polynomial in @. 


(b) It is easy to see that the O(n) invariant effective potential V can depend only 
on the magnitudes of the vectors $2 = i: Q, $2 = $4»: b>, and the scalar product 


of the two vectors $, - $^, which can also be written as $, - $; = ¢1¢2 cos 0. The 
effective potential V can then depend on three variables, $;, $5, and cos 0, 


V = V(q1, $2, cos 0). (5.199) 


The minimization of V determines the values of these three variables, $1 = 
v1, 62 = V2, cos0 = cosa. Clearly, these three variables define a plane, which 
can be taken to be the (¢,_1, n) plane. Two vectors $, and $» can have non-zero 
entries in the last two components. For example, one simple choice is 


$; = (0,0,..., v1), o> = v2(0,0, ..., sina, cosa). (5.200) 


These configurations have the property that they are invariant under the rotations 
of the first (n — 2) components. The pattern of the symmetry breakings is then 


O(n) > O(n — 2). (5.201) 


Note that it is possible that as a result of minimization, we have a = O as the 
solution. (This can happen if V depends on the even powers of cos0 and the 


5.10 SSB by two scalars in the vector representation 135 


coefficient of the cos? 0 term is negative.) This means that two vectors are parallel 
and the plane degenerates into a line. The symmetry breaking is then O(n) — 
O(n — 1). 


Remark. For the case of k vectors in O(n), the symmetry breaking is 
O(n) > O(n — k). (5.202) 


The generalization to unitary groups is straightforward and the result is that for 
the case of k complex vectors in SU(n) the symmetry breaking is 


SU(n) — SU(n — k), k «n. (5.203) 


6 Renormalization and symmetry 


6.1 Path-integral derivation of axial anomaly 


For the fermions, the generating functional can be written as a path integral of the 
form (see Fujikawa 1979) 


Zin, ñl] = i [dw] [dV] exp |i f (C av + in), (6.1) 


For simplicity, we will take the Lagrangian to have the form £L = vi Dv with 
D,, = 0, —igA, being the covariant derivative and A, the U (1) gauge field. One 
way to define the integration measure of the path integral is to expand y and y in 
terms of a complete set of orthonormal functions, $, (x), 


W(x) =o andr, — WX) = DOF Wan, (6.2) 
where 
if $5 006» d x = Sum (6.3) 
and define 
[49] [av] =] [4« | | dain. (6.4) 


(a) Compute the Jacobian for the axial transformation 
vow = iy. (6.5) 


Show that for an infinitesimal o, the Jacobian is of the form 
J=I1+iaTr(D) where Tr(D) = ps I d*x (oso) : (6.6) 


(b) TrD is quite singular. If we take $,(x) to be the plane wave $,(x) = 
u(p, s)e'P*, we get 


TrD = J el?* y (p, s)ysu(p, s)e 


= 8*(0)u (p, s)ysu(p, s) (6.7) 


which is not well defined because 5+(0) — oo, while u (p, s)ysu(p, s) — O. It 
has been suggested by Fujikawa (1979) that we can regulate Tr(D) by Gaussian 
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cutoff 


4 an 
Tr(D) = Jim J f d'x (o; ys exp (- xs) 2 (6.8) 
where A, is the eigenvalue of the operator i P, 


iDx, = Àn Xn- (6.9) 


Calculate Tr (D) in the limit M — oo. 


(c) Calculate the divergence of axial vector current A,, as generated by the axial 
transformation (i.e. the anomaly equation). 


Solution to Problem 6.1 


(a) Expand the transformed field yy’ = eits w,inacomplete set of basis functions, 


y'= » babr). (6.10) 


The coefficients of expansion can be projected out by using the orthogonality 
relation 


b, = Jj d^x à x) (x) = i, d*x pi (x)e' W(x) 


= f dx d; Qe ^* 5 ^ audi (x) = Y Caman (6.11) 
where 
Cam = Í d^x pëe bm (x). (6.12) 
Similarly, 
W =D béo). — b = YP Cuméin. (6.13) 
Thus the Jacobian of the transformation (an, a4) —> (bn, bn) is 
J = (det C)’. (6.14) 
For infinitesimal o, we have 
Cum ~ Bum + ict n dx d; GOysb GO (6.15) 


or in matrix form 


Cxl+iaD with D,, = f ax P*)Ys Pm (x). (6.16) 
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Thus we get for the determinant: 
det C ~ det(1 -- ia D) © 1 -F iaTrD ~ exp(iaTr D) (6.17) 


where 
TrD = b f d^x p Ys Pr (x), (6.18) 


and we used the identity det (e^) = e7"^. Thus we can write the Jacobian as an 
exponential: 


J = (det C)? ~ e?*T'P = exp [s py 1 d^x $i evo] . . (6.19) 


This means that the effect of an axial transformation can be included as an extra 
term in the Lagrangian, 


5La = 2o X d; (x)y5bn QD. (6.20) 


(b) Here we calculate the trace in eqn (6.18) with Gaussian regularization 


2 
TrD = » i} dix p; (X) ys exp (- a) on (x) (6.21) 


where M is some regulator mass, and A, is the eigenvalue of the operator i D, 
iDxn = XnXn. D, = 0, — igA,. (6.22) 


For the special case of g = 0, we have A, = Ķ , and 


a e 
exp (-=4) = exp (55) (6.23) 


and the integral over k is convergent. For the general case we choose 4$, (x) to be 
the eigenfunctions of the operator i Ð and write Tr D as 


2 
bres ES Pr (x) ys exp (5) n(x). (6.24) 


Since the trace is invariant under the change of basis (unitary transformation), we 
can now use the plane wave state 


4 
a(x) = e, and (x- fa) (6.25) 
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to compute the trace. Simple algebra gives the result 
Dp = y,y,D^D' = yuyo (3LD", D'] + 5 (D", D”}) 
= iy, WHD”, D") + yuy (ig F”) 


= ig, (D^, D'] — Sly, y|FY” = D? — S gu FP" (6.26) 

where 
FY’ = 9" A" — 9" A", "ES ; [y v]. (6.27) 

Also, 


D? = (8, —igA,) (9" — igA") = 9? — 2ig A" ð, —igd, A" — g^ A" A, 


D? ei = [- (ku +84) = iga, A" | eik, (6.28) 
Thus we have 
2 
Di n (ku + Au) — igduA" | us 
exp (-=) e = exp l Mi Mi QE (6.29) 


Putting all these together, we get 


d^k p? d^k 
m= [ < [ats Tr (v ew(1)) = fats f E 


2 
(kutgAy) g ie ae 
x Tr (; exp l E 59u F^ m Ua 8,A" |]. 


Changing the integration variable, k, — gA, = k, M j 


d*k’ ET g v 1 ig 
mp = [sw f (nyt k T (seno |-Io. n M2 — isa) é 


It is clear that the last term in exponential, not containing any y matrices, will not 
contribute as Trys — 0. We can expand the exponential 


1 
exp |— So rn | 


ig "E 
ie | - |t gn] 


NS, 
ig irop 1 
+- (3) YuYvyYayg F F Mi +--+. . (6.30) 


Only the first term and the M~* terms will survive as the M^? term will vanish 
after taking the trace, while the higher-order terms vanish in the limit M — oo. 
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Using the relation 


Tr (ysyuYvYaYp) = 4i E uvap (6.31) 
we get 
2 4 
g d'k ee Rae 
Mgr <= / ax | Gri i sump PP Fe. (6.32) 
From 
dk p i 
po 6.33 
Ory 16n? (6,33) 
we get 
g? 
DD ILE | F F”. (6.34) 


(c) Thus the effective term in the Lagrangian is of the form 


2 
g v a, 
óc = 20 ri Envap P" F B (6.35) 
Since the divergence of the axial vector current is just the coefficient of a(x) in 


ôL under the axial transformation, we see that the Jacobian here will contribute to 


ð, A" as 
g 
ð, A" = gegga FF”. (6.36) 
Or, if we define 
" 1 i) 
Fw = 5 uvap F , (6.37) 
this can be written as 
g ow 
9, A" = gif fw (6.38) 


which is just the axial anomaly equation. 


6.2 Axial anomaly and 7 — yy 


The decay y — yy is very similar to m? — yy. Suppose that the process also 
proceeds, like the case for 2°, through the axial anomaly. Parametrize the matrix 
elements for the decays, as in CL-eqns (6.61) and (6.63), 


A[P(q) > y (ki, £1) y (o. €2)] = ef (k1) 63 (k2) ieusap kt ST p (q^) (6.39) 


where P stands for either of the pseudoscalar mesons n or zx. 


6.2 Axial anomaly and n > yy 141 


(a) If we assume 7 is a pure octet, n = $?, show that 


TO _ 
TO 


(6.40) 


from the theory of anomaly. 


(b) Show that the ratio of decay rates is given by 


P(x vy) _ eS) E EF (641) 


MUR yy) My 
Assume that 


D; (mi). T= (0) 


os , (6.42) 
Ty (m2)  r,Q0) 
compute the decay ratio and compare it with the experimental results. 
Solution to Problem 6.2 
(a) From CL-eqns (6.69) and (6.72), we see that 
e? 2 e 2 
T, (0) = ik, Tr(Q?a3) and 1,,(0) = aer (O78). 
Using 
2 1 1 1 
Q= -1 A3 = -1 Ag = — 1 
—] 0 J3 2 
we get 
r,(0) Tr (%30? 
a (30) — (6.43) 


T,0) — Tr (AgQ?) 


(b) The amplitude is proportional to f7! and the decay rate is proportional to 
f; ?. This means that we need m in the decay rates to get the right dimension, 


T(P > yy) x m,0p (mb). (6.44) 


Then we have 


MUR yy) m, 


r (x? ^ yy) z A È zi (6.45) 


If we assume 


(6.46) 
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we get 


T (x? SAS 
ey NE (s ) x 3 = 0.045. (6.47) 
(n> yy) My 


Experimentally, this ratio is about 0.0165. The discrepancy is probably due to the 
assumption (6.42). As m2. œ~ 0.02 GeV? which is quite close to 0, the approx- 
imation I, (m2) ~ ['4,(0) should be fairly good, while m? =~ 0.3 GeV? and 
T, (m?) 7: T, (0) is probably not a reliable approximation. Another possibility is 
that the meson does not transform as a pure member of the SU(3) octet. 


6.3 Soft symmetry breaking and renormalizability 


Consider the Lagrangian given by 


! 2 osé a ; 
Boa [ (2.0) + (dup) | — 5 (di + 63) - 5 (41 +43). 6.48) 
(a) Show that £ is invariant under the transformation 
$1 > $i = cos Og; + sin Og» 
bo > $5 = — sind, + cos gp. (6.49) 


Use this symmetry to construct all possible counterterms. 


(b) Suppose we add a symmetry-breaking term of the form 
Lss =c (%7 — $3). (6.50) 


Construct all possible counterterms and show that £ + £sp is still renormalizable. 


Solution to Problem 6.3 


(a) This transformation is simply a rotation in the ($;, $5) plane, and it leaves the 
combination p? + $2 invariant just like the ordinary rotation on the plane. The 
superficial degree of divergence is given by 


D=4-B -B (6.51) 


with B; and B; the numbers of external $, and $» lines. Note that owing to the 
symmetry ¢; — —4$1, or $» > — 4», Bı and B; have to be even. 


(i) Bı = 2, By = 0, or Bj = 0, By = 2, implies that D = 2. We need the 
symmetric counterterms of the form, 


(3.41) + (8409). — (024-92). (6.52) 


(ii) B, = 4, B; = 0, or B} = 0, B = 4, or B, = B; = 2 implies that D = 0. 
The counterterm which respects the symmetry is 


(92 + 92y. (6.53) 
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(b) Zsp — c (oi — $3). The index of divergence is ó — —2, and the superficial 
degree of divergence is 

Dsp —4— Bi = By a 2nsp (6.54) 


where nspg is the number of times Zsp appears in the diagram. For diagrams with 
nsp = 0, we need only the counterterms given in Part (a). For diagrams which 
contain one symmetry-breaking vertex, the degree of divergence is improved by 2: 


Dsg = 2 — B, — Bo. (6.55) 
Thus only the two point functions are divergent: Bj = 2, B2 = O or 
Bı = 0, B; = 2. The counterterms we need are p? and $5. The combination 


(9? + $5) can be absorbed in the mass term : u? (9; + $5) while the combination 
($i — 3) can be absorbed in the symmetry-breaking term Lsg = c ($i — 3). 
This implies that the theory with £ + £sg is still renormalizable. 


Remark. This is an explicit example which illustrates the Symanzik theorem, 
which states that if the symmetry breaking term has dimension dsg < 4, we only 
need asymmetric counterterms with dimension < dsg. 


6.4 Calculation of the one-loop effective potential 
As given in CL-eqn (6.121), the effective potential is of the form 
1 
igs pm) n 
V ($) = X x (0, ... , 0) [Gc] (6.56) 


where I"? (0, ... , 0) is the IPI n-point Green's function in the momentum space 
and ġe is the classical field. For simplicity of notation, replace ġe by $. At the tree 
level we have 


B a, À 4 
V = Volp) 2 59 t ro (6.57) 
2 4! 
which gives 
TP @=-v, rO@,....)=-A. (6.58) 


Suppose we define a shifted field $' by 
pa) — 9'G) +o (6.59) 


with c an arbitrary constant, the Green's functions can then be expressed in terms 
of ó' and T™® (0, ... , 0). 


(a) Show that the effective potential has the property 
oV 
Vo) = Fy ees = TO), (6.60) 


where l'(P (0) is the one-point Green's function (the tadpole graph). 
(b) Calculate lU (0) at the tree level and integrate it to get V (c). 
(c) Calculate l'P (0) in one-loop and integrate it to get V (c). 
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Solution to Problem 6.4 


(a) The effective potential can be written in terms of the shifted field as 


V@) 


1 
-J 7 @,..., O67 
n. 


n 


1 n 1 n 
-9 roO... O[¢ +o] 


1 " pn 
- Sar... [9] 


1 
z -» aT, ...,0)[¢ — op". (6.61) 
n: 
Thus it is clear that 
av 
— = -T 0) =V'@). (6.62) 
ag =w 


This means that we can calculate the tadpole diagram’s one-point function T (0) 
in the shifted field ¢’, and integrate l'(P (0) over œ to get the effective potential 


V$). 
(b) Expanding the potential in terms of the shifted field 


2 2 
UW a Aa M ur 2, À y 4 
Vo— 4 rud o n e) i ro) 
2 À 3 / 
= Veo) + (Wot zo? | a + (6.63) 
we get 
A 9 V, 
r9(9) = (i204 29) = ——*. (6.64) 
3! dw 


Integrating this relation we can get 
av A : a 
Vo(@) = f PL = fa (w+ ze) ed p ni (6.65) 
w ! 
or 
W a À 4 
V($) 2 4 t 49. (6.66) 


This calculation, of course, is trivial. But it serves to illustrate the relation between 
r™ and r ? 
2 i 
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(c) From 


À , ue Ao? i Aw, A, 
Vo($) = Volw) + (io E + (5 + )or4 ae d PLA 


4 
(6.67) 
we can calculate the tadpole graph 
"m Paw f d*k i 
Fo 0) = (6.68) 


2 J (2m)4 R- (u? + Go? 2) 


Note that I'(P (0) is the 1PI one-point function and there is no propagator for the 
external line. Integrating this, we get 


V, (co) [reo d 1 d*k T wdw 
w) = oO X 
1 w 1 2 (274 k2 - (u? ns (Ao? /2) 
1 d^k 2 2 Ao? . 
zz 47 inj- (u+ Jie +e (6.69) 


where C is independent of w. If we choose C such that Vi (œw) = O in the limit 
à = 0, we have 


] 4 2 
m A mfi- mM (6.70) 


V, =x 
(0 = 5 (Qn)4 2 u? +ie 
which agrees with the result given in CL-eqn (6.139). 
Remark. Itis not hard to see that different choices of the w-independent C corres- 


pond to different choices of counterterms and will not affect the properties of 
V.rr (H) once the parameters in Vst (o) are fixed by the renormalization conditions. 


7 The parton model and scaling 


7.1 The Gottfried sum rule 


In the parton model, if we assume that the proton quark sea has the same number 
of up and down quark pairs, i.e. in terms of the antiquark density u(x) = d(x), 


show that 
l dx 1 
— [FP (x) - Fi(x)] = =. 
Í 3 [F2 Œ) — F2 Q0] 3 


Solution to Problem 7.1 


From the parton model, we have for the proton structure function 


F? (x) = x (Sli + u] + ġid +d] + 35  s])- 


(7.1) 


(7.2) 


The neutron structure function can be obtained from the proton structure function 


by the substitutions u <> d and u <> d, 
Fy (x) = x (slà +u] + $id + d] + [5 + s]). 
The proton and neutron difference is then 
F? (x) — F2Q) =x [30 +u) - 1(d + d)]. 
Since the total isospin of proton is 4, we have the sum rule 
1 
l- | [u — à) + (d — d)] dx. 


Combining eqns (7.4) and (7.5), we get 


! dx ! = 
f —[F} (x) F2Q)]- if [(u — d) + (u — d)] dx 
o X 0 


1 
iif (i — d) dx. 
Thus if we assume à — d , the result is 
f Siw Fro] = 1 
— x)— x)| = -= 
0 X 2 : 3 


which is known as the Gottfried sum rule. 


(7.3) 


(7.4) 


(7.5) 


(7.6) 


TT) 
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Remark 1. This sum rule can also be obtained with a weaker assumption, 
1 d 
J u(x) dx i d(x) dx. (7.8) 
0 0 


Remark 2. The assumption a(x) = d(x) follows naturally from the simple picture 
of the quark pairs in the sea being created by the flavour-independent gluons and 
the up and down quarks having similar masses. However, for light mass quarks 
in the long-distance range, perturbative quantum chromodynamics (QCD) is not 
applicable. Since the proton is not an isotopic singlet, there is really no reason to 
expect its quark sea to be symmetric with respect to the u and d quark distributions. 


7.2 Calculation of OPE Wilson coefficients 


Consider the composite operator J (x) = :$? (x): in Ag? theory. Write the operator- 
product expansion (OPE) as 


T(J(x)J(0) = C1(x)O,(0) + C2(x)O5(0) + + - (7.9) 


where C;(x)s are c-number functions and O;(0)s are local operators. 


(a) Write out the first three local operators, having the lowest dimensions, in terms 
of @(0) and 0,,¢(0) in this expansion. 


(b) Define the Fourier transform by 
[as e** T(J(x)J(0)) = C1 (gq) O10) + C2(4)05(0) +-->. (7.10) 


Use the Feynman rule to calculate the matrix element 
T(p, 4) = l dx e (p|T E (x) J ())|p) (7.11) 


to order A?. Then take the limit q? —  —oo to identify the coefficients 
Ci (4), C2(4), Cs(q). 


(c) Draw Feynman diagrams which will contribute to C; (q) to order A. 


Solution to Problem 7.2 


(a) Since J (x) is symmetric under ¢ — —46, we need to consider only operators 
which are even in $: 


dim operators 

0 1 

2 :$? (0): 

4 :9^(0):, :99,0:, :09,9,0: 


(7.12) 


T (JQ)J(0)) = C1G)1 + €26):9? (0): + C3(x):64 (0): 
+C (Q):9,09,0: + C$ ():09,09,0:-- (7.13) 
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From dimensional analysis, we see that 


1 
C;(x) ~ 


x2’ 


1 
Ci(x) ~ 


"E C3,4(x) ~ O(1). (7.14) 


(b) The first term in the OPE is a c-number and get its contribution from the 
disconnected graph, as shown in Fig. 7.1(a), with contribution 
i i 


d^l 
rp.a= | Qu B- ui qy ub ius 


In coordinate space, this corresponds to 


d^k ik. 1 
e . 
4 2 DERE 
(27) k u“ ie 


C(x) = [iAr(x) 77 where Ar(x) = 


For the connected graphs, there are two contributions to order A; they are displayed 
in Fig. 7.1(b) and their matrix elements are 


i i 
+ 
(p+4}-u? (p-qy-,e 
i i 


TU pgs 


(7.16) 


= + à 
q?-2p:q q?—2p:q 
For q? large, 


1 1 1 2p-q  (2p:qN. 
2 a zl 2 +( 2 qum 
q^t2p:.q q*(1+2p-q/q*) 4q q q 


and 


2i Bip- q)? 
T(p,q) = D EE us (7.17) 


On the other hand, from the operator-product expansion, 
fas e4* T(J(x)J(0)) = Ci(q)1 + C2(q):9? (0): + C3(q):6' (0): 


+ Ch” (g):0, 0d, 0: + C? (q):68,8,9: VR 


(7.18) 
I USE c. 
EN pot Pta NP 
d N ^ N 
9 9G 
\ 94 
Foto 
l*q BD-R 
po Pa NP 
Se of X% 
B : 
(a) (b) 


Fic. 7.1. Feynman diagrams for the operator-product expansion of two currents. 
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The matrix elements between one-particle states are given by 
i d'x e* (p|T (I(x) J 0))|p) = Ca(a)(pl:0^ (0):|p) 
+ Cs) (ple Q):1p) 
+ Cj (q)(pl:8,08,9:l p) 
*CPT'qpke»3, p). (7-19) 


To order A?, we have free field theory and $ (x) can be expanded as 


ak : 
ec [ gr low et p ak) el]. (7.20) 


Then the composite operator :$? (0): can be written as 


dk dk’ 
:¢7(0): = f f 
P [Qx2«,] ^ J [Qx32o,] ^ 


x [a (kja (k) + at (k)a (k) tal (a(k) tal (kak). (7.21) 


Using 


Ip) = [Qz2o,] ^ ap) and — lap. a (001 = (p — k) 


we get 


(pl:6°(0):|p) = 2. (7.22) 
Similarly, a straightforward calculation gives 
(pl:$*(0):p) = 0 (7.23) 


because each term in :*(0): will have at least two destruction operators on the 
right or two creation operators on the left. For the derivative of $ (x), we have 


dk . —ik-x T ik-x 
eco | ong tee +a'(k)e'™™] (1.24) 
T Wk 
and 
3,4 (0)0 e - f a f EEES 
Ou v EE [Qz2o] ^ [Q2] ^ why 
x [a(k)a(k’) + at (k)a (K) — at (kja (k^) — a^ (k'a (k)], 
(7.25) 
:6(0)3,2, (0): =f Er f AE 
i n Uv s [Q7)320,] ^ [Q2] ^ why 
x [a(k)a(k’) — at (k)a (k) + a (kja (k^) — a (k’)a(k)]. 
(7.26) 


From these we get 


(P|:0,00,0:|P) = 2pupv. (p|:68,8,9:| p) = 0. (7.27) 
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Remark 1. The calculation of the matrix elements of the local operators is done in 
free field theory for illustrative purpose (to show how this can be carried out). For 
more general cases with interactions, these matrix elements are more complicated 
than those in free field theory. However, from Lorentz invariance it is not hard to 
see that the Lorentz structure of these matrix elements remains the same but the 
coefficients will have more complicated dependence on the coupling constant A, 


(p\:¢°(0):|p) =a, — (pl: (0): p) = a, (7.28) 


(p|:9»69,9:| p) = a3pyupv, (p|:$9,9,9:| p) = a4pyupv (7.29) 


where a1, a2, 43, a4 are constants which depend on p? = m? and the coupling 
constant À. If the perturbation theory is applicable, we can expand these coefficients 
in powers of coupling constants À, 


a; =a® pra +a +... (7.30) 
Our simple calculation gives the first terms in this expansion, 
a =2, aM=0, a®=2, aM=o. (7.31) 


To this order, we can use these matrix elements to read out the c-number coefficients 
from eqn (7.19), 


i j 4iq"q" 
a=, Pa =A. (1.32) 
q q 
Note that because a = 0, we do not get any information on C£” (q) from this 


simple calculation. To get C$" (q) we need to use more complicated external states, 
e.g. two particles in the initial and final states. 


Remark 2. The basic idea of calculating the Wilson coefficients is to use the fact 
that they are c-numbers and are process-independent. Thus we can choose some 
simple external states to simplify the matrix elements of the local operators and 
extract the Wilson coefficients. 


(c) 
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FIG. 7.2. Feynman diagrams for one-loop contribution. 
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7.3 ogg (e^ e^ — hadrons) and short-distance physics 


+ 


Consider the process e* e^ — hadrons through one-photon annihilation. 


(a) Show that the total hadronic cross-section (summing over hadronic final states) 
can be written as 

ma? 

3(q?p? 


fas e^ (0][J,, (x), J” (0)]10) (7.33) 


Otor (ete — hadrons) = 


where J,,(x) is the electromagnetic current and q” the four-momentum of the 
intermediate photon. 


(b) Suppose that J,, (x) is made of free quarks: 
Ju(x) = :4(x)y, Qq (x): = bs gi ei yudgi (x): (7.34) 


where Q is the charge matrix and i is the flavour index, calculate the commutator 
[J Œ), J^ (0)] and show that 


O;4(e ^e  — hadrons) = 


(7.35) 
(c) Suppose that the current J,, (x) is made out of free elementary scalar fields, 


1,0 = iY [6 053,6; 23,6 Qu6;]. (7.36) 


ij 


Calculate the commutator [Fie (x), J "(0)] and o;4(e^e- — hadrons). 


Solution to Problem 7.3 


(a) The amplitude is given by 


om anu s (-ig"") 
T = v(-K)(-iey,)u(k) 7 (n| J,|0) (7.37) 
and the cross-section is 
1 1 dp 
Qn) Ot (k+K — p, : 
= ea Om er mw astm E »4 I 
The spin sum of |T |? is 
1 2 
LEIP- Erre nky] Domaso (7) . (1.38) 
Tm n 


The leptonic tensor is 


4l,, = Tr [K yuk y,] = 4 (K' ky + kukl, — gu k - K) (7.39) 
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where we have used the approximation k? = k’? = m? = 0. The hadronic tensor 
is given by 


NE f d*x e^" (O|LJu(x), J,(0)]10) 


= E e'^* Ol J, |n) (n] J;|0)e I * 


—(0|J,[n) (n| J,]0) et” *] (7.40) 


As usual, the second term does not contribute for the case q? > 0 (because p, > 0). 
Then we can write 


n d? p; 
Tw) = HT] ODE (r) — pr)(O|Juln)(n| 410) — (7.41) 


and the differential cross-section is 


n d? p; 
do = 21) 58^ (q — p, Se Lago jd J"\0 
c seg 220m « - Po] 1o. etUm nt^ 
p (=e) (7.42) 
= —— | — T vs ! 
8EE' V q* Ü 


From Lorentz invariance and current conservation, we can write the hadronic 
tensor as 


Tuv) = (q^guv — quq) (q?), ^ which gives wt = g” Tu = 3g? n (q^). 
Straightforward calculation yields 
(Q? 8uv — quqyI"" = q'(-2k -K) — (2k - qk' - q — q°k - K) = —q* 


The total cross-section is then 


1 e 4 2 822a? 
digi REA x(q) = 3g? "m (7.43) 
or 
822a? : 
iu t. / d^x e'** (0|L, (x), J” (0) 10). (7.44) 
3(q?)? 


(b) In CL-eqn (7.146), the c-number singularity in T (J, (x) J, (0)) is given by 


X? guv Dix g 1 1 
Cu (x) = TY an 2 nid 19,8 TrOQ?—. 
m(x) nix — ie) E Glade RUN Grae a tear 


From the substitution rule for going from T-product to the commutator 


— 2zie(xo)6-P (x?) 


1 n 
(x? — ie)” (n sg E mw 
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we get 
Cuv —2zi| — 1g,,£(x9)8" (x?) — 58,8, [e(x0)6/(x7)] tT y (7.46) 
uv = iy — igue (x9)8" (x^) — 159,8, [eG9)9(7)] nov ; 


and 
gu ues nil — $e(x9)8" (x?) — 458? [e(x9)8' (?)] In Q—. (7.47) 


The total cross-section is then 
—8r?oa? (iTrQ? 
3(q?? 


Using the relation 


Otot = 
m? 


) I d x e^* [$6 G:9)8" G7) + £8? [eG9)8/ G7) ]]. 


2—2n 


f d'x e138 (xe (x) = 7 i(q?)"'0(q")€(Go) (7.48) 


2 
(n — 1) 
we get for the first term 
; zx? 
Í d*x e4* 8" (x?)e(xo) = ir (7.49) 
and for the second term 
fas ei**9? [5’(x7)e(xo) | =-¢q’ f d^x e'^*8'(x2)e(xy) = —q?n? i. 


The total cross-section is finally 
—87?o? (iTrQ?N . 9{25 1, 
Otot = 3q ( Pr ) iT € 64 ) (7.50) 


FOE 4ra? 2 
Oto. (e' € — hadrons) = zg rQ ). (7.51) 
q 


or 


(c) Given the scalar field current operator 
>y tO.. os * 0... 
Ju(x) =1 X lo QijO0uÓ; 9,9; Og] (7.52) 
ij 


we have, after using Wick's theorem, for the c-number term in the operator product 
expansion, 


T CAGUA OR (0 Quà dr Q):) 
= i0%Ar(x — y)id? Ag(y — x)Tr Q? 
= ið} Ar — yids Ar — x) Tr Q? 
zi OA p(x) Ap(—x)TrQ?. (7.53) 
AE 
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Similarly, 
T (19/00 0,9,0;00:8,6100 Qu(0):) = 19,9, GOIA Cor O. 


Using the relation 


(7.54) 


oy v 4 v 
83, A p(x) = 2 | Eu XuX | 


(x2 —ie)2 | (x?— ie)’ 


it is straightforward to get the OPE for the whole current 


_ 4x, Xy 28x" 8x, Xy 1 ) 2 
Š 2| G? ie” Git  Qi- d (zs "e 


1 (eux? — 2x ax) > 
2 TrQ?. 7.55 
A er Y iaai 


Comparing this to the case with the spin-1/2 constituent, we see that the scalar 
case has an extra factor of 1/4. Thus the total cross-section in this case is 


2 
ou Ta 2 
Otor(e'e — hadrons) = 3,/7'(2 ). (7.56) 
q 


Remark. Usually, the e*e^ — hadrons cross-section is normalized to the 
ete- — yt” cross-section which measures the cross-section for the point- 
like particle and can be worked out for the tensor z,,,(q) as follows. For a final 
state with u* (pı)u™ (p2), the tensor 7t, (q) is given by 


d?p, d?’ pı 4 c4 
(q) = 2z)'8*(q— pı — 
Tyuv(4) / QE, Qxy2E n) (q— pi — p» 


x 3 vC poyuu(pi)ü(pai)ysvC- pi) (1.57) 
T 
= I / eee 2 34(q — pi — p2)(—4) 
X (piu p2v + Pu Piv — P1 ` P28uv) (7.58) 
and 
zË = = PP d : p) (q — pi — p). (7.59) 
T AE, E> 


Use the centre-of-mass frame where p; + p2 = 0, we get 
2 pi (q? 
mi (q) = D f AE ( z 94-25) 


2 f EE, 2E)4 
= IT 
zx? 4E? a 


q? 


2n 
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Thus we get 
870707 Ano? 
+9- +7 = 
c(e'e ^ puw) = 3 Th = T (7.60) 
For the case where the hadrons are made out of spin-1/2 quarks, we get 
o (ete — hadrons) 
=Tr(0 =) 0; (1.61) 


o(ete- > utu”) 
One simple way to interpret this formula is to treat o;,,(e* e" — hadrons) as sum 


over o (e* e^ — qiqi) where q;q; are treated as point-like spin-1/2 fermions. 


7.4 OPE of two charged weak currents 
The weak charged current at low energies is given by 
Ji (x) = uy,(l — ys)(d cos0 + s sin 0) —:q(x)y,(1 — ys)Cwq(x): (7.62) 
where C y is the weak coupling matrix 


cos@ sin 


0 : q(x) = (7.63) 


“Qs 


Use Wick’s theorem to work out the operator expansion for the product 
T (JN œJ 0) (7.64) 


in the free field theory. 


Solution to Problem 7.4 
Using Wick’s theorem, we get 
T (J5 Q4, (0) 
T :GG)Y« — vs) Cwq Q0: Ov — ys) Ciyq(0):) 
TrliSe(—x)y,(1 — ys)i SeG)y, — yCwCy] 
+ Gy — ys) Cwi SEG) ys (0 — ys) Cyq(0): 
+O = ys)CyiSr(—x) Yu — ys) Cwq o): 
+ G(x) — ys) Cwa G4 0)y 0. — vs) Cra (0): (7.65) 


Assuming the fermions are massless, which is valid for |x| < 1, we have 


—— 


= . T: 
4r? (x? — ig) 2x? (x? — is)? 7:08) 


soxil 
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The first term is then 


1 , 
(zz) Zr (cwci) Tr [-4y, d — vt %0 — v9] 


(x° guy — xuxs) 
n^(x?—i&g) © 


1 
(x? — ie)? 


= 2Tr (cwch) (1.67) 


The second term is 
1 ix 
272 (x? — 
ix“ 


= zaga gg [nave + ienas d O^ — y)C wC O:} (7.68) 


Fy — y) Cw Ci, 


=| yo(1 — ys)q(0): 


where we have used the relation [see CL-eqn (7.145)] 
Vut y. = ys) =i (Sirus + i€navp) y^ zm ys)x*. (7.69) 


Similarly, the third term is 


uS gs [Cuore + ien OVP -y)c cec]. — a9 


Thus we can write the operator product expansion in the free field theory as 


T (J QJ, (0) 


n (x78 v=x xv) ix? ] 
inet (cwch) E = iey zx? — ie)? {ne + Huang) 
x pacoy*a - y5)CwCiyaO: - 407A — 5) Cy CwaGo: | | 
+:G(x)yu(1 — y wa GOd 0) (1 — ys) Cy (0): (7.11) 


7.5 The total decay rate of the W-boson 


Use the operator-product expansion derived in the last problem to calculate the 
total decay rate for W^ — hadrons. 


Solution to Problem 7.5 


The amplitude for W^ — hadrons decay is given by 


T- — e! (V) (n| Y 10) (7.72) 


2/2 


where J is the weak charged current. The total decay rate is 


n d? : 
à, 2 eve - pT] $0005 E mp ) (7.73) 


spin 
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The spin sum is 


I 2 g Av ktk” Wt Ww 
3 X IT = mi * tag ` (1J, 'In) alJ, 10). (7.74) 
Ww n 


spin 


Define the weak hadronic tensor by 
mA = Í d*x e'^* (9| [JE Qo), J^ (0)] 10) 
= > fax e'^* [0] JP n) (n| J^ |0) eor? 
— (0145 |n) (n|J 10) ee] 


t dpi i 
- YII aan OO (k — pi — -++ — pn) (LI In) | JI" 10) 
n i=l t 


(7.15) 
where we have used the fact that ko > 0 to eliminate the term proportional to e?» , 
The total decay rate can then be written as 
2 


g i up y 
r= d k). 7.16 
az ( g etus) (7.76) 


From the Lorentz invariance, we can write 
w W,2 Ww 
Aav (k) = >m] k 8u +m kyky (7.77) 
and the decay rate is then 


g? 
r= ic Mw (7.78) 


The weak charged current is generally of the form 
2r = uy, (l — ys)Uyidi + cy, (1 — ys)U.idi (7.79) 


where U,;s are the Kobayashi-Maskawa (KM) matrix elements. It is easy to see 
that we can simply replace 


Tr (cwch) —3 Y (Wul? FU (7.80) 
i —d,b,s 


in the operator product expansion for the weak current worked out in the last 
problem. The factor of 3 is due to the summation over colour. Then following the 
same calculation as in the case for the electromagnetic current we get 


DL(W- — hadrons) 
D(W- — e*v) 


-3 Y (UP UP). (7.81) 


i=d,b,s 


8 Gauge symmetries 


8.1 The gauge field in tensor notation 


The SU (n) groups consist of n xn unitary unimodular matrices, UU = UU! = 1. 
For infinitesimal group transformations, we can write 


U jx = ój + iejk (8.1) 
where e is hermitian 
Ejk = €i. (8.2) 
It is more convenient to use upper and lower indices so that 
k 
€ jk = €j (8.3) 


and complex conjugation interchanges upper and lower indices 


ef = (e) (8.4) 


Ep = et.. (8.5) 


This means that the ordering of the upper and lower indices contains non-trivial 
information. 

The n-dimensional vector ¢; and its complex conjugate ¢ have the following 
infinitesimal transformation law, 


$i > di ied. — d! > d — ie df, (8.6) 
where 
e;* = (e) and = $/— ($j)*. (8.7) 
For the fields in the adjoint representation 4; / we have 
pi > pi Mie di à de d. (8.8) 
(a) Construct the covariant derivatives for ¢; and $, respectively. Show that the 


transformation law for the gauge bosons is 


t 


a ; ; 1 ; 
Wi > W =W, t is; W,/ — ie! Wf — —due;". (8.9) 
g 


(b) Construct the field strength tensor F m for the gauge fields w ] 


(c) Construct the covariant derivative for scalar fields in the adjoint representation. 
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Solution to Problem 8.1 
(a) The covariant derivative acting on $; should be of the form 

(Du)i = dupi + ig(Wy);* bx (8.10) 


with (D,,9); having the same transformation as ¢;, 


(Dap); = (Dud): + ie (Duo). (8.11) 


The left-hand side (LHS) and right-hand side (RHS) of this equation can be written 
out as 


LHS = 9,9; + ig Wi o; = 9, (Qi; + ie] di) + ig Wi (pi + ie, dx) 
= 0,9; + ið El di + iel Oud) + ig W (Qi + ie) dx) (8.12) 


RHS = 9,9; + ig Wb) + ie; (Bub) + ig Wh) dx) - (8.13) 
By equating these two expressions, we get 
ið e dy tig W (b+ ie x) = ig Wigi + i elg Wk de. (8.14) 
Since ġ;s are arbitrary, we can cancel them on both sides, 
ide - igW;, (&/ ie) = ig (Wi, - ie Wig). (8.15) 


Multiply both sides by (si E ie, ) and drop the terms of order &?, we get 


Di i 


v. ; ; : 1 : 
Wii Wie W,! — ie,’ WF — x (8.16) 


(b) To find the field strength tensor F Le we calculate the combination (D, D, — 
D, D,). 


(D, D,$); = [Du (Dy) li = 9,(Dv$)i + ig Wi (Dr) 
= à, (Angi + ig Wup) + i8 Wi (9n + ig Wi d) 
= 8,0, 0; + igð WE dy + ig (W, 3upr + Widok) 
+ Gg? Wh, Wide (8.17) 
Then we have for the antisymmetrized combination, 


(D, Dy — DyDy)di = ig [3 WE; — 8» Wk; + ig (W,/W, — Ww, WE] x. 
(8.18) 


This means that the field strength tensor should be of the form 


FL = 0,W,;" — a,W,; +ig (W,; IW, Ww, wr. (8.19) 


Avi 
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(c) From the global transformation, itis easy to see that the combination Wọ = dw 
which transforms as an adjoint representation is given by 


(w) = W,* ol — W, iof. (8.20) 


This can be seen as follows. Under the global transformation, we have 


(bw); = Wato z Wri! ot 
= (W,F + ief W,F — ief Wi) (9)! tieto, — iento") 
-(W,d ie Wa — ie] Wy (Gi Hiei ou; — ie d) 
= LA m LAS + iW, (—e,/;") +i (e; Wf) pi 
-Wi (iei $7) = (ie Wi’) bi 
= (6w) ie bw) — ie (bw). (821) 
Therefore, the covariant derivative should be of the form 


(Dud); = 8,0/ --ig(W,i od — Wio). (8.22) 


Remark. If we expand o; and w, in terms of the hermitian traceless n x n 
matrices A^, 


$!-209/4, W R W (8.23) 
we have 
(Dud)! = 0. Duda = dupa) 
+ ig (Wan ODEO o — Wan OP bn) 
= Pupa) + ig (D, API Wange) 
= 9,940: + ig (1/05, Wanpe) (8.24) 
and 
Dua = 0, s — 8f” Woe: (8.25) 
Or, if we write if abe — (tb)ac, the adjoint representation matrix, then 
Duda = dupa + ig (P) Woe (8.26) 


which is the standard form for the covariant derivative. 
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8.2 Gauge field and geometry 


Under the local gauge transformations, fields at different points transform differ- 
ently. 


W(x) > Uya), YO) > UWO) (8.27) 


with U (x) zz U (y). Thus the usual derivative, being proportional to the difference 
of fields at different points, 


8r (x) ex [V (x + dx) — v G)]. (8.28) 


does not have a simple transformation property because U(x + dx) 4 U(x). 
Suppose we introduce the gauge fields A,, such that we can define 


V (x + dx) = y(x + dx) + A (x) (o) dx" (8.29) 
so that W(x + dx) transforms the same way as vy (x), i.e. 
V (x 4- dx) > Ux) (x + dx). (8.30) 


(a) Show that if we define the covariant derivative by [see CL-Section 8.2 for 
discussion of the concept of a covariant derivative in connection with parallel 
transport of a field] 


V (x +. dx) — W(x) = Duy dx" (8.31) 
then 
Div = (0, + Aj) v. (8.32) 
(b) Show that the gauge field has the following transformation property: 


Al, = UA,U! — (a,U)U". (8.33) 


Solution to Problem 8.2 
(a) From the definition of 
VG + dx) = y(x + dx) + Ay) (x) dx" 
= W(x) + O,W(x) dx” + A (x) v(x) dx" (8.34) 
we see that the field difference is 
W(x + dx) — W(x) = 8, (x) dx" + A (x) W(x) dx" 
= (0, + Ay) v dx". (8.35) 


Then the covariant derivative, being directly related to the left-hand side of this 
equation through the definition (8.31), D, V d x", can be expressed directly in terms 
of the gauge field as given on the right-hand side: 


Dut = (8, + Ap). (8.36) 
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(b) By construction, the combination w of y and gauge field A 1 as given in (8.29) 
has a simple local transformation: 


w(x +. dx) = U(x) (x + dx). (8.37) 


From this we can discover the required transformation property of the gauge field 
by substituting in the relation (8.29) on both sides of the equation: 


LHS = y'(x + dx) + A, dx" = U(x + dx)y(x + dx) + A, dx" U (x)y 
= UGG) + (OUY + Ud) dx" + Al dx" U Gy (8.38) 


RHS = U(x) [V Qo) + dup dx" + A, dx" | ; (8.39) 
Equating these two expressions, we get 
(8,U)V +A UY = UA,V. (8.40) 
Eliminating y which is arbitrary, we have 
Al, = UA,U! — (à,U)U'. (8.41) 


Remark 1. Because the transformation is position dependent, we have the term 
(ð U)U* in the transformation of the gauge field. This means that A, does not 
transform homogeneously as the ordinary field, being in some definite representa- 
tion of the symmetry group. But this extra term is of the same form but of opposite 
sign so as to cancel the corresponding term in the transformation of the ordinary 
derivative. In this way the gauge field is just the compensating field needed to 
enforce the invariance of the theory under transformations that differ from point 
to point. 


Remark 2. In this derivation of the transformation property of the gauge field we 
have emphasized the geometric aspect of a local transformation as discussed in 
CL-Section 8.2. In Section 8.1 we have already provided a derivation by explicitly 


using the covariant nature of the covariant derivative: the covariant derivative is 
defined to transform in the same way as v (x), i.e. 


D,V (x) > [DV GO] = UGOLD, V ()]. (8.42) 


The gauge field A,,, having been introduced as the difference between the covariant 
and ordinary derivatives 


D,y (x) = 8, V (x) + Au V Qo). (8.43) 


can easily be shown to have the transformation as given in (8.41). 
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8.3 General relativity as a gauge theory 


In general relativity, one studies the general coordinate transformation 


dx" > dx" = U*(x)dx", — 8,— 8, = [U  Q)]",8, (8.44) 
which can be viewed as a local transformation with 
ax’! " Ox" 
U"(x)— ; y = ; 8.45 
ws [UOT = sa (8.45) 


Following the same procedure as suggested in Problem 8.2, we can choose to view 
general relativity also as a gauge theory. Just as in eqn (8.44), a vector field £” (x) 
and a (mixed) tensor field T^ (x) have the transformation properties of 


£" (x) = U5Q)S" (x), (8.46) 
T (x) = U^ GOpU Q1, T5 œ). (8.47) 
Consider the differentiation of a field having a non-trivial transformation 
property—the simplest case would be the vector field £^ (x). Clearly, the ordinary 
derivative 9; £^ does not transform homogeneously, as in eqn (8.47), because the 
transformation is local, 9; U^. Æ 0. Or, stated more geometrically, this is because 


&" (x J-dx) transforms differently from £^ (x). As in Problem 8.2 we can introduce, 
as in eqn (8.29), a modified vector field 


EM (x + dx) = EM (x + dx) — Thpt” (x) dx? (8.48) 
which transforms identically as £^ (x): 
E'H (x + dx) = U" (x)£" (x + dx). (8.49) 


A comparison of eqns (8.29) and (8.48) shows that the compensating field ls 
plays the same role as the gauge field A". The T field is called a connection in 
geometry or the Christoffel symbol. 


(a) Show that if we define the covariant derivative by 


&*(x + dx) — £*(x) = D,E“ (x) dx" + O((dx)’), (8.50) 
then 
D,E” = 0," — TA E". (8.51) 
(b) Show that the connection has the following transformation property: 
Do erm y qus quu OU. (8.52) 


Namely, besides the usual homogeneous term (first one on the right-hand side), 
there is an inhomogeneous term (the second one). 


(c) Show that the Lagrangian for the vector field £" (x) given by 


L = $ (D,&*) (Dvé") g"" gap (8.53) 


is invariant under the general coordinate transformation. g,g(x) is the position- 
dependent metric tensor. 
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Solution to Problem 8.3 


(a) From the definition of 
E%(x + dx) = £*(x + dx) — T$, dx"£^ 
= é" (x) + 8,&* (x) dx" — L5 Q^ Q) dx" (8.54) 


we see that the field difference is 


£^ (x + dx) — E° (x) = 8,&* (x) dx" — Tip 006^ (x) dx” 
= (9,£* — T2, £^) dx". (8.55) 
Then the covariant derivative, being directly related to the left-hand side of this 


equation through the definition (8.50), D,,$* dx", can be expressed in terms of the 
gauge field in the right-hand side: 


D,£* —9,&£* — T £^. (8.56) 
(b) Under the general coordinate (gauge) transformation, we have 
E'H (x + dx) = U" (x)£" (x + dx). (8.57) 


We can extract the transformation property of the connection field by writing out 
the components on both sides of this equation: 


LHS = ¿"(x + dx) — 5, dx" 
= UN (x + dx)” (x + dx) - T} U? dx“ UE’ 


= UH (x)&" (x) + U" dxf age” + QU" dx"£" 
UL de Ung. (8.58) 


RHS = U^ (x) [£" Œ) + dx’ 3p” =o dx“£f] ] (8.59) 

Equating these two expressions, we get 
9,U', dx" EP — ILU. dx" U'j&P = -UKT ap dx" EP (8.60) 

Since dx" and £^ are arbitrary, we have 
9,0 = EU US = UTE (8.61) 


or, written in the form as shown in (8.52): 


re = (U-f oy UV TS, + (UDE (UTD, (86%) . (8.62) 


8.4 O(n) gauge theory 165 


Remark. We have derived the transformation rule of the Christoffel symbols by 
starting with the combination (8.48) having a simple transformation property as in 
eqn (8.49). This approach emphasizes the geometric aspects of gauge transform- 
ation. Alternatively, we could have started with the definition a covariant deriva- 
tive D," as in (8.51) which has the definite transformation property as a mixed 
tensor [cf. in eqn (8.47)]: 


(D,£") = U'G)IU R (DE). (8.63) 


The same transformations of the Christoffel symbol can be extracted. 


(c) As the covariant derivative Dag” and the metric g,» transform as tensors under 
the general coordinate transformation, it is easy to see that the Lagrangian given by 


L= z (Dug) (Dvé*) 8" bap (8.64) 


Nile 


is invariant because all the tensor indices are contracted. 


Remark. Just as the field tensor Fag in gauge theory can be defined through the 
commutator of covariant derivatives, 


(Da Dg — DgDo)vV = Fapy, (8.65) 


the corresponding field tensor in general relativity can be defined in a similar way: 


(Da Dp — Dp Dz) B^ = Ri, B". (8.66) 
The field tensor RY gs Where 
Rig, = 80 yp — IU pa Dog ya — Pool yp (8.67) 


is called the Riemann curvature tensor. From this, an invariant action of the gravi- 
tational field can be constructed. 


8.4 O(n) gauge theory 


Consider two sets of scalar fields, @,, $^, which transform as vector representations 
under the O(n) group. 


(a) Show that under infinitesimal O(n) transformations we have 


(a)i > (hadi + £ij (Pa); where a = 1,2 (8.68) 


and €;; = —&j are the parameters which characterize the infinitesimal O(n) trans- 
formations. 


(b) Construct the covariant derivative for 9. 
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Solution to Problem 8.4 
(a) O(n) transformations are characterized by n x n orthogonal matrices Oj;, 
Oij Oi = Six. (8.69) 
For infinitesimal transformations, we write 
Oj; = ôij + €ij, with ej <1 (8.70) 
and the orthogonality relation implies 
Ojk + (je + €xj) = Ojk - ij = —Eji. (8.71) 


Thus infinitesimal O(n) transformations are characterized by in (n —1) parameters. 
In general, O(n) vectors transform by n x n orthogonal matrices, 


For the infinitesimal transformations, we have 
$; = $i + &ijój. (8.73) 


(b) For the covariant derivative we need the adjoint representation of O (7). It is 
not hard to see that they are just the second-rank antisymmetric tensors, 


bij > Pij = bij + (exdx; + 6jk di) with $i; = —óji (8.74) 


This gives the global transformation law for the gauge bosons W,;;. Write the 
covariant derivative of $ as 


DiGi = 940; + gWuidy with Writ = — Wri- (8.75) 
Then by requiring the covariant derivative of $ to transform in the same way as d; 
(Duoi) = Didi + cij Dudj (8.76) 

which can be written out as 


LHS = 9,6; + 8Whire = IulGi + &ijo;) + £W,i (he + &j0j) 


= phi + (0,61))0; + &ij0uÓ; + gW, i (Dx + Eroj) (8.77) 
RHS = 0,9; + gWrik Pe + 8j (950; + gWyjrdi). (8.78) 
Combining these two expressions and cancelling out ¢; we get 
Jer + gW, i kj + 8j) = gWuyij + Bik Wukj- (8.79) 
Multiplying by (5;; + €;;) and using the property ¢;; = —£j;, we get 
nen + Wi = BWui + 8Wyijeji + Beix Wyki (8.80) 
or 
; 1 
Writ = Writ + Wipe ji + Eik Wa — g rew. (8.81) 


This is the transformation law for the gauge bosons. 
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8.5 Broken generators and Goldstone bosons 
Let d; be the scalar fields in the vector representation of the SU (n) group. 


(a) Write down the SU (n) invariant scalar potential for ¢;. 


(b) Work out the possible pattern for the spontaneous symmetry breaking for $;. 
How many Goldstone bosons are there in this case ? 


(c) Discuss the possible spontaneous symmetry breaking pattern for the case where 
there are two such scalar fields $j; and $»;. 


Solution to Problem 8.5 


(a) As we have seen in Problem 8.1, the vector ¢; and its complex conjugate $' 
have the following transformation laws, 


$i > ài — dic ied, ¢¢ — à" =p — ic g. (8.82) 
Thus the SU (n) invariant combination is of the form 
bib! — plo" = (hi + ie; qu) (9! — ict d^) 
= gid! ie dio! — ici p d; = did (8.83) 


which is just the scalar product in the n-dimensional complex vector space. The 
SU (n) invariant scalar potential can depend on this combination $;$', 


arias i? 
V$) = —u io + 5 (6:9) . (8.84) 
(b) Let ¢;¢' = Qi $i = p*. We can write the scalar potential as 
2.2 À 4 
V$) = wp + pe (8.85) 
Then 
oV 2 
= (=R +a =0 > p= E= (8.86) 
0p À 
or 
w 
pip =P= us (8.87) 
Without any loss of generality, we can choose 
($i)o = Sind. (8.88) 
Clearly, the symmetry-breaking pattern is 
SU(n) > SU(m — 1). (8.89) 


To get the Goldstone bosons, we write the fields as 


$i = $; F Sin 
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so that 9; have zero VEV. It is easy to see that 


(pi) = (dj + inv) (9" -- 8"v) = o"; + (Gr +O) V+ v? (8.90) 


(6) = [0^9 + (6, + eZ) vt] 
= v^ (6, + 62)’ + 2v? (o'g) + --- (8.91) 


and the quadratic terms in V ($) is 


: À S 
Va) = —H? (69) + 5 [* (bn + 62) + 20° (9^9))] 


2 
n x2 
=E egy. (8.92) 
This means that $;, %2, ..., $4.) and Im $, are massless Goldstone bosons. Since 
each of $1, $5, ..., $, iis a complex field and has two degrees of freedoms, the 


total number of Goldstone bosons is (2n — 1). This is precisely the number of 
broken generators, (n? — 1) — [(n — 1)? — 1], in the symmetry-breaking pattern 
SU(n) — SU(n — 1). 


(c) For the case of two vectors, it is easy to see that the SU (n) invariant combin- 
ations are of the form 


ju". pup”, pup”, duo". (8.93) 
We can parametrize them as 
Pid" = pp dud" =p, Pup” = piprz, Pup” = piprz*. (894) 


Then the scalar potential V (¢;, $25) can depend on p1, p2, and z. The minimization 
of V ($1, $2) will fix the value of these three variables. Without loss of generality, 
we can choose the VEV to be 


0 0 
0 0 
(CIN : |. ($2)o = f . (8.95) 
0 px(1 — |z|?)'/? 
pı paz* 


The symmetry-breaking pattern is 
SU(n) — SU(n — 2). 


Note that just like vectors in SO(n), we can generalize this to the k vectors to get 
the symmetry breaking 


SU(n) — SU(n — k). 
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8.6 Symmetry breaking by an adjoint scalar 
Suppose d; are scalar fields in the adjoint representation of an SU (n) group. 
(a) Write down the scalar potential for $; Í, 


(b) Work out the possible pattern for the spontaneous symmetry breaking for $; j 


Solution to Problem 8.6 
(a) From the SU (n) transformation properties for the adjoint representation, 

pÍ > pi = 4j! t icd)! — ie,’ d. (8.96) 
Note that $;' — 0 and CH Vi =6 n^ We have the following quadratic and quartic 
invariants (obtained by contracting the tensor indices): 


"M vro INTO. i ; 
eie, — Tr^. (elei) — irre». oio — Tró) 89 


where we have written $;^ as an n x n matrix. The scalar potential takes the form 
V (4) = -u^ Tr($^) + MITE + MTree’). (8.98) 


For simplicity, we have imposed a discrete symmetry $ — —¢ to remove the term 
of the form Tr¢?. 


(b) It is clear that @ is a traceless hermitian matrix, which can be diagonalized by 
the SU(n) transformation. Thus without any loss of generality, we can take $ to 
be real and diagonal, 


$1 
$» 


Pn 


The scalar potential is then of the form 


2 
V$) = -uJ o +A [x J +22 D197. (8.100) 


Since not all ¢;s are independent, we need to introduce the Lagrange multiplier to 
take into account the constraint $; + $5 +-+- + $4, = 0: 


2 
V($) 2 u^ p + a1 [x d Te -t (x a) (8.101) 
and é is determined at the end by the condition 


bd d +- +o, =0. (8.102) 
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For the minimum of V ($), we have 


a = —2u hi + 4 (x «) $i +420; — £ =0 (8.103) 
i j 


which means that each 6; is a solution of the cubic equation 
—2u?x -F4Ajax c 4Aax? — £ 20, with a= 2 $2. (8.104) 


Since the cubic equation can have at most three different roots, the most general 
form for ġ; is 


$i 


$» 
X2 


qu h = g (8.105) 


X3 


Pn 


with 
njXi + n2xX2 + nax4 = 0, ni +m +n =n. (8.106) 
Thus the general pattern for the symmetry breaking is 
SU(n) — SU(n1) x SU (n2) x SU(n3) with ny +n2 +nz3 =n. (8.107) 
In other words, the SU(n) group with scalars in the adjoint representation can 
break at most into products of three SU(n;) groups. A more detailed calculation 
(Li 1974) shows the following symmetry-breaking patterns: 
SU(n) — SU(nj)) x SU(n— nı) x U(1) for 45-0 (8.108) 


with 


m, neven m= , nodd, (8.109) 


and for A5 < 0, 
SU(n) — SU(n — 1) x U(1). 


Remark. For the special case where A; = 0, and the constraint Tro = 0 is absent 
(so that € = 0), we have 


V(b) =} (g + dod) =) fe). (8.110) 


t 
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This means that ¢;s decouple from each other. Thus each f (¢;) is minimized 
independently, and it is easy to see that all $;s should take the same value at the 
minimum of f ($). Then the V EV is of the form 


1 


(oc v]| ^. [. (8.111) 
1 


This situation is realized in the spontaneous symmetry breaking of QCD in the 
large N. approximation (see Coleman and Witten 1980). 


8.7 Symmetry breaking and the coset space 
Suppose the scalar potential V ($) is invariant under the symmetry group G. 


(a) Show that if 6 = ¢, Æ 0 is a minimum of V (9), then other ¢;s, which are 
related to $; by symmetry transformations of G, also minimize V($). (Vacuum 
is necessarily degenerate.) Show that the symmetry operations that relate these 
gis form a subgroup, call it H, of G. The pattern of symmetry breaking is then 
G>H. 


(b) Because of the unbroken symmetry H, the minimum of V ($) is a degenerate 
one, i.e. there is more than one value of $ which minimizes V (@). Denote by M (ġo) 
the set of ps which minimize V ($9). Show that for a given pattern of symmetry 
breaking, G — H, M ($9) can be identified with the coset space G/H. 


(c) For the case G = SO(n) and the scalar fields in the vector representation, 
the coset space is SO(n)/SO(n — 1) = S"-!, which is the surface of a sphere in 
n-dimensional real space. 


Solution to Problem 8.7 


(a) V(@) is invariant under G means that 
V($)—-V(sQo)  VgeG 


where g@ is obtained from ¢ by the transformation  — g@ with g € G. Then 
if $1 Æ 0 is a minimum of V (4$), gd; is also a minimum of V (¢). It is clear that 
those group elements which leave ¢ invariant form a subgroup, call it H. This can 
be seen as follows. If hii = $1, hod, = 1, then A4 5$, = $4 and hii —$. 
Thus if hı, h2 € H, then (hi5) € H and hj, h;! € H. In other words, H is a 
subgroup. The pattern for the symmetry breaking is then G — H. 


(b) Recall from group theory that the coset space G/H is made up of (left) cosets 
ofthe form g; H, i.e. the collection of elements obtained by left-multiplying g; € H 
with the whole subgroup H. The cosets obtained this way have the property that 
either they are completely different (no elements in common) or they are identical. 
In particular, if g; € H and g; ¢ H, but gig; € H, then g; H = g;H,ie.two 
cosets are identical. But if g; 8j. € H, then g; H and g; H have no elements in 
common. 
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Now let us look at the set M($o). Clearly, for each $; € M($o), we have 
Hj = dj. Suppose we choose an arbitrary $; € M (ġo). Then by the action of 
the coset g; H we have (g; ¢ H) 


gi Hi = gio di. (8.112) 


This means that the action of the coset g; H on $, will generate another element 
$5, = gi HQ, which is different from 4. Since the potential V(@) is invariant 
under the group G, the new element $» must also be in M (ġo). Furthermore, 


&Héizs;jHó — if gig; gH. (8.113) 


Namely, different cosets generate different $;s in M ($9). Thus if we identify $i 
with H and the image g;$, with the coset g; H, we have a one-to-one mapping of 
the $s in M (ġo) with the coset G/H. This mapping is onto if M (ġo) is transitive, 
i.e. every element in M ($0) can be obtained from a given $, by the action of a 
group element in G. 


(c) For vector representation in SO(n), the scalar potential V ($) depends only on 


p- p= + t6; (8.114) 
and it is minimized for a particular value of this combination 
pit +o, (8.115) 
where v is related to the parameters in V ($). Thus 
M(do) = (01 6: 6 — v^] (8.116) 


and it is just the surface of a sphere in an n-dimensional real space, S"~!. Therefore, 
we have the result 


SO(n)/SO(n — 1) = S"! (8.117) 


Remark. It is easy to generalize this to the unitary group to get 


SU(n)/SU(n — 1) = S771. (8.118) 


8.8 Scalar potential and first-order phase transition 


Consider the case of one hermitian scalar field $ with scalar potential 


2 
HW A 4 
Vo(o) = zÊ Ego (8.119) 


We have shown in the CL-eqn (5.134) that Vo9($) has a degenerate minimum at 
$ = cv, with v = (42/4)! . Suppose we add a cubic term to Vo(@) 


28 
3 


Show that the degeneracy in the minimum of Vo($) is now removed. Find the true 
minimum of Vo ($). Also, show that, as a function of the parameter £, the VEV 
($)o changes discontinuously from (¢)y = —v to ($)y = v as $ changes from 
positive to negative values going through 0. 


2 A 
Yoo) = Sv + p +70". (8.120) 
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Solution to Problem 8.8 


The minimization condition leads to the equation 


dVo 


TA 0 > (=u? + 2&6 4- A9?) = 0. (8.121) 
The non-trivial solutions are 
1 
¢=¢4= z [-£ € (E? Aj?) ?]. (8.122) 
The two minima no longer have the same value for the potential V; (9). For small 
€, we have 
ds = tv- E OE?) = po — d (8.123) 
À À 
with $o = v or —v, and 
T ye 
Vol+) = Vov) + (E = 208) pE = Vo(v) — 5 $6. (8.124) 


Then for £ > 0, V5($) has minimum at $.., while the minimum is at $, for £ < 0. 
This means that as $ varies from € < 0 to $ > 0, $ changes from —v to v 
discontinuously. This is usually referred to as a first-order phase transition. 


8.9 Superconductivity as a Higgs phenomenon 


Consider the scalar QED with Higgs phenomena with the Lagrangian 


L = (D,9 )(D" $) + P Vo “ey ZF Fy (8.125) 
with 
Dud = (8, — ieAy)@, Fey = 9" A" — 9" A". (8.126) 
Consider the static case where 806 = 3A = 0 and Ap = 0. 
(a) Show that the equation of motion for A is of the form 
VxB-J with J—ie[9 (V —ieA)ó — (V + ieA)9 8]. 


(b) Show that with spontaneous symmetry breaking, in the classical approxima- 
tion $ = v = (u?/A)!". the current J is of the form 


J—e&wvA (the London equation) (8.127) 
and thus 
VB—eVB (the Meissner effect). (8.128) 
(c) The resistivity p for the system is defined by 
E = pJ. (8.129) 


Show that, in this case of spontaneous symmetry breaking, o = 0, and we have 
superconductivity. 
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Solution to Problem 8.9 


(a) In the static limit, Maxwell’s equations are of the form 


—aà,F" =J” > &F-—j o VxB=J (8.130) 
where 
Iu = 2 = ie[(D,9) 6 — 9 CD,9)] 
= ie[(8, +ieA ppo — 9 (8, — ieA,)9]. (8.131) 
Thus 
J= ie[9 (V — ieA)Ó — (V +ieA)¢"¢]. (8.132) 


(b) Spontaneous symmetry breaking gives o = v = (j2/A)!?, which in turn 
gives the London equation: 


J= vA. (8.133) 
From Maxwell’s equation, V x B = J, we get 
Vx(VxB)2-VxJ or  V(V.B)- VB—--e?v VxA 
or 
V?B = ^B (8.134) 


where we have used V - B = 0. It is not difficult to see that this equation implies 
the Meissner effect because it implies a solution for the magnetic field of the form 


l 1 
B (x) = exp (^77) with I= (8.135) 


This means that the magnetic fields decays in a distance of order of | ~ (ev)7!. 


(c) Since 99A = 0 and A? = 0, we get E = 0. On the other hand, we have J Æ 0. 
This means that the resistivity must vanish (superconductivity) p = 0. 


9 Quantum gauge theories 


9.1 Propagator in the covariant Rg gauge 


The free field generating functional in the generalized covariant gauge is given in 
CL-eqn (9.82) as 


Wt] = [samo li fats Ee KY ()A5 + sare) | (9.1) 


2 u 
with 
K^ (x) = Sap Ea = (1 = =) on (9.2) 
& is an arbitrary constant. If we define the Green's function G^ (x — y) by 
f d'y Ki, x — )G O — z) = gi 58 (x — z) (9.3) 
where 
Ko (x—y 28 — y) KE (a), (9.4) 
show that 


d'k ..—. ; k^ k" k"k" | 1 
sone (eR) A] es 


uv = 
Gux—-y)- 21] Q k2 pig 


is the propagator for the gauge field. 


Solution to Problem 9.1 
The definition of the Green's function can be written as 
Ki, (x) GPS (x — z) = gi cst (x — 2). (9.6) 
For the internal symmetry indices, we have G^* œ 65°. We can thus define the 
Fourier transform as 
dtk 


Oxy eiO- 3, (k). (9.7) 


GAO- 2) = 8 
We then get 


|-«"e + (: = =) ie Balk) = gl. (9.8) 
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From general covariance, we can write 
Burk) = alk) gyn, + b) ks. (9.9) 
Then we get 
alk?) |-«e a (: = =) Z1 + b) (-z) Kk" ky, = gl. (9.10) 
By identifying independent tensors on both sides, we get 


2 1 2 1 
alk?) = -> bE) = all). (9.11) 


1 uu KPK” kk" 
ees z E (9.12) 


9.2 The propagator for a massive vector field 


Thus, 


8valk) = 


For a massive vector field V,,, the free Lagrangian is given by 


le arises) MEg ; 
L=- wV tay V, with Viv = 9,V, — 9,V,. 


Show that the propagator is given by 


=i (8w — (Kuk v/M*)) 


g — M? +ie se 


iApv(k) = 


Solution to Problem 9.2 


We can write the generating functional as (see Problem 9.1), 
W[J] = [ veo Lf (£o + J^V,) a's} 

= [ evo l T d*x [E V OK G) V, Qo) + J"V,] | (9.14) 

where K"" can be calculated from Lo as follow: 
M? 
fas Lo = fas |-ie — 3 Va) (Ə V" — 9" V^) + vw, 
M? 
= fas E — V,a” ə” V,) + vy, | (9.15) 

Comparing it to 


fas Lo = fas 1V, œK” () V, (9), (9.16) 
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we can conclude that 

K""(x) = (g"3? — 9^9" + M?g^"). (9.17) 
Define the Green's function G,,,(x — y) by 

K” Œ) Gu — y) = gi8 Gi — y), (9.18) 


and introduce the Fourier transform 


G(x—y)- d e i G7») g (k) (9.19) 
V. (27)t V s 
to get 
(72K + k"k" + M?g"") By, (k) = gi. (9.20) 


From the tensor structure g,; (k) = atk?) gy. + b(k*)k,k,, this equation can then 
be written as 


[-8"" (K? — M5) + &"k"] [agi + bkk] = az. 


which fixes the scalar function to be 


1 1 
=-=, b ————————. 
< eM MK — M2) 
Thus we obtain the result 
" 1 kky 
800 = aa eat SHY (9.21) 


9.3 Gauge boson propagator in the axial gauge 


The axial gauge condition is given by 
n" Al —0 (9.22) 


where n^ with n? < 0 is a space-like vector. Show that the gauge boson propagator 
in momentum space is of the form 


(ak? — n2) 
(n k)? 


Sa 1 
Alp (k) = = | geet ry OK + kin") + w | (9.23) 


where a is an arbitrary parameter in the gauge-fixing term. 
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Solution to Problem 9.3 


Omitting the unimportant non-Abelian indices a, b, the free Lagrangian with gauge 
fixing term is given by 


1 1 
Lo = —FQuAv — dy Ay)? + 20h A)’. (9.24) 
Then 
4 4 1 n 2 v l H v 
So = | £od' x = | d^x 5A (g,,0^ — 94,9,) A" + s nyn,À 
4 1 v 
= | d'xzA"K,,A 
2 
with 
2 1 
K wv = (g,,0 = 0,0.) F gute: 
The gauge boson propagator A, (x) is defined by 


Ku, (x) A" (x — y) = gio (x — y). (9.25) 


In momentum space, this corresponds to 
1 
KAM =g, with Ky, = (—8uvk? + kyky) + nyns. 


Itis straightforward to solve for the coefficients a, b, c, and d in the tensor decom- 
position of the propagator 


A" (k) = ag” + b(nyk, + kuny) + ckk, + dnyn, (9.26) 
and the results are 


1 n? — ak? 


EE d=0 027 
C= an. ky nen 


1 
eumd b= — " 
EE T n- kk? 


We obtain the stated form of 


A’ (k) = EA ga ENT + kyny) — SEX . (928) 
k2 k-n (n - k)? 


9.4 Gauge boson propagator in the Coulomb gauge 
Calculate the gauge boson propagator in the Coulomb gauge: 
9.A —0, (9.29) 


where we have ignored the internal symmetry index. To solve this problem we 
suggest rewriting this gauge condition as 


a" A, —c4,0"(c,A") 20 where c, = (1,0,0,0). 
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Solution to Problem 9.4 


The Lagrangian with the corresponding gauge-fixing term is given as 
1 uv 1 2 
£o—— uv F M M : (9.30) 
Thus, 


1 
fas Lo= fel [A^ (8? gu a 9,8,)A"] 
1 
SAT [9,9 — A" (c - 8) (c,9, + c,8,) + (c: 9)? cuer] a 
[04 


and 


1 
Kyy(x) = (87 gu» — 9,8,) = [nd — (C+ 8)(c,8y, + c49,) + (C+ 8)! Cue]. 
In momentum space, this gives 
Ky (k) = (-K gy, + kk) 


+ [kuky — (c+ k) (Coke + Cukv) + (c Kcen] 
1 
= (-k guy + kuko) + - [ku — (c - Key] [ky — (ee) 


1 
= (-K gy J kakv) + gem (9.31) 
where 
ny = ky — (c: k)ey. (9.32) 


Since K,,,(k) now has the same structure as in Problem 9.3, we can take over its 
result to write 


1 1 n? — ak? 
Am(k) = k2 — Suv F gy A + kyny) Ed eb? ev . (9.33) 
From 
n? = [k — (c- Oc = k — (c- ky), k.n 2 K& — (c- ky), 
ny ky + kuny = 2k,k, — (k - c) (euk, + kuc), 
we get 
1 c-k 
Ak) = m Suv F gogo + Kucy) 
kyuky a K^ kk, | 
: (9.34) 
k? — (c- k}? [k2 — (c: key 
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9.5 Gauge invariance of a scattering amplitude 


In the non-Abelian gauge theory with fermions the Lagrangian is of the form 


L= -jF Fi, + piy Dy —myy (9.35) 
with 
Duy = (9, — igt A))v. (9.36) 
Show that, to the lowest order in the gauge coupling g, the fermion scattering 
amplitude 


y^ 4- y^ — y^ y 


is the same in the covariant, the axial, and the Coulomb gauges. 


Solution to Problem 9.5 
A typical amplitude, to order g?, has the structure 
Med.ab = [(po)yutisu (py) ] A" (K) [pay vti n Pa) 

= Jue. Dy) AP" (© Jy (Par pa) (5st, (9.37) 

with 
k = pa — pa = Pe — pe. Ju(Pes Pb) = u(pc)yuupo). 
It is easy to see that J,, has the property 
k" Ju (Pes pp) = (Pe — Po)" U(Pe) Yuu (Po) = U(Pe)( Pe — Pa)U(Po) 

= (m, — ma)u(pc)u(py) = 0. (9.38) 

Similarly, 
k” Jy (Pas Pa) = (Pa — pa) UC pa) YU (Pa) = 0. (9.39) 


Vector boson propagators A”” (k) in different gauges differ from each other by 
terms of the form k,,k, or (kun, + nyky). Since kJ, = k” Jy = O0, these terms 
do not contribute to the amplitude M4 ,,. We get the same answer in all these 
gauges. Note that it is essential that the term proportional to n „n, is absent in order 
to get the gauge independence results. 


9.6 Ward identities in QED 


The generating functional for QED in the covariant gauge is of the form (see Ryder 
1985) 


Z(J;m m w [iA lava exp (i f en 2) (9.40) 
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where 
Leff = -ire Fs + yið, —ieA,)w — myy — 5, Q AJ? 
TJA, 4 Vn dr nV. 


(a) Show that if we require the generating functional Z(J, n, 7) to be invariant 
under the (infinitesimal) gauge transformation 


A, >A, +0,A and — y — y — ieAy, (9.41) 


we get the relation called the Ward—Takahashi identity: 


oae S ag, elz? ON a AO (9.42) 
b d. n "Sn 88 y be 


(b) This identity (9.42) can be translated into an equation for the generating func- 
tional for the connected Green's function W by Z = eV . Furthermore, we can 
write this in terms of the Legendre transform of W[n, 5, J] 


lily, Y, A4] = Win, ñ, Ju) — it d*x (J" A, + Un +i) (9.43) 
where 
eee eon A _ ôW (9.44) 
Sñ? ~ bn’ p Jy l 


are usually called the classical fields. 


(c) Show that by differentiating the result in part (b) with respect to V (x1) and 
V (yi) and setting y = y = A, = 0 we can derive the familiar form of the Ward 
identity: 


q"Vu(. q. pq) = Sg (p q) — Sg (p). (9.45) 


where the vertex function I’, and the propagator Sr. in momentum space are 
related to T in (9.44) by 


3 
J 4d atttem - oT 
8y (x))8V (y)8A^ 
= ie(2z)'8^(p' — p — q)T(. q, p) (9.46) 


and 
8T 


eee eee 7-1 0) 4 54 = peat 9.47 
jump. oe ee qn 


fan d^y, ePi - PY) 
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(d) From part (b) show that 


1 aw 
—2n,à^ = ð” gô (x — y), 9.48 
D ry, = se e y) (9.48) 
which in momentum space gives 
Lp Gu) = ky (9.49) 
[04 
with 
8^Ww dike aei 
—«—— ——— zii e *e-»G KK). 
8J,(x)8J, (y) (27)* 
Solution to Problem 9.6 
(a) Write 
1 - 
Leff =L- 3; 0^ AJ TJUA, T yg y -£-ÉÁ (9.50) 


where £ is the original Lagrangian without the gauge fixing and source terms. 
Recall that £ is invariant under the gauge transformation. Thus the changes of 
Lepp under the gauge transformation all come from £4, 


s f cuis = JETE 


= as |-zon )OA + J"à A -ieNC m +] 
p n H g 


(9.51) 


The change in the generating functional due to the gauge transformation is then 
dZ(J,n, 5) =N [i^ tavta exp ( j Leff a's) 5 f Lepp d^x 


= N [iaa avitai exp ( f en di) 


x | fas E (0"A,) — ð J" — ie(— Yn + i aw}. 


a 


Gauge invariance implies that 6Z = 0. Since A(x) in 6Z is arbitrary, its coefficient 
must vanish: 


ð ðu J + Z(J )=0 (9.52) 
e 1] n n, n d 9. 
a 6 Ju ie én ón dd 
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(b) Insert Z = e'™ into the above equation and perform the differentiation to get 


on Aaa eee 8w WN] o is 
o age) Wen OR ai es [erue 


In terms of Legendre transform: 


Diy, V, AL] = Win, ñ, Ja] — J (JI A, + rn +n) (9.54) 
where 
ôW - ôW ôW 
Vy See A V EIUS du Tct 
én ôn oJ, 


Then we have 


and we can write eqn (9.53) as 


|: (8"A,) — 8 25 ie( v5 +45 )|=0 (9.55) 
a m OA m ôy l i 


(c) Differentiating eqn (9.55) with respect to y Ga) and vy (yi) and setting V = 
V = A, = 0, we get the relation 


M T : aT 
rcs —ieó(x —xi)— 
SW Ga)8V (SAH bw Ga) (1) 
y, 
ios i l 9.56 
poca a Mee 


Multiplying by exp i (p'x — py; — qx) and integrating over x, x1, and yı, we get 


3 
- f atx d*x, d‘y, gi? -bi-q) gn O aT 
* óyr Qa )8yr (y)8 A^ 


&r 
Spay Qn) 
8T 
SY Gor y) 


= ie [ és d‘y, e - pn -998* (x x1) 


—ie f d*x d^x, d*y, ef P'— P9985 (x y) 
This gives 


q"TVu(p.q. p +4) = Sg (p +4) — Sg (p) (9.57) 


which is the usual form of the Ward- Takahashi identity. 
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(d) From Part (b), 


1 ôW ôW ôW 
ə” 9,J" — ie | —n + n= = 
a óJ" ón ón 


Differentiating this with respect to J, (y) and setting 7 = n = J, = 0, we get 


1 82W 4 
ni" o rg) = 3f gu (x — y). (9.58) 


Recall that the gauge field propagator is related to W by 


G,,(x — y) = (0T (Ay (x) Ay (0))10) = TALA 
The Ward identity is then of the form 
= ,0^ SENE = 9^g,,8 (x — y) (9.59) 
TIGE UT MN. 
or in momentum Space 
MUN = k. (9.60) 


Remark. This relation is true to all order in e and gives the result that the longi- 
tudinal part of G „» is not modified by the interaction. This can be seen as follows. 
Write G,,, (k) as 


k 


G,,(k) = E Gr(k?) + uky c (2) (9.61) 
uv = | uv k2 T Do L . . 


Then the Ward identity implies that 


i > 2 2 —ia 
—k^Gj(k^k,-—k, or Gj(k^- ——. 
a k2 


This is just the lowest order result as seen in Problem 9.1 (with $ > o). 


9.7 Nilpotent BRST charges 


The BRST (Becchi-Rouet-Stora- Tyutin) charge Q is defined through the BRST 
transformations of a field 


89 = oQó (9.62) 


where o is an arbitrary anticommuting Grassmann variable. From the BRS trans- 
formations given in CL-eqn (9.132), show that the BRST charge has the property 
of being nilpotent Q?$ = 0 for (i) a gauge field $ = A^, (ii) a fermion field 
p = v, (iii) the ghost fields $ = o^ and o^. 
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Hint. For the case of ghost fields we need to use the equation of motion for the 
c^ to show Q?p^ = 0. 

Solution to Problem 9.7 


From the BRST in CL-eqn (9.132), we can extract the properties of the BRST 
charges: 


8A 2oD,o^ => QA! = Dyo* = 0,0" — ge^" a^ A^ (9.63) 
ôy — igo(T^o?)y > Qwvc-ig(T"o?)y (9.64) 
áp = -L (9^ as a= Lb (gan 9.65 
p=- OAL) => Qo" = iO AD (9.65) 

a__& abc b.c a_ _ E abc bc 
60% = 29€ oo => Qof = 3* oo." (9.66) 


(i) Gauge field 
24a _ ay a abc b Ac 
Q° A" = Q(QA)) = Q (8,0* — ge" o^ A7) 
= 3 (Qo^) — ge" (Qa^)A* + ge" a^ (QAS). (9.67) 
We now examine each term in turn: 
Ist term = 9,(Qo^) = 8, (-$ 35 gabe ab o°) 
= EL gc (8, o boy €+ o^9,o*) e =g 9, a*g* 
2nd term = ge^ (e"fata/) Ay 
3rd term = geo (QAS) = ge™ o” (9,o* — geo AT). 


The derivative terms cancel, we then have 
g? 
Q? A^ = Te cc gf g e of AC FD g gabe gg Pot Al. (9.68) 


Using the anticommuting property of the ghost field, the last term can be written, 
after relabelling indices, as 


2 
gee ata AT = > (Caos 2 EeP) a^c* Af, 


g b Ts f g feb ,abc f 
EN 2g P g?* o^ Ai, rs = e €i et Co o° AC, 
2 2 P 


where to reach the last line, we have used the Jacobi identity 


g Peg cef = gc coh f 23 — be gach 
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Finally we get 
g g 
Q? At = cai d oof AS, — p gt c* A; — 0. (9.69) 
(ii) Fermion field 


Q?^y = Q(igT"o"y) = igT" (Qo?) v — igT^o^ Qu 


igT^ (- 2s etu") y — igT^a" (igT"^o^ y). (9.70) 


The second term can be shown to cancel the first term because it can be written as 
g ig? 
PTT’ oo y = F [T^, T"]o*c^y = ET oo’, (9.71) 


where we have used the fact that os anticommute with each other. 
(iii) Ghost fields 


=o (iran) - -, AD - : 3 (8,0 — gs" a^ AS) 
= AE [2 — gear (0? AC]. (9.72) 


The right-hand side vanishes because of the equation of motion for the o^ field as 
implied by CL-eqns (9.128) and (9.129) so that 


Q? — Q. (9.73) 
To show that Q?a^ = 0: 


070" = Q (—$et¥ aa") bm. zi [(Qo^)o* _ c^(Qo*)] 


— $ gabe [(-Setete) of — c^ (-$e*to*e1)] 
2 2 2 


(o gabe [s o*a f a* —g* (s"a*af)] = 0. (9.74) 


Remark. Since we have only used the antisymmetric property of the structure 
constant ¢“° of the SU(2) group, the same calculation will go through if we 
replace e“”° by the more general structure constant f^"^ which is also totally 
antisymmetric. 


9.8 BRST charges and physical states 


Suppose an operator Q is nilpotent, i.e. it has the property Q? — 0 and commutes 
with the Hamiltonian [Q, H] = 0. 


(a) Show that we can divide the eigenstates of H into three subspaces, 


Hi = (i Qvi F O}, He = (Va: V» = Oyiwith y; € Hi}, 


H3 = (Va; Oys = 0 but ys z Qvi). (9.75) 
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(b) Show that the scalar product between any two states in 71» is zero: 


(Yalp) =O if Vos, Wo € H2. (9.76) 
This implies that the states in H3 all have zero norm. 


(c) Show that the scalar product between states in H2 and states in H3 is also zero. 


Remark. If we select the physical states by imposing the condition 


OlWpnys) = 0 (9.77) 


then the physical state is generally of the form 


IV pnys) = |W3) + |v) where |y) € H3, |W2) € Ho. 


The results in (b) and (c) will imply that 


I pss pays) = (3l + (Wal) s) + W2) = (3143). (9.78) 


This means that the zero norm states in H2 will not contribute to physical matrix 
elements and all important physics are contained in the space H3. The presence 
of Hı and H2 is to maintain the Lorentz and gauge invariance. This is exactly 
analogous to the Gupta-Bleuer quantization formalism of QED. 


Solution to Problem 9.8 


(a) We can always separate the eigenstates of H into two categories: (i) Qv Z0 
and (ii) Qw = 0. The first category (i) is just the space H1. In the category 
(ii), we have two possibilities: it can be written in the form v = Qy”, so that 
Ow = Q^vy' = 0 (this corresponds to space H2), or it cannot be written as Ow’ 
but has the property that Oy = 0 (this corresponds to space H3). 


(b) (Wal Vos) = (Wial Qoo) = 0 (9.79) 
because 


Qly) -0 and |W2a) = Ql Wia). (9.80) 


(c) Qoa rao) = (Wial Ivo) = 0. (9.81) 


10 Quantum chromodynamics 


10.1 Colour factors in QCD loops 


In QCD loop calculations we often encounter the some SU, (3) group theoretical 
factors. In this problem you will be asked to calculate such factors for the general 
case SU (n) rather than the n = 3 special situation of three colours. 

In the quark loop diagram of Fig. 10.1(a), we have the trace factor for the 
quadratic product of 


Tr (TTR) = b(F)Sap (10.1) 


where a — 1,2,..., (n? — 1) and Tg stands for the SU(m) generator in the rep- 
resentation R. For the present case of the quark loop, R is the fundamental repre- 
sentation F, 


TES us (10.2) 
F7 2 2 E 
with (A^) being the usual n x n hermitian traceless matrices, and the above trace 
becomes 
x), ^ 
= ab- E 
Lj 2/4 N2/74 2 
where i = 1,2, ...,n. Thus the trace factor h (F) = 1 normalizes the (bare) QCD 
coupling g. 


(b) 


(c) 
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In the quark self-energy diagram of Fig. 10.1(b), we encounter the group theo- 
retical factor of 


do (TETE); = CoP (10.4) 


a 


where C2(R) is the eigenvalue of the quadratic Casimir operator in the represen- 
tation R. For the present case of quarks in the fundamental representation, we 
have 


10725); 2 CX). (10.5) 


[Here we are following the more commonly used notation of C2(F), rather than 
s5(V) as in CL-text.] 

In the gluon loop of Fig. 10.1(c), the sum over colour indices can be represented 
either as a trace, like eqn (10.1), 


Tr (T4T4) = t3(A)8e, (10.6) 
or as a Casimir operator, like eqn (10.4), 


XO (ry. = 0008 (10.7) 


a 


where T{ is the generator in the adjoint representation A, as is appropriate for the 
gluon gauge field, 


(TX, m Clie (10.8) 


where Cape is the structure constant of the SU(n) algebra. Since Cabe is totally 
antisymmetric, it is clear that the above two expressions are equivalent: 


(A) = C(A). (10.9) 
(a) Show that for SU(n) the value for C2(A) is 
C2(F) = E. — 1). (10.10) 
2n 
(b) Show that 
CX(A) =n (10.11) 


which is denoted by f (V) in CL-text. 


Solution to Problem 10.1 
(a) From the identity CL-eqn (4.134), 


1 
yam (Aa)u = 2 (so — zu) ; (10.12) 
d 
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we get 
1 
Aada)il = Aadi; Aa) jt = 2 | 6516 ik — — ôi | 0; 
2 Jü à HC (sos * i) jk 
1 2(n? — 1) 
—2|nói ôi | = Oil. (10.13) 
n n 
Thus 
arpa 1 (n? — 1) 
> rere], =o uA i5 (10.14) 
Namely, 
l 2 
C5(F) = — (n° — 1). (10.15) 
2n 


(b) From the SU(n) Lie algebra 
da À Xe 
Iz. >] = iget (10.16) 
2 
and the normalization 7r(A,A,) = 26,5, we can write 
cw = PEU ay (10.17) 
Then we have 
acd mbcd 1 
CU c = -gg 04b». AD TrO a Da. Ac] 
1 
= -1g00u [Ab Ac] ji Aarla, c is - (10.18) 
Using the identity (10.12), we get 
acd bcd l 1 
CHE Ce — — gio, Xella, Ac) — —Tr([Ao, Ac) Tr(Ag, Acl). (10.19) 
n 


The second term vanishes because 7r([A, B]) = 0 for any two matrices A and B. 
Thus 


acd mbcd 1 
CA CST = ea roads — ÀcÀp) (Aadc — Aca)] 


1 
= =T (ApAcAaÀc — ApAaAcAe — ApÀcAcAa 


zt: AcAbAcAa) . (10.20) 
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The first term can be calculated as 


Ist term = Tr(ApAcagac) = (Ap)ij (Ac) jk (a)ri Oc ei 
1 
= Qui Aa) x2 (su — Landu) 
2 4 
= 2Tr(àp)Tr(àa) — —Tr(ApAa) = ——ôab, (10.21) 
n n 


and the second term is 


2nd term = Tr(ApA4AcAc) = (Ab)ij Aa) jk Ac)ki Aedii 


1 
= (Ap)ij Aa) jk2 c = 1) 


2 1 
= 2nTr (Apa) — —Tr(Apda) = 4 (» = =) Sap (10.22) 
n n 


Similarly, 
1 4 
3rd term = 4 | n — — | ôab, Ath term = —— 6,5. (10.23) 
n n 
We then have 
1 4 1 
CECI Lu | 4 ( ) Sab = Nôab (10.24) 
8 n n 
Namely, 
C(A) = f(A) =n. (10.25) 


10.2 Running gauge coupling in two-loop 


In QCD, the 6-function in two-loop is of the form, 
B(g) = —Bog? — Big? +- (10.26) 


where 


d 11 an d ae 102 2y 10.27 
naga N a E vm). Qm 


Show that the effective coupling constant g defined by (with t = 5 In Q?/12) 


dg(g, k TY 
EED gg, with g(g,0)—g (10.28) 


can be written as 


m M 1 | fi InIn(Q?/ A?) 5 
E Bo in(Q2/A2) B In(Q2/A2) 


(10.29) 
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Solution to Problem 10.2 
The effective coupling is defined by the equation 

icc nui iets E 
ar Pe eg -Pig (10.30) 
Let us introduce à = g, then 


dà 


T ERE (Bod? + Bia?) (10.31) 
or 
1? dx 1 
fa = f 2 (10.32) 
2Jg A^ (Bo + Bid) 
or 
1 1 Bi, Boc bay 
t= + — In ; 10.33 
2 | BoA Bo A g i ) 
Write t = 1 In Q?/u?, then we get 
1 1 22 2 
Bo In Q? — fln yu? = = — = Bi n (Por Bis ) In (for Bas ) l 
gg fo 8 8 


Combining all the Q? independent terms, we define the scale parameter A by 


1 Bo + Big? 
Boln A? = Bo ln u? at A In (fo E 18") (10.34) 
so that we have a simpler relation, 
S + Big? 
Bo In e =- f n o SR ) (10.35) 
$ 0 $ 
We can solve this for g? by iteration. To lowest order in g, 
1 Q? 
g : — foln AP (10.36) 
The second factor in eqn (10.35) can be approximated as 
(Bo + fig?) Bo 2 2 
NER T C Pita ~In Bi + Éo ln 5 
2 2 
~ InIn 2 for large jd (10.37) 


To next order in g, we have 


o? (5 eh " IE) 


z = Boln t7 + Bo In In In = fd In(Q3/A3) 


A2 
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or 


-2 1 | Bi EM 


= 10.38 
8 = (Bin 027A || #2 QUA) ee 


10.3 Cross-section for three-jet events 
Consider the process (see Peskin and Schroeder 1995 for further discussion) 
e* (p) +e (p) > aki) + q(6) + ga). (10.39) 
(a) Show that the three-body phase space can be written as 


B dki d'k; — dk 
~ J (27)32a, Qx2o» Qx 2o; 


p Qz)'5 (q — ky — kz — ks) 


q? 
zo dud 10.40 
el iru: ui 


where x; = 2k; - q/q?, with i = 1,2,3 and qu = p, + p,,. Find the region of 
integration for x; and x2, for the case where quarks are massless but gluon has a 
mass u. 


(b) Show that the amplitude for this process can be written as 


M = e'g[i(p)y"up)] [40 5) Aru v (2)]5^ (3) Og (10.41) 


1 
(q? + ie) 


with the fractional charge of the quark Q, = 2/3 and Q4 = —1/3, etc., and 


Ay Yu + Yu (10.42) 


ESI 1 
ER UU prb 


(c) Show that, in the limit of massless quarks and gluon, the differential cross- 
section can be written as 


d?o Ax o? a x2 + x2 
= 80? (— uu 10.43 
dxidxa 3s 82: (a) [a -x al ( ) 


where s = (p + p". 


(d) Show that in the integration over x, and x2 there are infrared divergences as 
u — 0, corresponding to configurations where the gluon is collinear with the 
quarks, q or q—the collinear divergence. 


Solution to Problem 10.3 


(a) Integrating over the three-dimensional ó-function, we get 


Ak, d?k; 
(2z:)5201205205 


p= 5(go — @| — €» — @3). (10.44) 
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Choose a frame such that q = 0, which gives k, + k2 + k; = 0. The gluon energy 
can be written as 


os = [i + 83] ^ = [u? + d + k^] ^ (10.45) 
or 
c =u +k +k? +2kikocos® — w3da3 = kikod(cos0) (10.46) 
with 0 the angle between k; and k2. Also, 


d^k, d°ky = (4) (27) d(cos 0)k? dk k5 dk; = 87703 dw3@ daw de» 
(10.47) 


where we have used w; dw; = k; dk;. It then follows that 


8x? [5525 do,0» do» 


= Ons (qo — € — €?» — w3) 


g So Duo 


1 
= zs] ^o ó(q — wi — €» — v3)do de» = zs ^ do» 


For q = 0, we have 


2ki-q 2a, 4 
i= 7 = => dx\dx,= do do» (10.48) 
q qo do 
and 
q? 
= —— | dx, dx. 10.49 
p= age J ee ane 


From o, = (m? + ku the minimum for x;is 2m /qọ which goes to 0 for m = 0. 
Similarly, @3 has a minimum at k = kı + k2 = 0, which implies that c, = «c», 
and recall, for a massive gluon, the minimum is at w3 = u. It is easy to see that this 
configuration gives a maximum value for c, or w2. From energy conservation, 
the maximum for o is 


qo = 014-052-0903 = ud 204 or 2w; =qo— u 


or 
e Ea (10.50) 
qo Vg 
Thus the range of integration is 
danean ie, (10.51) 


NER 


10.3 Cross-section for three-jet events 


(b) 


Fic. 10.2. Gluon bremsstrahlung in e*e~ annihilation. 


From the Feynman rule, the amplitude is given by 


M = —i[v(p')(—iey,)u(p)] [ice igy) 


1 
(q? + ie) 
x —— —- (-iey")u(ko) + (ki) (—iey") 
ki +k 
x page Q,&€ (ks) 
2 

Sip yup) Ilka) Aika) le* (ks) Og 

with 


—1 1 
A Vg Yu + YY, 
eames M P Ma E e 
(c) We can write 
je es Ko +k3 
Vu + Vu Va 
Y n + by. "(ky + k3)? 


The denominators can be simplified: 


(ki - k3)? = (q — ko = q? — 2k -q = q*(0.— x2) 


Niu = 


and 
(ko + k3? = q°(1 — xi). 
Then 


Ap = y Gir Ev, + 


-1 1 
q*(1 — x2) q’ (l — x1) 


The differential cross-section is then 


-2 IM Pk Pky ak 
"xL p’) (2x20, (2215205 (xt 320 


E 


x a — kı — kə — ks) 


2 
= 3G 2 s ime)» with p= es | an dx. 


spin 


Yu 2 +k3)y. 


195 


(10.52) 


(10.53) 


(10.54) 


(10.55) 


(10.56) 


(10.57) 
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The calculation of the matrix element is straightforward but tedious. After using 
the relation 


kai Kap 
o 


eG. k)eg(s k3) = — Bag + (10.58) 


(the k3,k3, term in the photon polarization sum will not contribute because of 
gauge invariance) we have 


1 2 1 etg? / 
4 r3 IMI = z ( q^ ) Tr (p Yup Yr) Tr (K Aah 2Ayi) 


spin 
4,2 
eg i 
= "m 1,,G" (10.59) 
where 


lu, = Tr(B'yu v.) =4 (Pu Pv Pup, — 8p: p) —— (10.60) 
GY” = Tr (K1 Aruk 2^). (10.61) 


Writing the three-body phase space as 


2 
s uus | an dx) = [as (10.62) 


we have 


1 j " f etg? 
Ja 2 IM} = kluw I G"'do, with k= FS (10.63) 
The gauge invariance implies that 

gaa? =0, q,G"" — 0, q,I"" = 0, ql” — 0. (10.64) 


The tensor G^", after the integration, can depend only on q,,. Thus, 


I G"dp, = (s. - et G(q?) (10.65) 

or 
2 1 v 
G(q^) = 3 G""g, dps (10.66) 
and 
y v 1 a, 
Inv [ 6" dps = d (su - P. )e« = lwg” sfe P 5 dp. 

From eqn (10.60) we have 


lwg” = —8p': p = —4q”. (10.67) 
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The quark tensor is somewhat complicated: 


G = G^? gup = [r (4 iAauk 2AM) 


1 
Zd-35^ 02 + 24 


—1 
= rfe, EL + Ķ3)yu + Za 


ae À M P X 
b tht aureo. 


(ad 
(10.68) 
The trace in the term containing (1 — x»)? in the denominator is 
Tr iyi E y Koy" hi E y^] 
= —2Trlb i (Ki E)y,Koy" Ki + K3)) 
= ATr( WE 3k 20k 3) = 16Q a - Kx) (o - K3)) 
= 8q*(1 — x1)(1 — x2) (10.69) 


where we have set KB = 0 and used the relations 
1 1 g^ q? 
ki -k3 = 204 + k3? = -(q = k)? = (1 — ko. kz = — (1 — xı). 
1: k3 zí 1 + k3) 54 2) 7 x2), 2: k3 zí xı) 


It is clear that the trace in the term containing (1 — x1)? in the denominator is 
exactly the same as above. The trace in the term containing (1 — x2)(1 — x1) in the 
denominator is 


-Trik iy Qi Ey oy (Co + kay") 
= 2Tr{k i oyu Cy + K 3002 + E y") 
= 8(kı + k3) - (k2 + k3)4ky - k2 


= 
= 32(kı - k2 + kı - k3 + k3 ka) FU ugs) 


= 8g^[(1 — x3) + (1 — x2) + (1 — x1] — x3) 
= 8q4(1 — x3) = —8q4(1 — x1 — x2) (10.70) 


where we have used 
2(ki--ko-ks):q — 24? 
q?’ q? 


xi + X2 + X3 = = (10.71) 


Putting all these together, we get 


é=3{ E (1 — x2) 2(1— xı — x3) | 
C=) -x) (-x)ü-x) 
ren 8 2 2 
we gero ro Peu eq 
BaT +x) 
= ie x e 10.72 
(1 — xi — x) ( ) 
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The differential cross-section is then 


etg? a 8(x2 + x2) Gs 
do = dxd 
7 m agi 2) da xiu — x2) i Moe 39 
20°a? , 8(x7 + x2) 
= A dx, dx». 10.73 
3q? MU nm SIEG) 


Remark. There should also be a colour factor of 


2 Tr (s *) = iD baa = 4. (10.74) 


We then have 
do Boas g BOTH) (10.75) 
dx, dx2 3q?2 711 — x) — x2) 
(d) The range of integration is 
m 
0 < x, x2 < 1- ——. (10.76) 


VE 


Thus as u — 0, the upper limit approaches 1 and the integrations over x, and x» are 
infrared divergent. [For the case u Æ 0, this gives terms of the form (In u? /8?)?]. 
The region x, — 1 corresponds to a configuration where the quark g has maximum 
energy while q and gluon both are moving in the same direction, i.e. q and gluon 
are collinear. 


10.4 Operator-product expansion of two currents 


Consider the operator of the form 


tuv(q) = / d^x e* T (J (x) J,(0)) (10.77) 


where J,, (x) is the electromagnetic current. The operator-product expansion can 
be written in the symbolic form as 


tuv(q) ~ 2. C; (q)O' (0) (10.78) 


where C A ” (q)s are the Fourier transform of the Wilson coefficient in the coordinate 
space and the local operator has the general form of 


Qe iq (10.79) 


which is completely symmetric and traceless in (41415: HUn). The dimension of 
the operator is d, and spin is n. 
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(a) From dimensional analysis, show that we can write the forward matrix ele- 
ments as 


(p. s|OL 17 "^ (0)|p, s) = M^"? S[p^ p? ... p^]o,y (10.80) 


(p, SIOP P *(0)I p,s) = MISI php" lois (10.81) 
where subscript V means that the operator O7 7^ "" (0) has the same parity as the 


product of n polar vectors, e.g. x"! x? --- x"", while A denotes the axial type of 


operator oO "^ (0) which has the same parity as the product of one axial vector 


and (n — 1) polar vectors. The state | p, s) has momentum p^ (p? = M?) and the 
polarization is described by a polarization vector s“ and is normalized as 


(p^. s'|p, s) = 2E 9, Qx) 9 (p — p). (10.82) 


The operation S[- - - ] projects out the completely symmetric traceless components. 
Also ov, na are dimensionless constants. 


(b) Show that the corresponding Wilson coefficients, which give the leading con- 
tribution in the scaling limit, have the structure 


cpg) = =g” Sl" q" -q (qC) — 0083) 
for the F structure function (see CL-Chapter 7 for the definition), 
Cyt tng) = gn gie Sigingis gig? yO“ Cong) (1084) 
for the F structure function, and 
C3 EH (q) = BMS [aug «ght (cq) ^ Can(g) — 0085) 


for the gı spin-dependent structure function. C;,,(g)s are dimensionless numbers 
depending only on the coupling constant g. 


(c) Show that 


L\" /—g2\ emn 
Cin (q)(p,s(Or v^ Op, s) = —g"" (=) ( "E ) (10.86) 


v n—2 2\ (—d+n)/2 
mis dns pip? (1 —4q 
C3” g)(p, s|Ony "(0)p,s) = (2) (=) 


M2 
(10.87) 
Solution to Problem 10.4 
(a) From the normalization of state 
(p. s|p' s) = Qzy'8' (p - p')2E, (10.88) 
we see that the physical state |p, s) has dimension —1. Thus the matrix element 


(p.s|Oz v^ "" (0)|p, s) has dimension (d — 2). Since p, is the only polar vector 
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this matrix element can depend on, the Lorentz indices 44 - - - un in O4, y are taken 
up by p! p^! ..- p». The term of the form g^? ps p/^ ... p/» is not traceless 
and will give a non-leading term in the scaling limit. From these considerations, 
we see that the general structure for the matrix element is 


(p, s1054 (0)|p, s) = M^"? S[p^ p? . - p^] y (10.89) 


where o, y is a dimensionless constant. The matrix elements of the axial operators 
can be obtained similarly. 


(b) The Wilson coefficient of the operator O7 ^ "" (0) must have the Lorentz 
structure Cyyyjp5---u,- Since J,,(x) has dimension three, we see that t,» (q) has 
dimension two. Since O^ ""(0) has dimension d, the Wilson coefficient 
Cuvuius--u, (4) Will have dimension (2 — d). The structure functions Wi, W2, and 


G; are defined by 


1 PuPv a, B 
jy P S|tuv IDs s) = —8uvl\ F M? T + EuvapS 4 Git: (10.90) 
and 
1 
W; = —ImT; and gı = ImGi. (10.91) 
T 


Thus for structure function W4, the Wilson coefficient is of the form 
cp tng) = =g” Sigg -o qg” gC nE) (10.92) 


where Cin is a dimensionless constant and can depend only on the coupling con- 
stant g. 
Similarly, for the structure function W2, the Wilson coefficient is of the form 


(Hs (q) = [g^ gom S[q^q"* . . q (=q?) 
+ permutations} C», (e). (10.93) 


For the spin-dependent structure function G; we have 


CG) = fee Sigua a qui oun) e T TE 
+ permutations} Cs, (2). (10.94) 


(c) Combining the results in (a) and (b), we have 
cee" (a)(p, sO v^ "^ (0)|p, s) 


m —g" Siq" q” A q” (=q CMI" SE pu Pu C Pu, lov Cin 


d ae (2—d-+n)/2 
= — gh ( ps) ( af ) + trace em. Any Cin 
1 n —q? (2—d+n)/2 
gi” |) ( M? ) Tee | Oy C1. (10.95) 
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Thus for twist-2 operator (recall twist is difference of spin and dimension, d — n), 
we have 


1 n 
Wi(q?, v) = Fi q) = M (=) oy Cin. (10.96) 


Similarly, 


Cy P^ (up, s[Oz v. "^ (0)p, s) 
"HAT 1 n—2 , ___2\ (-d+n)/2 
= ET (<) (55) Os y Cos 


10.5 Calculating Wilson coefficients 


Since the Wilson coefficients are independent of processes, we can choose some 
simple external physical states, e.g. free quarks, to calculate these c-number coef- 
ficients. 

The quark Compton scattering to lowest order in o, is given by the diagrams in 
Fig. 10.3. 


(a) From these diagrams, compute for massless quarks the amplitude 
Myv = (p. sltuv(q)]p. s) (10.97) 


where 
tuv(q) = J fee TQ, y). (10.98) 


(b) For the operator-product expansion in the form 


tav(q) ~ X` Cf" (4)0 (0), (10.99) 


there are two sets of flavour-singlet twist-2 operators, 


i"! 
Oys (x) = aa {q(x)y"! D"? ... D!"q(x) + permutations} 
;n—l 
OS (x) = PEPT [a Gy" ys D? - -- D'^g(x) + permutations} . 
v u v u 
q q q q 
p » » p p b Uu > p 


Fic. 10.3. Quark Compton scattering. 
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Show that the matrix elements of these operators between quark states are given, 
to lowest order in o, by 


(q(p, S))OV S ""|q(p, s)) = (p^ --- p^) 
(qCp, s)IOT S ""|q(p, s)) = h(p"! -.. p^») (10.100) 


where A is the helicity of the quark state q (p, s) and is related to the polarization by 


u(p, s)yuysu(p, s) = s, = 2hp,. (10.101) 


(c) If we write the operator-product expansion as 


tuv(q) = | [era q") com ce» 


1 


(ns) : HA HE 
Cai Cy5 + permutations! Oy's 


(g^! gg) don qh") 


+ |: eO qi e + permutations pp 


(—q?)" 


compute the Wilson coefficients to lowest order in o; (i.e. in a free field theory). 


Solution to Problem 10.5 


(a) From the Feynman diagrams in Fig. 10.3 we can write the amplitude 


HED pup, s) iaip s) eBay.) 


Minus qa n (p 
(10.102) 


We now want to express this in terms of q? and o = 2p - q/(—q?) = L, We can 
expand the denominator as follows: 


: ! : : »» n (10.103) 
= = = eo. " 
(p+?  2p-qq^ Pal- q^ 
Similarly, 
! I Y* 1o" (10.104) 
= e. e 
(p-4y» eA 


In the first term we have 
u(p, S)Yu (ØP + d)yeu(Cp, s) = uCp. s)Lrud Yv + 2Yupvlu(p, s). — (10.105) 
Using the identity CL-eqn (A.17), we get 


Yuh Yv = 9" (Bua Yv + Eva Yu — EuwvYa + i£ pva Y^ ys). (10.106) 
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From the properties of Dirac spinors, we get 

u(p,s)yu,u(p,s) —2p,, —— u(p,s)yaysu(p,s) = s, = 2Pyh, — (10.107) 
where s,, and A are the polarization and helicity of the quark state. Then 


UP, S)¥u(P + d)yvu(p, S) = 4Pu Pv  2puqv + 24u Pv — 28uv(P : q) 
+ 2i£, 4,0" ph (10.108) 


and the first term in M,,, is 


2< n $ a 
MO = Zz Y; o" [2Pu Pv + Pod» + du Pv — £k ` 9) itis a" p^ h]. 
n=0 
(10.109) 


To obtain the second term from M(') by the substitution u <—> v, q > —q. 


2< non 1 g 
MQ = Zz C D'o" [2 Pp Pv — Puto — du Pv + Suv(P : q) + iE wang’ p^ h]. 
n=0 
(10.110) 
The total amplitude is then 


—2 oo oo 
My = = pn Uu "lo" + gwp a) Y - C D']on 
n=0 n=0 


oo 
+ iens d" P^ Y CD" dol ++ | (10.111) 
n=0 


(b) Consider the simplest case n = 1, where we have the operator Of s= id y"q. 
To the zeroth order o, the free field theory limit, we can expand q(x) as 


d? 4 
q(x) = f MÀ L yglb(p, se I "up, s) de d' (p, s)eP* v(p, s)]. 
[Qx32E,] 
(10.112) 
It is then easy to see that 
(q(p. Ov sla(p. s)) = 5(aCp. say" alat. s)) 
= 3u(p.s)y"u(p,s) = p". (10.113) 


Also to order al, the covariant derivative D, is the same as the usual derivative 9, 
and each gives a factor of p,,. Thus we get 


(q(p, s)JOV $^ ""|q(p, s)) = (p^ ..- p), (10.114) 
For the axial vector current it is easy to see that 
3a. say" ysqla(p, s)) = up. s)y" ysu(p, s) = hp" (10.115) 
and 


(q(p, 910457 “la (p, s)) = h(p^ «+> p^). (10.116) 
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(c) Taking the quark matrix element of t,» (q), we get 
(4 (P; S)\tuv(Q)14a(P, 8) 


= [emaa REPET gm 


1 
(ns) 
Cay Dn 


Hn 1 co» i 
Cane v2 + permutations | Py, Pus *** Pun 


F Buu 8vm d^ Ubeq (—q 


F [esta seg en) om st D hpu, Pmt Pu 


(—q 2 ub 
pe Bob (i) + PuPv E A ;Cv2 
1 n-l 
+ h£yuvopq" P  (: ) = 2) (10.117) 


Comparing this with the Compton amplitude given in (a), we see that 
cy) =-2U-(-)"], Cy) = -211 + (- "1, 
ce» = —2[1+4+ (-1)"]. (10.118) 


11 Electroweak theory 


11.1 Chiral spinors and helicity states 


The Dirac spinor in momentum space can be written as, 


1 
«o = V2 ( o-p e (11.1) 
E+m 
where (ø - p)x+ = +x+ with p = p/|p|. Show that the left-handed and right- 


handed spinors given by 
ur(p) = $0 — ys)u(p, —), ur(p) = 5(1 + ys)u(p, +) (11.2) 


are eigenstates of the helicity operator A = s - p in the massless limit, where the 
spin operator is of the form 
1 o 0 
ZEE 3 (11.3) 


Note that the same calculation should also show that the other two combinations 
I + ys)u(p, —), I — ys)u(p, +) (11.4) 


are identically zero in the same limit. 


Solution to Problem 11.1 


In the standard representation, we have 


0 1 
n= (( 3 (11.5) 


Thus 


uL(p) = 30 — ys)u(p, —) = 


ll 
NIB 
Lem 
ll 
uM 
| 
Exi 
See 
wem 
2 
"S 
Nie 
x y 
í — 
ll x 
Nie 
Lom -L 
les) NT 
m+ an 
JE 
iecit d 
. = 
| RIT 
ea Noe 
M x 
x i 


E 
1 
7 (Sos (11.6) 


206 Electroweak theory 11.2 


where we have used E = p for the massless particle. Similarly, 


ug(p) = 30 + ys)u(p, +) = (1) X+- 


Then 


-p 0 
i-i : 2] E 
=: ey (o: f)x = —4uz(p). 


Similarly, we have 


Aur(p) = 5ur(p). 


11.2 The polarization vector for a fermion 


(11.7) 


(11.8) 


(11.9) 


For a particle described by a spinor u(p, A), we can define the polarization four- 


vector s, (p, A) as 


IY s 
Su(p, A) = 5, X^ X)yuysu(p, A). 
(a) Show that 
s-p=0. 


(b) Calculate s,, for the particle at rest (p = 0), with 


(c) Show that 


(d) Suppose for a particle at rest the polarization vector is given by 


s"^—(0,59 with 5 -l. 


(11.10) 


(11.11) 


(11.12) 


(11.13) 


(11.14) 


Show that in the frame where the particle moves with momentum p, the spin vector 


5" is given by 


gee perp p(n: p) 


m (E +m)m` 


(11.15) 
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Solution to Problem 11.2 
(a) Through a simple application of the Dirac equation, we have 
be c. 1_ 
s: P => UCP, AP ysu(p, A) = zü(p, Xyysu(p, X) (11.16) 


or, alternatively, 


1 1 
s:p= 5, P A)ysC- P)u(p, X) = —zu(p, X)ysu(p, A). (11.17) 
m 2 
Thus s - p = 0. 


(b) For a particle at rest, where we have u(p, A) = 4/2m (4) x, p^ = 
(m, 0,0, 0), and s - p = 0, we get 


$9 —0 (11.18) 


and 


1 
s = —u(0, A) yysu(0, A) 
2m 


" 1\ (1 : 
-xia.o (9 Ji E 3) (5) X. = X19 (11.19) 


Thus sı = s2 = 0 and 
1 fi 
AR | un (11.20) 


This means s is in the direction of the spin. In this simple frame we have 


s” = (0, 0,0, +1), Se (11.21) 
(c) The spin vector 
r 
Su (Pp, A) = og P X)yuysu(p, A) (11.22) 


transforms as a four-vector under Lorentz transformations. Thus s? = s“s, is a 
Lorentz scalar and s? = — 1 in all frames. 


(d) Since ņ and p are the only vectors in the problem, we can write 
s=an-+ bp, a and b are constants. (11.23) 


Since we are givens = 7 when the particle is at rest at p = 0, we must havea = 1. 
From 5 - p = 0, we get 


1 1 
= by) ieee bp? 11.24 
S0= = at p): P gz” p p^) ( ) 
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and the condition s? = —1 can now be written as 
s—s = sê — (n + bp)? = 1. (11.25) 


Using eqn (11.24), this leads to 


Or p+ bp’)? = (+ bp) -1 (11.26) 

or 
b? (E? — mm? + 2b(q- p)m? — (n - p? = 0, (11.27) 

or 
[m(E — m)b + (3 - p)|[m(E + m)b — (1 - p)] = 0. (11.28) 


This gives the solution 


(n: p) 
= —__—.. 11.29 
m(E +m) ( ) 
(The other solution does not go to zero as p — 0.) Thus we have 
pi: p) 
= —————. 11.30 
ST Ed nm E 


11.3 The pion decay rate and fr 


The decay 7* — yt + v, is described by the effective Lagrangian for the four- 
fermion interaction 


G 
Lu = = 0086. [a^ — yod] [fer (l= vov]. (11.31) 


(a) Show that 
(Olay,d|x* (p)) =0 (11.32) 


because parity is conserved in the strong interaction. 


(b) Show that the general form of the axial vector current is given by 
(lay, ysd|z* (p)) = i2 fa Pu (11.33) 


where f; is the pion decay constant. 


(c) Calculate the decay rate for rt — pt + v,, and use the measured lifetime 
t, = 2.6 x 10^? s to determine the constant f 


(d) Show that as a consequence of the V—A theory, the amplitude for the decay 
m* — u*v, is proportional to m, , and to m, for m > e*v,. 
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Solution to Problem 11.3 


(a) The parity conservation of the strong interaction implies that 
P(y,d)P =uy"d, | P\x*(p)) = —In* (-p)). (11.34) 
Thus the matrix element 


(Oli y,d|x * (p)) = (OPP (üy d) PPr t (p) 
= — (0luy"d|z* (—p)). (11.35) 


This means that for the time component, we have 
(0| yod|z * (p)) = — (Oliyod|z * (—p)) (11.36) 
Or 
(Oityod |zt * (p = 0)) = 0. (11.37) 
For the spatial components, we get 
(Oli ydir" (p)) = (Ola yd|z * C- p). (11.38) 


This matrix element is a three-vector under rotation and the only three-vector this 
can depend on is p, which changes sign under parity. Thus 


(04 yd|z * (p)) = 0. (11.39) 


In essence, this argument simply says that since zr is a pseudoscalar, the matrix 
element of vector current (0|ity,.d zr * (p)) is an axial-vector while the only vector 
it can depend on, p,,, is a polar vector. Therefore, this matrix element must vanish. 


(b) Using the same argument, we see that (0| y, ysd |t * (p)) is a polar vector and 
has to be proportional to py: 


(0i y, ysd|x * (p)) = iV2 fr Pu- (11.40) 


(c) The matrix element for the decay is of the form 


es iF cos 0, (Oli y, ysdl* (p))B(ka)y#(1 — yu) 
GF fs a 
2 A Opa vut) 
GF fr 


= JA cos 0. m, v(k5)(1 — ys)u(ki) (11.41) 


where p = kı + k2, with kọ being the momentum of the muon. Note that this 
matrix element is proportional to the lepton mass m,,. The decay rate is then 
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given by 


T= 


1 ak, Ëk 
— | Qn)*8*(p—ki —k d 
2m; J (Or) è (p — ki - kh) Ge, Ox 2E; 2 MI 


spin 


and 


p» IMI? = G} f? cos? Oem? Tr[ E 2 — my — ys) (d + y3)] 


spin 
= G5. fz cos? 6em? 8(ki - kz) 
= 4G; f? cos? 0m? (mZ — m2) 


where we have use the relation 


2(ki + k2) = (kı + k2) — ke — k =m? m?. 


The phase space can be calculated easily to yield 
d?k, dk 
(27) 2E; Qx) 2E»; 
1 f & E, — Ej) dk, 
=". My . 
Or)? [T On PAE E; 


For the pion at rest 


p= / (27r)*8*(p — ky — ka) 


po = ms, kı +k = 0, ak, = An k]dky = An E2d Ei, 


1/2 
E; = (mj, + k3)'? = (mp + Ej) . 
and 
1 1/2] Eid E; 
zt EE e LEGE 
ong [ile mn] E 
Let x = E; + (m2. + E7)'”?, then 
E\dE 
dx = dE, — 5 
(m2 + El) 
dE 2 xdE 
= — 8 1/2 ES (mà + E2)" | — oes Sh 
(m2 + E) E» 


and 


1 fx JE dx 1 Ei 
= — mg — xX = ; 
a 4r : X Az m 


(11.42) 


(11.43) 


(11.44) 


(11.45) 


(11.46) 


(11.47) 


(11.48) 


(11.49) 


(11.50) 
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For x = mz, we get my = Ej + (m2 + E1)!? or E, = (m2 — m2)/2m;. The 
phase space is then 


1 m2 -m. 
Bet n (11.51) 


The decay rate is 


PEE 
r= i Gem) mi) 4 f2 G, cos? Bem’, (m? — m?) 


X T 


2 
G2 m? 1 
= — fmm, ( = =) cos? 0, = —. (11.52) 
T m T 
Substitute in the pion lifetime, the Fermi constant, and the Cabibbo angle, etc., 
and we can deduce fy = 0.66 m; ~ 90 MeV. 


(d) In the V-A theory v, is left-handed and u* is right-handed. In the limit 
m, = 0, u* has helicity 4. Thus in the rest frame of z*, u* and v, come out 
back-to-back and the total spin along the direction of tis +1 (see Fig. 11.1). 
However, 2+ has spin zero. Thus this decay is forbidden in the limit m,, = 0 and 
the decay can proceed only if m,, Æ 0, see eqn (11.41), in which case right-handed 
u` is not a pure helicity state. 


p 2 iE yN 
T(r* > e*w) = (2) h (mem) |- 1.23 x 10%. (11.53) 


T(t > tva) My 1— (m2 /m2))° 


Thus, pions decay predominantly into muon leptons rather than electron leptons. 


Remark. If we use the same analysis for the charm meson decays, the results are 
very similar: 


+ 2 T, 7 2 : 
PRY vw) _ (=) (1 Gift) ~ 17, (11.54) 
T(F* > u*v,) My (1 — (m?,/m;,)) 


(Dt > ttv) | (ty E -Z ig ~ 2.5 (11.55) 


(D+ — tvp) | Xm, (1 — (m2 / m3) 


Note that leptonic decays of Ds are suppressed by sin? 0,. 


u* v 


— 4— 


Fic. 11.1. z — u*v decay would be forbidden in the m,, = 0 limit. 
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11.4 Uniqueness of the standard model scalar potential 


The usual SU(2)w x U(1)y scalar potential for the standard model is of the form 


Vo) = -upp +A 9? (11.56) 


y 
D (f): (11.57) 


(a) In principle, one can also have an SU(2)w x U(1)y quartic invariant of the 
form 


with 


Vi (4) = Ai($' v9) - (9! 19). (11.58) 
Show that this quartic term can be reduced to that in V ($) of eqn (11.56). 
(b) Show that another quartic term 


Vap) = 25 D> (Pt TE) (it tA) (11.59) 
a,b 
is also reducible to that in V ($) of eqn (11.56). 


Solution to Problem 11.4 


(a) Writing out the components 


(oto): ($14) = Y (67 4)) (o) DOD (Tet (11.60) 
i,j,k,l a 
and using the identity 
1 
Soi (Tu =2 e = jy) i (11.61) 


we obtain ($5 v9) - (6! r$) = (#9). 
(b) We can use the identity in eqn (11.61) to derive 


Diet? ig Yet m$ Go m Cn Gu 
a,b 


a,b 


1 1 
=2 (anid = indie 2 (ss xs pw) 


1 1 1 
=4 (sus — 73 bid jk = 55ix9u + jui) 
= (Sô ôi; — 4óiió jx). (11.62) 
Thus we have 


Toti tooit to) = (oy. (11.63) 
a,b 


11.5 Electromagnetic and gauge couplings 213 


Remark. Clearly we can generalize this result to the more general case of vector 
representation in SU (n), e.g. 


" à 4 lx 2(n—1 " 
(H AP) AQ) = 2 |o - LU = 20 — D ey. (11.64) 


n 


by using the identity 


1 
Sea AD = 2 (sas m Liu) ; (11.65) 


11.5 Electromagnetic and gauge couplings 
In the more general case, the interaction of neutral gauge bosons can be written in 
the form 
£y => gi" AS, (11.66) 
i=l 


where g1,..., g, are gauge coupling constants, J lu., J" are various neutral 
currents, and A/, are the neutral gauge boson fields, which are gauge eigenstates. 
Suppose A, is written in terms of mass eigenstates as 


Ai = p» Si Wi (11.67) 
i=l 
where S is an orthogonal matrix with property 
yam = bab, XO SiaSja = i. (11.68) 
i=l a=1 


(a) Show that the electric charge e is related to the gauge couplings by 


ER 
Sl c (11.69) 
2 
e j=l NSj 
where cjs are the coefficients of J'^ in the electromagnetic current: Je 


X c; Jj, or in terms of the charge operator, Q = 256; Y! with Y! = f Px. 
(b) Use the result in eqn (11.69) to derive, in the standard model, the relation 


e = g sin ôw. (11.70) 


Solution to Problem 11.5 


(a) The neutral current coupling can be rewritten as 


y= Y el Al = V gi J” Sia Wi = 32 (11.71) 
i=l 


i,a a=1 
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where ea Ji = ye gid : Sia. For the case where J i = Jas the electromagnetic 
current, we get 


ef" = y gi Sip. (11.72) 
i=1 
Using Ji” = 5; cj Ji we get 


€» cjJ} S S iJ} Sio- (11.73) 
j i=l 


Identifying the coefficient of J 7 (for a given i), we get 
€Ci 
eci = gi Sio or Sig = —. (11.74) 
Si 
From the fact that S is a orthogonal matrix, *^;(S;o)? = 1, we get 
n é 2 n e 2 1 
2 1 i 
e —) =1 or =|) =>. (11.75) 
XC) EE 
(b) For the specific case of the SU(2) x U(1) theory, we have 


g' 
Ly = g^ AT + zT" By. (11.76) 
Namely, gı = g and g; = E We also have c; = 1 and c? = 1 because 


Y em 3 1 Y 
Q=7T3;+ = or Ja c dad 


2 
Then the relation in eqn (11.75) becomes 
1 1 1 
ear (11.77) 
Using g’ = g tan Ow, we get 
1 1 
= = s(l+cot’ Oy) or e=gsinby. (11.78) 
e 8 


11.6 Fermion mass-matrix diagonalization 


Suppose that the fermion mass matrix in the basis of left-handed and right-handed 
fields is hermitian, 


Lu = YiLMijYjr +h.c. M'=M. (11.79) 


In general, the eigenvalues of M obtained from a unitary transformation are not 
always positive: 


U MU! = M, = diag(m, m2, ..., Mn) (11.80) 


where m; can be negative as well as positive. 
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(a) Show that one can choose an appropriate biunitary transformation to diag- 
onalize M so that all diagonal elements are non-negative. 


(b) Ifthe mass matrix is real, show that the matrices in the biunitary transformation 
can be chosen to be orthogonal matrices. 


Solution to Problem 11.6 


(a) For the cases where some of the m;s are negative in the diagonal matrix My = 
U MU', we can always find a diagonal matrix S, consisting of 1 or —1, such that 
the product M4 S is a positive matrix: 


M, = M48 > 0. (11.81) 
Then 
Ma = MS = UMU'S = UMV* (11.82) 


with U'S = V". Since both U and S are unitary, V is also unitary. Then M4 is 
in the form of a biunitary transformation. In this way we can make all fermion 
masses non-negative. Clearly, this can also be done even when M is not hermitian. 


(b) If M is real then MM? is real and symmetric and can be diagonalized by 
orthogonal transformation: 


2 
m 
S(MM')sT-Mi- 2 , m; 20. (11.83) 
m; 
Let us define 
m, 
M, = 23 and H=SM,S', (11.84) 


Mn 
then H is real and symmetric. Define T by T = H~'M, then 
TTT—-H MM'(H'y-H'sMiS'H'!-H'H^H'-—4, (1185) 
i.e. T is orthogonal. We have 
M = HT =SM,S'T or Myz=(S'MTS)=S'™MR (11.86) 


where R = TS, which is also an orthogonal matrix. 


11.7 An example of calculable mixing angles 


The properties of the mass matrix can be translated into relations between mass 
values and mixing angles. Here is an illustrative example of such a model. Consider 
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a simple 2 x 2 hermitian fermion mass matrix of the form 


0 a 
« - (5. 3 (11.87) 


Show that the mixing angle 0 which characterizes the 2 x 2 unitary matrix which 
diagonalizes M is related to the mass eigenvalues by 


mı 
tand = |—. (11.88) 
m» 
Solution to Problem 11.7 


The mass matrix can be diagonalized by an orthogonal transformation 


SMS! = Ma = G I ) or = M=S'M,S (11.89) 
2 
with 
cos@ sind 
S= E e (11:29) 


From Mi, = 0, we get 


Si(Ma)ijSj1 20 X or (cos? 0)m, — (sin )m; = 0 (11.91) 


m, 
tanü = [—. (11.92) 
m» 


Remark. Attempts to relate the Cabibbo angle to the strange and down quark 
masses have been carried out along such approaches. 


or 


11.8 Conservation of the B — L quantum number 


Show that if there were a set of scalars transforming as a doublet under the weak 
SU(2) symmetry and as a triplet under the colour SU(3)c: hi, ( = 1,2,a = 
1, 2, 3), then both the baryon number B and the lepton number L are not conserved. 
However, the linear combination B — L is conserved. 


Solution to Problem 11.8 


As mentioned in CL-p. 355, the presence of h}, will lead to Yukawa couplings of 
the form 


Ly = flit de + firGiat iggy ge^". (11.93) 


In order to conserve the quantum number B, the first term requires the assignment 
Bı(h) = — L, while second term requires B2(h) = Z. Thus the baryon number B 
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is not conserved. For the lepton number conservation we have L;(h) = —1 and 
L5(h) = 0, and the lepton number is not conserved. However, the combination 
B — L has the values 


2 2 
Bi- Li= -+ and B2- L2 = - (11.94) 
3 3 
and is conserved by these Yukawa couplings. 
Remark. This simple example illustrates that the baryon number (or lepton num- 


ber) conservation is an ‘accidental symmetry’ due to some special structure of the 
Higgs potential. 


12 Electroweak phenomenology 


12.1 Atomic parity violation 


The weak neutral-current interaction mediated by the Z boson in an atom violates 
the parity conservation and will generate mixing between levels with opposite 
parities. 


(a) Show that the parity-violating part of the interaction has the form 
g 
LN = 2Mi (A2 VÀ + V^ A2) (12.1) 
where A% and V are the axial and vector currents of the electron and A7 and V7 
are the axial and vector currents of quarks. 
(b) If we write Cy in the form 


Grr » 7 E » z 
Ly = vs be (Cinūy u + Cad y,d) + Eype (Coiyaysu + Coad y, ysd) | 
(12.2) 


calculate the coefficients C;,, and Cg. 


(c) Using the fact that the momentum transfer is small in the atomic processes, 
show that we can write the effective interaction in terms of the nucleon fields 


(p, n) as 
; Gr[. s = B 2 P 
Ly = soe (CipPyup + Cunyyn) + ype (CopPyuysp + Confiypysn) | 


(12.3) 


(d) Show that for the case of heavy atoms, the terms containing vector currents of 
the nucleons add coherently and are much larger than the axial vector terms. The 
interaction can be written as 


Gr z 
Liy = —— Q uke yse 12.4 
N 2/32 k ys ( ) 


where Oxy, = (1 — Asin? 0w)Z — N is the weak charge of the nucleus with Z 
protons and N neutrons. 


Solution to Problem 12.1 


(a) The neutral current interaction is of the form 


g? 
JNJN” (12.5) 


£n = i, In 
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where the neutral current J A contains lepton and quark currents, and each current 
has a vector and an axial vector part. Thus the parity-violating interaction due to 
the exchange of a Z boson between electrons and the u,d quarks in the nucleus 
must result from the following V—A interference: 


2 
Ly = 45 [A V? + VAS] (12.6) 
My 


where V? and Aj; are the electron/quark vector and axial vector neutral currents, 
respectively. 


(b) The neutral current having the general structure of J Pi x (73 — sin? Ow Q) for 
the electron, we have 


JY (e) = €LYu (-i + sin? Ow) er + €RYu sin? Ow €R 
= (—} + sin’ Ow) ey, e + 1ey, yse (12.7) 
and thus 
Vé = (—} + sin?’ 0w)ēye and Ao = iey,yse. (12.8) 


For the u and d quarks, we have 


N - 1 2382 PIER E 
J, (u) = üLYu (i- jsin Ow) uL — 5 Sin  OwUgyy UR 


= (1- isin6y)üy,u — lay, ysu (12.9) 
and 
JN (d) = diy, (73 + $ sin? Oy) dy + 4 sin? 6g day, dg 
= (—} + $ sin?’ 0w) dyd + tdyyysd. (12.10) 


Then, using g’ /8Mj, = Gr/V2, we can write, 
G E ; - : F 
Ly = vs eroe [G — = sin? Ow) uyyu + (-i + t sin? Ow) dy, d| 


+ (—1 + sin? Oy) &y,€2 (dy, ysd — ity, ysu) |. (12.11) 
Reading out the coefficients, we get 

Ci, 22(1-$jsi0y), Cig =2(—4 +4 sin Oy), 

Cou = —2(-4 + sin? Ow), Coa =2(—} + sin? 8w). — (1212) 


(c) It is convenient to write Ly of eqn (??) in the form 
Gr f- z = . | S 
Ly = vs rane [(Züyuu — 1dy,d) — 2 sin? Ow ($uy,u — 1dy,d)] 


+ (—j + sin? Oy) 4ey,e (uy, ysu — 1dy,ysd) | 
GF f : . 2 
= NA [eve (v — 2sin? Ow Je") + (-$+ sin? Ow) 4&y,eA;| 
(12.13) 


220 Electroweak phenomenology 12.1 
where 
Vi = z (yan —dyud), An = (süyuysu — 5dyuysd) . 
Je” = (&uy,u — idy,d). (12.14) 


The nucleon matrix elements of these operators are (in the limit of zero momentum 
transfer) 


(plV2lp) = 1gy,p. (n|V2In) = —1üy,n, 

(p|As1p) = 38APYuYsP. (n| A} In) = —igany,vsn, 

(PIS. |P) = PYaP. (n| J," |n) = 0, (12.15) 
where (p, n) are the proton and neutron spinors, respectively, and g4 = —1.25 is 


the usual axial vector coupling constant of the nucleon. In terms of nucleon fields, 
we can write 


GF f- a = ; > 
Ly = vs erase [(Spyup PA jy,n) — 2sin? Ow (PYnP)| 


+ (—} + sin? 8w) 4ēyue ga (SB%uysP — HAruysn) || 02.16) 
and the coefficients are 
Cip = 40 —4 sin? Oy), — Cin 2-1, 
Cop = 2 (—4 + sin? 0w) ga, ^ Can = —2 (—4 + sin? Ow) ga. (12.17) 


(d) In the non-relativistic limit, only the time component of the vector current is 
non-vanishing. It counts the proton and neutron numbers in the nucleus, and we 
have 


Š (A, Zipi pilA, Z) = Z 


t 


; (12.18) 
A, Z\ninj|A,Z)=A-—Z=N 
and for the combination that appears in the weak neutral current 
(A, Z| E (1 — 4sin* 6w) 2n =} Yain lA, Z) 
= z [(1 —4sin’ 6w) Z - N] = 39w. (12.19) 


Thus we get 
; Gr - 
Ly = ria e'yse. 


Note that the matrix element of axial vector current Ñ Yu YsN in the non-relativistic 
limit is proportional to the nuclear spin operator and is smaller than N or Z. 
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12.2 Polarization asymmetry of Z > f f 


The polarization asymmetry (or the left-right asymmetry) in the decay of the Z 
boson into a fermion pair Z — f f is given by 


T(Z > fr fr) - T(Z > faf) 


A = = 7 12.20 
HE ee Te SED AUD STEM 

and the neutral current can be written as 
J£ = M [er GO (Fiva fi) + 88GO (Frya fa)] - (1221) 


f 
In this problem we wish to express the asymmetry parameter in terms of the neutral 
current parameters gr, g( f). 


(a) Show that the asymmetry parameter A; s can be written as 


ELAP — GRaGOY 
GLGCOP + GRaGO?- 
(b) Calculate the asymmetry parameter A; a for the decays: 

(i) Z > ee, 

(ii) Z — bb, 

(iii) Z — cc. 


Arr(f) = 


(12.22) 


For numerical calculation, use sin? Ow = 0.22. 


Solution to Problem 12.2 


(a) In the calculation of the two decay rates in Ayr, the amplitudes are the same 
except for the overall couplings (gz or gr) and (1 — ys) or (1 + ys) projections. 
As there are no V—A interference terms in the rates, we have 


(Z > fife) (LG 


a = (12.23) 
T(Z > faf) ERAY 
and thus 
2 2 
Aue = CT GDF (228 
(b) (i) Z > ee 
gL(e) = —4 + sin? Ow = —0.28, grle) = sin? Oy = 0.22, 
Arn(e) = 0.2366. (12.25) 
(ii) Z > bb 
gL(b) = —44+ 4 sin? Ow = —0.43, gr(b) = 4 sin? Ow = 0.071, 
Arn(b) = 0.944. (12.26) 


Gii) Z > cc 
gi(c) = 1 — $ sin? Ow = —0.353,  ga(b) = —$ sin? Oy = —0.147, 
Arr(c) = 0.7. (12.27) 


222 Electroweak phenomenology 12.3 


12.3 Simple 7-lepton decays 


(a) Show that to lowest order in QCD and the approximation that all the fermion 
masses in the final state are negligible we have the following t-decay branching 
ratios: 


1 
Bat > evv) = Bt > uvv) > 5" 


(b) Calculate the decay rate for c — 7 v in terms of the pion decay constant fyr. 


Solution to Problem 12.3 


(a) The total decay rate of the tau lepton (r) is, 
l(t) 2I(t— evv) + T(t > uvv) + Tt —> v + hadrons). (12.28) 


From u—e universality, we get, with the approximation of neglecting final state 
fermion masses, 


r(t — evv) =T > uvv). (12.29) 
To lowest order in QCD, we get 
r(t — v + hadrons) = V(t — v+du)+T(t — v+ su) (12.30) 
and 
T(t — v4 dài) = |V43F(x > vd). 
Thus 
T(t) = [2+ 3 Vua]? + Vas DIT > ev). (12.31) 
From the experimental fact that 
[Vaa + |Vusl? o 1 (12.32) 
we get 


T(t > uvv) n 1 
T(t) ~ 5 


B(t > pvv) = = B(t > ev). (12.33) 


(b) The effective Lagrangian for the decay t — 7t v is of the form 
Gr 
42 
The amplitude is then given by 


M= G r Vua faq” Yr (kyu = ys)t(p) A G p Via fam v. (K)(1 = ys)t(p) 
(12.35) 


£y = — Va [dy"Q — y3u] [Pyu — ys)t] - (12.34) 


where we have used 


(x(q)\dy"ysul0) — iV2q,f, and q=p-k. (12.36) 


12.4 Electron neutrino scatterings 223 


The decay rate is given by 


o1 fi á de d*k dq 
r= TA (ix Je» &t(p—k D LTA (12.37) 


spin 


The phase space is the same as that calculated in Problem 11.3, with appropriate 


substitutions 
d?k d?q 
= | Qzxys* k 
i / Qn) 9 (p -k— d On oy On) dao 
1 m? — mà 


The spin average of the matrix element is given by 


Y IMP = 4 Gr Vua fmc TrICO + ys) (Ø m) 0 — y] 


spin 
= 265. fe |Vual’m? Q p - k) = 265. f2| Va m? (m? — m2). 


The decay rate is then 


l 22 2. 2(,2 2, 1 m? — m? 
r= m, OF ial Vaal m. (m? m7) An 


G2 242 
= ZE fi Vul m (1 - zi) (12.39) 
870 m 


T 


Remark. If we compare this with 


G2 
T(t > pv) = 12" (12.40) 


we get 


P(t > xv) — f2|Vual2( — m/m RAT?) (o 
T(t > uw») m2 z 


0.6 (12.41) 


where we have used |V,4| ~ 0.975 and f; ~ 90 MeV. Experimentally, we have 
l(t > zv) E 


—— — — ——— ~ 0.66. 12.42 
l(t > pvp) n ( ) 


12.4 Electron neutrino scatterings 


(a) Show that the threshold energy for the reaction v, + e7 > ve + u^ is Ey = 
11 GeV in the laboratory frame. 


(b) Show that in the ve +e > ve + e^ elastic scattering, the angle of scattering 
0, of the electron with respect to the neutrino beam direction satisfies 


2m, 1 T, m,T, 
(Te + 2m,) E, 2E? 


where T, is the kinetic energy of the (final) electron. 


sin? 0, = 


(12.43) 
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Solution to Problem 12.4 


(a) Denote the momenta as v, (k1) + e (pi) — ve(k2) + Ww (p2), then 
s = (ky + pi = m? + 2k, - pi = m? + 2m. E, (12.44) 


in the laboratory frame. In order to produce u~, we require s > m?, or 


E, > (m? — m;) = 11 GeV. (12.45) 


n 
2m, 


This calculation shows that in the laboratory frame it takes lots of energy to produce 
a muon by scattering a neutrino off an (extremely light) electron target. 


(b) From the momenta assignment, we have in the laboratory frame, 


kı = k2 + p2 (12.46) 


ki + m, = ki + E2 (12.47) 
From eqn (??) we have (setting m, = m) 


k? = (ki — po)” = ki + p? — 2kı po cos 6e = k? + E} — m? — 2ki pa cos 0e. 
(12.48) 


From eqn (??), 
kå = (kı + m, — E2} = k? +m? + E2 + 2kym — 2m E; — 2k E2. (12.49) 
Combine these two equations, we get 
—ki pz cos0, = m? + kım — (m + ky) E; = (m + kı)(m — E;). (12.50) 
In order to express p» in terms of E», we square both sides of this equation: 
ki (E3 — m?) (1 — sin? 6) = (m + ki (m — E>)’ (12.51) 
or 
k? (Ey +m) — (E) — m)(m + ky? = kK? (E2 + m) (sin? 6,). (12.52) 


The kinetic energy of the final electron being Te = E»; — m, the scattering angle 
satisfies 


sin? 0 = 


2m, T, mT, 
| | d (12.53) 


(T, + 2m,) E, 2E? 


Remark. For the usual neutrino beams we have E, >> m, and T, >> me: this 
formula implies that sin? 0, is small and 


ass 2m, 
[ca T. D 
€ 


(12.54) 


Thus the electron moves very much in the forward direction and provides a good 
signature for ve quasi-elastic scattering. 
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12.5 CP properties of kaon non-leptonic decays 
Consider the K? — 2;r, 3m decays. 


(a) Show that |rt") and [z?z?) are CP even eigenstates. 


(b) Show that [zz 27:9) is CP odd while the CP eigenvalues of the state |r * zt ^71?) 
depend on the orbital angular momentum / of x? with respect to the center of mass 
of the z^; system, 


CP|n*z- n?) = (-D'*! rtr 29). (12.55) 


Solution to Problem 12.5 
(a) Denote the wave function of zz *z:^ by 
[x *z7) = Vi r2) (12.56) 


where r; and r» are the coordinates of z' * and x~, respectively. We can also use 
the centre of mass and relative coordinates, 


1 
R= 5 + r2), r—r,;-—r», (12.57) 
to write the wave function as 


V (ri, r2) = x (R)é (r) (12.58) 


where x (R) is just a plane wave describing the motion of the centre of mass and 
is of no interest to us. Under the charge conjugation, we have zt <—> x~, which 
corresponds to rı «—9 r orr — —r. The effect on the wave function is then 


$(r) 5 pr) = D'o) (12.59) 
where / is the orbital angular momentum of the m * zt ^ system. Thus 
Cirta) 2 (-1)' rtr). (12.60) 
Under the parity, we have (—1) from each of the pion and r — —r. Thus we get 
Pjata) = (-1) rtr}. (12.61) 
Combining these two relations we get 
CP|n*za^) = (-1!|n*n7) = rtr). (12.62) 
For the |7r°s°) state we have, as before, 
P|) = (—1)|x9x9). (12.63) 
But under the charge conjugation, 
C|x 95?) = |n?x9) (12.64) 


because ° is a C-even eigenstate. On the other hand, the z7? system consists of 
identical bosons and from Bose statistics we should have symmetric wave function 
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under r; «—9 r2 which corresponds to r — —r. This means that we can only 
have / — even states. Thus we also get 


CP|n?x?) = [n9x). (12.65) 
(b) For the zt * zt zt? state we can write the total angular momentum as 
J = Jz + Js (12.66) 


where Jı2 is the orbital angular momentum of the z+- pair and J; is the orbital 
angular momentum of z° with respect to the centre of mass of the mtx pair. 
Since K has spin-0, we have J — 0, which implies 


|Ji2] = |J3]. 


As we have discussed in Part (a), the |z ^ 7) state is CP even, irrespective of 
| = |J,2|. On the other hand 


CP|x?) = (2)(-)^4x?) = (-Y"*!|x?) (12.67) 


where (—) comes from the intrinsic parity of |x?) and (—)^ from the fact that 
under the parity r3 — —r3, with J3 = |Jı2| = l. Then the result is 


CP|n*z- n?) = (-0'*! [n* 2729) (12.68) 


For the 37° state the only difference is that by Bose statistics 27° has to be in the 
| = even state. Then we get 

CP|n?z?59) = —|n9?z 9519). (12.69) 
Remark 1. From the fact that both Kj, — mtx” and Ky, — zzz? are seen 
experimentally, CP symmetry is broken. The fact that the rate for K; — ntr” is 
much smaller than Ks — tz implies that Kz is mostly CP odd state and Ks 
is mostly CP even state. 
Remark 2. Ks > 2°n°n® decay also violates the CP conservation if Ks is a 
pure CP even state. On the other hand, x *z 7z’ can have both CP even and CP 
odd wave functions. 


12.6 Z — HH is forbidden 


Show that in the standard model, the decay of the Z particle into two Higgs 
bosons, Z — H H, is forbidden by the angular momentum conservation and Bose 
Statistics. 


Solution to Problem 12.6 


Because of Bose statistics, the two final-state Higgs particles should be in the 
spatially symmetric state. This means that the relative angular momentum has to 
be even, / = 0,2,4---. But the initial state Z has spin J = 1, which cannot go 
into an even angular momentum state. 
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Remark 1. The same argument applies to Z — P P, where P is a pseudoscalar 
boson. 


Remark 2. There are no symmetry argument to forbid the decay Z —^ HHH or 
Z > PPP. 


12.7 AI = I enhancement by short-distance OCD 


The effective AS — 1 weak Lagrangian is of the form 


4G 
if eae Fe ava Oi + h.c.) (12.70) 


where 


Oi = (üry"si) (dt Yt) 
= iiy" — ys)s]Idy, (1 — yu] (12.71) 


Show that in the renormalization of the composite operator O; there is operator 
mixing between O; and another operator O» of the form 


Oz = (üry" ur) (dry,sr). (12.72) 


Also, compute the anomalous dimension matrix for the O;—O system. The result 
should indicate a QCD enhancement of the A7 — 1 operator. 


Solution to Problem 12.7 


The one-loop QCD corrections to O; are shown in Fig. 12.1. 

For diagrams (a) and (b) in Fig. 12.1, these graphs are just QCD corrections to 
current, e.g. (4r y,,sr) which has zero anomalous dimension, y = 0 because of 
its partial conservation. This means that these contributions will be cancelled by 
wave function renormalization which are not shown in Fig. 12.1. 


(d) (e) (f) 


Fic. 12.1. QCD correction to the (ii; y^ s; ) (dr, Yuu) operator. 
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For graph (c), we can calculate its contribution by dimensional regularization, 
where the gauge coupling is of the form g/(u)?- 7^: 


dik [. ig a (ik) 
di -f my [i ( spears) Yo! pg ns] 

mu) ig "maus 

FE (gaa) a 


feeds d 2 
a dk "PEL 7 ,ü,,Q 1 
~ (yp | ny (7) YysYusa] [det v*v vui] za 


(12.73) 


where we have used the replacement kykg = E gap. Using the identity displayed 
in CL-eqn (A.17), 


YoaYBYu = SoBYu  8uYa — SauYB + iEupuvY' Y5, (12.74) 


we can reduce the Dirac matrices: 


[vo YgYu d. — ys) lY y? y^ (1 — ys)loe = 16L¥uC1 — vs)Ipslv" (1 — ys)loe- 
(12.75) 


For simplicity we have ignored the complication of defining ys in the general d- 
dimensions. For the SU (3) colour matrices, we use the identity in CL-eqn (4.134): 


1 1 
ED eg = 2 (so = 35) 2 (12.76) 
The amplitude MM, can then be written as 


Me. = 


ig? E dík 1 


(w2)2-4/2 2r) al 8 | (y yup) (dryusr) 


1 3 
—3 QLYusL) (di y,uL) | (12.77) 


Performing the integration over k, 


d¢k 1 _ i PO 
J (2m) kt (Any? TD ^ (12.78) 
we get 
md 1 TQ-d/2 g | 
dim Gym VE d / 48) | Gov ous 


1 z 
-3n äv]; (12.79) 


This shows that the operator O mixes with O; under the renormalization. It is 
clear that M4 gives the same contribution as Me. 
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For the graph (e) we have 


ig? dk (5 


Me= GaP J xy Vd 


) [iit Yaygyusı] [dt^ y^ y* yPu;] —. 


The ordering of y matrices being different from that of Me, we get 


[VaYa8Yu(. — y3)losy" y^ y* A — ys)loe = —4tyu(Q — yslostr" A — 5) Joe 
(12.81) 


and 


2 
-8 1 rQ-4/2 1 
MIS (u2)?-4/2 (Ap)? d = o 3 2 ; (12.82) 


For graph (f), giving the same contribution as (e), the total contribution is 


—12g* T(2-—d/2) 1 
=2M.+2M, = O Oi |. 12.83 
M Me +2M GAA (4g I d 2-30 ( ) 
For d — 4, we have 
deri in ar inane digi? (12.84) 
> n — in i: 
Gry” Grete Por nb 
with £ = 4 — d. The counterterm for O; is then 
T EN. LET (Ax \ 0,20 (12.85) 
=—7|[-- n(47 ET : : 
1 (Any) Ve y 2731 
If we write 
Oi +801 = 240, + Z202 (12.86) 
we get 
EN ee i (: + In(4 >) 
—1- == n(4z) |. 
7 axe Y 
Z CM ET (Ax) (12.87) 
= Seb oO N(470 . * 
2 An Ne Y 


It is straightforward to carry out the renormalization for the operator O2 and the 
result is 


O2 + 605» = Z3101 + Z202 (12.88) 
with 


Zi? = Za, Zi = Zn. (12.89) 
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To compute the anomalous dimension, we can use the correspondence between 
dimensional regulation and the invariant cutoff given in CL-Table 2.1 to write 


g A2 
Zi = Zy =1+ In— t]. 
T 


(4r)? n 
gn p SEN E (12.90) 
= = ——~ |n +. }. : 
12 21 any "m 
Then from the formula for the anomalous dimension matrix 
TE Inz (12.91) 
Dra a o 1D ii . 
XE IY 
we get 
2 
E -1 3 
= — _ , 12.92 
1 ak 3 4) d 
The eigenvalues are 
$i ui ye M ee (—4), (12.93) 
(41)? (41)? 
with the corresponding eigen operators being 
1 1 
0, = 5 (€! + 02), 0- = 5 (Or D). (12.94) 


Or in terms of quarks fields, 
1 L2. 2 E - 
OQ, = z0! +02) = 5 GL YusL) dr YuuL) + (üryuur)(dryusr)l. 


Oo. 


1 1 = 2 - 
5 (9i — 02) = 2 UG LYasL)(dzyuuL) — (ur yuur)(dryusr)l. 
Remark. The operator O_ which is antisymmetric in ñz; <> d; is a pure AJ = i 


operator because J = 0 state is antisymmetric in iid. On the other hand, O has 
both A7 — 1 and AJ = 3 operators. Thus QCD corrections enhance the O_ 
operator (y_ < 0), relative to the O, operator. [Scale factors are raised to the 
negative powers of y, see, for example, CL-eqn (10.148).] But this enhancement 
of the AJ = i operator does not seem to be numerically large enough for the 


explanation of the experimentally observed AJ = i rule. 


12.8 Scalar interactions and the equivalence theorem 


The standard model Lagrangian for the scalar field is given by 


Ly = (8,0) (09) + i269 — X(9' oy (12.95) 


+ 
$= s) (12.96) 


where 
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(a) Show that if we parametrize the four independent components of the complex 


doublet field as 
1 ($óictid» 
L-—— j 12.97 
? J/2 M + n) ( ) 


Ls is invariant under O (4) rotations, i.e. 
i > $; = fij, with InÉl1... ,4 (12.98) 


where ? is the four-dimensional rotation matrix FTP = rr? = 1. 


(b) Show that if we write 


X = ($1, do. $4), o = $3, (12.99) 
then £, is the same as the SU(2) x SU (2) sigma-model (without the nucleon). 


(c) For spontaneous symmetry breaking, we have 


ó;—o-—v-H with eae (12.100) 


Write the Lagrangian in terms of H and x and find the Hatz, and Hzz cou- 
plings, where m+ = z — i75) and z= 73. 


(d) Calculate the scattering amplitudes: n*m — zz, ata” —> ata, and 
ZEE ZZ: 


Solution to Problem 12.8 


(a) From the parametrization 


_ | (hii) 
g= Va i P ; (12.101) 
we get 
" 1 1 
p= (+H + 45 +41) = 5D) 
" 1 
dnp! "p = PALA a" p) (12.102) 
where @ = ($1, $2, 63, 4) is a vector in four-dimensional space. Then the 


Lagrangian is of the form 


2 
H À 
Ls = (0,09) + EL $) — g% 9» (12.103) 
which is clearly O (4) invariant because only the invariant scalar products appear 
in the Lagrangian. 


(b) If we break the 4-vector ¢; into a 3-vector and a scalar, m = (61,45, $4) and 
o = $5, the 4-scalar $ - @ corresponds to the sum of 


ó$:.ó— n^ +o. (12.104) 
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The Lagrangian is then of the form 


2 
L= [Gsm Guo] 2 LG? +02) — Roe 02105) 


which is precisely the SU(2) x SU(2) o-model without the nucleon. 


(c) To study the consequence of spontaneous symmetry breaking, we write o = 
v + H, then 


mo =n’ +H? +2Hv +v? (12.106) 
(m +0’? = (x? +H’) c AHv(? + H’) 
+ 2v?(n? + H?) + 4v*H? «ASH v. (12.107) 
The scalar potential is then 
2 
à 
V= -5 +07) + ar +07) 


a QAv2) 


A 
H? - AHv(i? + H’) + rua + H’)?, (12.108) 
The mass of Higgs is given by 

m, = 20’. (12.109) 


Note that zs are all massless. It is more convenient to write the Lagrangian as 


1 2 2 my 2 my 2 2 mi, 2 22 
Ls = 5 [Gum + G,BY] - 5- H^ — SRA (n+ HP) - S Gn + HY. 
(12.110) 


From z? = 2x *z- + zz, we can read off the Hz *z- and Hzz couplings as 
being im?, /v and i Hn / v, respectively. The decay rate for H > mtr" is 


2 


2 
1 d d^k 
T(H > ntn) = (=) z [evo k —k) 
MH 


Qz 2E (22)32E’ 


v 


Sf 3G 
LX utr PARE (12.111) 
2v8z 82r 


where we have used the vacuum expectation value v? = /2G p. We see that in 
the limit my >> My, this agrees with the decay rate '(H — WtW?) calculated 
in the next problem. 

Similarly, we get for the decay H — zz, 


3 3 
1 1 G 
P sgj ER HE 
2v? 8m 2  16J/2x 


(12.112) 


Remark. This is the essence of the equivalence theorem: one can replace Wz and 
Z, with the corresponding *would-be-Goldstone bosons’ in the limit my >> Mw 
and Mz. 
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(d) Would-be-Goldstone boson scattering amplitudes 


() mtn” > zz 


(a) (b) 


FIG. 12.2. Tree diagrams for zt *  — zz. 


The amplitudes for these diagrams are 


202 a ux 2 ; 
MO = =e Mo = (=) : (12.113) 
v v 


and the sum is 


ES 
M = M uo = IR i li (12.114) 


2 2 
v S — MH 


Remark. The amplitude M vanishes as s — 0, as expected from the usual low 
energy theorem for the Goldstone boson. 


(ii) zz > zz 


(a) (b) (c) (d) 


FiG. 12.3. Tree diagrams for zz — zz. 


The amplitudes for these diagrams are 


e (-cmhY d à of-cmhM d 
M® = | — Po MOI[—R — 2:115 
v S— My v t—m 


200 X4 2 DES) 
Mo = (=) —, M®= (="") 24 (12.116) 
v 
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and the sum is 


r2 
M= Me = mal g E d z] (12.117) 


2 2 
v 5 — MH t — mu u — mg 


where t = (pi — p3}, u = (pi — pa)’. 
(ii) ata — ata 


OX X 


(a) 


Fic. 12.4. Tree diagrams for t^^ — ntr”. 


The amplitudes are 


uc pane i w [imay d 
M® = z Me%=(—# > (12.118) 
v S— mH v t — mg 


See 
Mo = 54 x 2x2 (12.119) 
v 
and the sum 
im? s t 
M= “| — |. (12.120) 
v S — m t— mg 


Remark. These simple results for the scattering of Goldstone bosons can be used, 
through the equivalent theorem, to get the amplitudes for the longitudinal gauge 
boson scattering. 


12.9 Two-body decays of a heavy Higgs boson 


Suppose that in the standard model the Higgs particle is heavy so that mg > 2Mz. 
Calculate the decay rates for the following modes: 


(a) H > W*W- 
(b) H> ZZ 
(c) H tt. 


(d) Show that in the limit mg >> My, the decay H — WtW- is dominated by 
H — W} W}, where WF are the longitudinal components of WF. 
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Solution to Problem 12.9 
(a) H > W*W- 
We can read off the H W W coupling from CL-eqn (12.165) and write the amplitude 
as 
Ma = —igMyw (£1 - 82). (12.121) 
Then 
kk" kK, 

So Mal? = 8° My 6 6e = 8? My ( gh + ) ( Suv + ) 


spin spin 


(k +k’)? 
—gMi (2+ ma) (12.122) 
From my, = (k + k')}?, we getk-k’ = 5 (mi, — 2M;,). Then 
g 
D Mal? = zy (mi — Amy Ms + 12M) 
spin W 
2G 4M? M$ 
= mt (1 X +12 x) : (12.123) 
J/2 my my 


The decay rate is then 


3 3 
pisc [ eso k-e dE. ME y Wwe 2.124) 
H 


2m (27)32E QnY2E' 


spin 


The phase space in the rest frame of H is 


- fe Ya (p —k i) dk dk 
PE poe Qxy2E Qx)2E! 
a= E E — E) iid (12.125) 
cage p SOME 2E2E" i 
Write 
d?k = k’dk4n = AnkEdE. (12.126) 
We get 
: fx apy 47 £ (12.127) 
m m = è " 
d 4r 2 E 4nmg 


The momentum k can be calculated as follows: 


E = imp = (R + MYP > k-l(ma-AM)^. (12.128) 
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The phase space is then 


= = 2 


mg 
Note that the result here for the two-body phase space is different from that cal- 
culated in Problem 12.3, because of the equal masses in the final state here. The 
decay rate is then 


miGr AM2, AI? 4M2 M 
T(H > WW) = —H 1 ud 1 W. 12 x), 12.130 
(H > ) $n ( 5 ) ( 3 + mt ( ) 


mg mg H 
Note that in the limit of mg >> My, this is the same as eqn (??)—as an expression 
of the equivalence theorem. 
(b H > ZZ 
The amplitude is given by 


1 4M2 \ 
p (- x) (12.129) 


gMz 
cos Ow 


Np — —i (81 + £2). (12.131) 


The phase space having an extra factor of 1, because of the identical particles in 
the decay products, the decay rate is then 


3 2\ 1/2 2 4 
G 4M 4M M 

(H > ZZ) = HE ( x) ( eros ax). (12.132) 
16/27 m my mH 

This is the same as eqn (??), if my >> Mz. 


(c) H > tt 
The amplitude is given by 


Ans us = bud) (12.133) 
and 
2 m; 
MP = Tr m) m) 
spin v 
4 2 
= (k - K' — m?) 
4 2 
= 2/26 rmm} ( = i) (12.134) 
mg 
where we have used k - k' = : (mi, — 2m?) and v? = 2G y. With the phase 
space 
s d ee 
p-—l1-— (12.135) 
870 my 


we get for the decay rate, which should include a colour factor of 3, 


- 2G Am2N?? 
PO > tP lue t =) x 3. (12.136) 
4/2n 


my 
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Remark. Since m, is now measured to be around 180 GeV, the decay H — tt 
is kinematically allowed if my > 370 GeV. For the case m7, >> m?, the decay 
H — WW and ZZ will dominate over H > tf. 


(d) As we have mentioned in the text (CL-p. 343), the longitudinal polarization 
is of the form 


1 
er (k) = — (k, 0,0, E) (12.137) 
Mw 
which, in the high energy limit k >> My, takes the form 


kh M 
k = — + 61 (12.138) 
L Mw E 


The matrix element for H — Wi W; is then 


Mir = —igéer(k) : ei (K^) (12.139) 
and 
; (k - ky? 
IMauE = e Miler) eL GP za Mi 
WwW 
2 2 2,44 
8 l; 2 aj ~ EMH 
=i E (mi, -») "M (12.140) 


This is exactly the same answer for the decay H — W*W7 in the limit my > 
Mw. This shows that H > WtW- is dominated by H > W} W; . 


Remark 1. Since the difference between total decay and the decay H > W/W, 
is of the order of M A / m4 , the decay of the Higgs boson into the transverse modes, 
H > Wr W7 , is suppressed by O (M$, / m5). 


Remark 2. We can translate this into a relation between effective coupling con- 
stants: 


SHWLWL (x 


ui) in the limit mg > My. (12.141) 
Mw 


SHWrWr 


This means that in this limit, the Higgs coupling to Wz is much larger than that 
to Wr. On the other hand, Wz; comes originally from the scalar fields. Thus the 
physics of gauge bosons Wz and Higgs field H can be described in terms of 
scalar self-interaction present in the original Lagrangian. This is the basis of the 
Equivalence Theorem (between longitudinal gauge bosons and the scalar Higgs 
mode) (see, for example, Cornwall et al. 1974). 


Remark 3. The same argument applies to the decay mode H — Z,Z, which 
will dominate over H > ZrZr. 


13 Topics in flavourdynamics 


13.1 Anomaly-free condition in a technicolour theory 


Consider the simplest technicolour theory with one left-handed doublet as given 
in CL-p. 405. Show that to avoid the anomaly in the SU(2); x U(1) gauge group, 
we need to make the charge assignment of techniquarks: 


QU)= 3 Q(D)=-}. (13.1) 


Solution to Problem 13.1 

Consider the triangle graph in Fig. 13.1 which is the source of the anomaly. 
Since there is no anomaly in the SU(2) group, we first consider the case with 

only one U(1) vertex, in which the graph is proportional to 


Tr (t;1;Y). (13.2) 


Because of the presence of ts only the doublet members can contribute to this 
Tr sum. Y commutes with t; we can write 


Tr(t;T;Y) = Tr (riY Tj) = Tr (rjv; Y) = iTr (xi. Tj }Y) = ó;; Tr (Y) (13.3) 
On the other hand, Y takes the same value for both members of the doublet. This 
means that the absence of anomaly requires that Y = 0 for the doublet. From the 
relation Q = T + (Y/2), we see that 

Q(U,) = 5 Q(D,) = —5. (13.4) 
This charge assignment implies that in the right-handed singlet sector 


Y(Ug) = 5 = —Y (Dp). (13.5) 


For the case of two U(1) vertices, the coefficient of the triangle graph vanishes 
because 7r(t;) = 0. For the case of three U(1) vertices, only the right-handed 


Fic. 13.1. The triangle diagram with a fermion loop. 
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singlet will contribute and the coefficient is proportional to Tr(Y?). This vanishes 
as Ug and Dg contributions cancel because Y (Ug) — 1 = —Y (Dpr). 


Remark. One way to avoid this strange (unfamiliar) charge assignment is to intro- 
duce a technilepton as in the standard model 


U N 
(5), (E), Ue Pr Ne Ex (13.6) 


with the usual charge assignments: 


QU) = 3, Q(D) = -3, Q(N) = 0, Q(E)—-—l. (13.7) 


13.2 Pseudo-Goldstone bosons in a technicolour model 


Consider the case of one generation of technifermions 


U N 
(5), (E), ue Pe Ne Ex (13.8) 


where the charge assignment is the same as the ordinary fermions in the standard 
model. 


(a) If one turns off all except technicolour interactions, show that the model has 
an SU(8); x SU(8)pr global chiral symmetry. 


(b) Suppose the technifermion condensate breaks this symmetry down to 
SU(8)z+r. Show that there are 60 new Goldstone bosons besides those which 
were removed by gauge bosons. 


(c) Show that these Goldstone bosons will become massive if we turn on the gauge 
interaction. 


Solution to Problem 13.2 


(a) Since U and D are SU(3)c triplets, we have eight left-handed and eight right- 
handed technifermions. Thus the global flavour symmetry is SU(8); x SU(8)5. 


(b) Inthe symmetry-breaking SU(8); x SU(8)& — SU(8)z +r, we get 8?—1 = 63 
Goldstone bosons, of which three are removed by gauge bosons to break the gauge 
symmetry from SU(2) x U(1) down to U(1)em. 


(c) Since the gauge interactions of SU(2); x U(1)y do not have the chiral 
SU(8); x SU(8)r symmetry, these Goldstone will become massive when the 
gauge interactions are turned on. These particles are usually referred to as Pseudo- 
Goldstone Bosons. One expects their masses to be of the order of g My and they 
can be as low as a few GeV. If they are as light as a few tens of GeV, they should 
have been seen by now. This is one of the difficulties in constructing a phenomeno- 
logically viable model based on the technicolour idea. 
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13.3 Properties of Majorana fermions 


In the standard representation, the solution to the Dirac equation in the momentum 
space can be chosen to be of the form 


1 
«qanm ( o: p Jo 
atam (13.9) 


o: p 
v(p, s) = (E +m)'? ( eaa ) x (s) 


with 


x=(5) xc»--(1) (13.10) 


xà --(1) xcd (o (13.11) 


Note that for convenience we have changed the spin wave function from x (s) to 
X* (s) in the v-spinor. Also there is an external minus sign in x (- 1). 


and 


(a) Show that with these choices, the charge conjugation will just interchange the 
u- and v-spinors, i.e. 


u^(p,s) = iyu” (p, s) = v(p, s) 
v^(p, s) = iyyv'(p, s) = u(p, s). (13.12) 


(b) If we write the free Dirac field operator as 


W(x) = x 


[2x e Torr 1/2 [b(p. s)u(p, sje iP* 4 d? (p, s)w(p, Se^*] 
(13.13) 


show that the Majorana field Yy defined by 


1 
(Vr c ^) (13.14) 


Vu = = 


can be decomposed as 


d? i 4 
w= f (esas, id [ovo «o = b up ne] 
s T p 
(13.15) 
with 


1 
bm(p, s) = ETRS (13.16) 


Also, compute the anticommutator 


{bu (p, s), by, (p^, 8). (13.17) 
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(c) Show that 

up, 8)¥,u(p', s") = v(p', s)y,v(p, s) 

v(p, s)yuu(p', s) = u(p', s')yuv(p, s) (13.18) 
so that 


VuyYuVM =0, — Vuouv Vu — 0. (13.19) 


Solution to Problem 13.3 


(a) Write out the conjugate spinor in the standard representation for the y- 
matrices: 


. 1 
i ET 0 f i 
u (p,s) = iyu t.» =( . ne o*-p | x*(s) 


(=) ; (zy io;) 
ion ———— » io: —ic J x 
= Ng "VE +m x (s) = CE +m ? | iorx*(s) 


—102 —1 


o-p o-p 
= —Ng ( E+m ) io3X (s) = Ng ( E+m ) X° (s) = v(p, sġ13.20) 
1 1 
where we have used the relations 
(io5)(0*)(—io5) = — e, —iorx*(s) = x* (s). (13.21) 


(b) From the d. of a Dirac field 


Wx) = UE 


— — —d1g [PG s)u(p, s)e "^* + d (p, s)v(p, s)e'"*] 


(13.22) 


[ (2x ES 
we get 
w(x) = iny a) 
— XE [Q s) T aAnp0U/? [bt (p, s)u* (p, 5)eP* + d(p, s)v° (p, s)e?"*] 
TT 


= R3 [Qx F Tor30r 1/2 [d(p, s)u(p, sje I?* + b' (p, s)u(p, s)ei"*]. 
Thus we find that 
z m + y*G)] 
5 :Xji [2 A om [Puto utp, e + by sop, se] 
IT 


(13.23) 


VM 
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with 

u 1 
v2 


The anticommutator can be computed 


bu [b(p, s) + d(p, 5)]. (13.24) 


[bu(p.s), bip! s] = $ [b 8) + d(p s), b s) + d' (p^ s)) 
I {b(p, s), b'(p', s] + 1 {d(p, s), d'p, 5] 


= à, (p-— p). (13.25) 


Thus by and bi, are just the usual destruction and creation operators. 


(c) From part (a), we have 
u (p, s) = v(p, s) = iyau'(p,s) (13.26) 
or 
v'(p,s) =u" (p, s)(-iy3) =u" (p, s)y»). (13.27) 
Then 
(p, s)ypv(p', s) = v'(p, s)yoyuv(p', s) 
= u! (p, s)iys) (oy) G yo)u* Cp', s") 
= u (p', s) y)! Qn yo Xiva up, s) 
= ii(p’, s')(—iy)) voy, Yo Gy»)u(p, s) 
= u(p',s')(—i~) yi Gys)u(p, s) = u(p', s’) yu (p, s) 


(13.28) 
where we have used the relations 
YOV Y= Ya. WYRY =Y Cin) Vf, (in) = va. (13.29) 
Alternatively, we can write 
v(p, s) = u° (p, s) = iysu'(p, s) = iyayoyou (p, s) = Cu? (13.30) 


where 
Capp: CU eC EM pe uS, (13.31) 
Similarly 
v(p,s) =u" (psy, lp, s) =u" (p, s)iyoyo = u'(p,s)C. (13.32) 
Thus 
UCP, s)yuv(p', s) = u” (p, s)Cy,CU! (p', s') =u" (p, s)yt i’ (p', s”) 
= u(p', s)y,u(p, s). (13.33) 
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More generally, 


v(p, s)Pv(p', s) = u" (p, s)CT Cu! (p', s") = —u' (p, SCTC- la! (pl, s") 
= u(p', s)T^u(p, s) (13.34) 


where 
re = (-erc y. (13.35) 
For the various cases, 
Pym a= (Eyre) -(wW)-» 
T-yys (vw -(-yv C)" -(vvl) 9vw--vvs 


r=y yf -(-Ww'€--» 


r=1 1° = oe Ss = —1 
i i 
TP =o oí,—-(-Co,C) = = Va), WD = -ztw xl 
— (13.36) 


From the Majorana field expansion given in eqn (13.23), 


d? . " ; 
Wu (x) = x moe |buto. s)u(p, s)e ?* + bi, s)v(p, sje"? | : 


(13.37) 


- d? d? / 
buc Y: a 1/2 


Qx)2E, Qxy2E,] 
x [bi (p, s)bu p, s')ü(p, s)yuu(p', s')e iP 
+ bu (p.s)biy(P', SNOP, Syp v (p, s)e 070 
b, 9b} (p, s )ü(p, s)y,v(p', s)e PT 
+bu(p,8)bu(p', SNUP, s)y,u(p', s')e PT]. (13.38) 


We can write the second term as 


25 / bu(p. 8)by(p'. UP’, s')yyu(p, s)e "P 


= D S | bate’ sham. ip. yat etm 
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where we have interchanged (s, p) <—> (s’, p’). Then the first and second terms 
combine into 


>| p d? p! 
2 2 
se J [(20)32E,]'” [Gxy2£;]" 
x (bip. s), bu(p', s)u(p, 8) yu (p', s)e 9-0 


dp 7 
= E apan Pe ven. (13.39) 
5 p 


This is a c-number and can be removed by normal ordering. The third term can be 
written as 


3^ S [ Ao biu oif yop etm 


Sst 


=D | [ sti wii nif. yop etm = 0. 
(13.40) 
Similarly, the fourth term is also zero. In an entirely analogous way, we can show 


that Vo, Vy = 0. 


13.4 u — ey and heavy neutrinos 


Consider the decay u — ey in the same model as in CL-Section 13.3, but without 
the assumption that all neutrinos are much lighter than the W boson. 


(a) Show that the branching ratio is of the form 


3a 5 
B(u > ey) = zz.) (13.41) 
32x 
where 
! : m? 
8 =2 U* Ui ! 13.42 
v 2 ei~ H $ (i) ( ) 
with 
! (1— a)da 
g(x) = (20 —a)(2-—a)+a(1+a)x]. (13.43) 
o d-a)+ax 
(b) Show that, for the case m? « M3, this reproduces the result in CL-eqn 
(13.115). 
(c) Show that g(0) Z g(oo) and, if m3 >> My and m,» « My, the result is of 
the form 


3 
B(u > ey) = 35— lg(09) — 8(0107, Ups}. (13.44) 
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(c) (d) 
Fic. 13.2. u — ey via neutrino mixings. 
Solution to Problem 13.4 


(a) We will carry out the calculation in the 't Hooft-Feynman gauge. First, consider 
the diagram (a). 


ro=-i5 f mm o( i ) usr TM 
“J Qr" DDR A y:(prkb-m; 
x (25) Uni yd — ys)ty(P) > — 
2/2 (i? — Mi) 
(—ig!*) 
[(k +q)? — My] 


(—ieT up) 


where 
Tas = (2k - &)gog — (k + 2q)p6u — (k — Ques. (13.45) 


We can write this as 


. d^k 1 1 
T(a) = —i Zaf On) lus =| (e = M2) 
1 


X £—— — —— NT, 
[k-q?-My] " 
where 
gre 
Ci = ^4 Ue Ui (13.46) 
and 


Nuv = telp — q)yuy - (p + BW(d — ys)up(p). (13.47) 


246 Topics in flavourdynamics 13.4 
Using the Feynman parameters, we can combine the denominators to get 


1 1 1 do, da, 0(1 — a; — a2) 
x x = a f 
(p+k)}-m? KE-M, (kctqy-M; A3 


(13.48) 
where 


A= ai[(p +k) — m7] + [lk +4)? — Mi] (1 - a — eI — My] 
= (k + ai p + q} — a’ (13.49) 


with 
a? = oum? + (1 — a1) Ms. (13.50) 


We have neglect m? as compared to m? or M;,. Collecting these factors we get 


T(a) =i Y f der do 6(1 — a — o3) 


d^k 1 


x Sı 
Q7* [k + os p +q}?  a?] 


where 
Sy = NI". (13.51) 


To simplify the integral, we can shift the integration variable, k > k — o1 p — oq. 
Under this shift, we get for the p -€ term which contributes to u — ey, see CL-eqn 
(13.97), 


Sı > S, = (p> e) + yum, [21 — o)? + Qo, — Von]. (13.52) 


Momentum integration yields 


d^k 1 (i) 
J (27)4 (k2 M a2 = 32:?a? : (13.53) 


The contribution to the invariant amplitude A is then 


m da, daz 0(1 — a; — a2) 2 
A(a) — PLI 2(1 2a; — 1)o5]. 
e 2 ĉi Ter? i om? + (1 —o0))M;, EA pereo Cai deg] 


(13.54) 


Integrating over o», we get 


= m, (1 dot (1 — o4)? (3 — o1) 
Mare 2 16x? (us) J [d — ay) + o (m? / M3)T dd 
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From diagram (b) we have 


T dk _ i E d i 
12) = D J arte al) Ae E 


1 
); -U,ilm; — y) — m volu G5 aaa 
[s Ww 


PS 


(-ig^") 


x tear 


-S | d*k 1 1 T 
x x E 
Qr) ee k- M, k+ -mM C 
(13.56) 
where 
N, = ūe(p — q)yi (1 + ys) [m? — m, (y -k +m,)] upp). (13.57) 


Combining denominator and shifting the integration variable, we have 


d*k 
Tb) = Y 2i f den doo8 (1 — a a) f TT m (13.58) 


Again, picking out the p - € term, 
N= Ne > N = —2(p : €)üe(p — gq) + ys)uuCp)oom,. (13.59) 


The combination to the invariant amplitude A is then 


A(b) = y á (—m,) da, daz 0(1 — ay — a2)a2 
167? om? + (1 — 02)M;, 


(—m,) f da; (1 — a)? 
TA 5 (F =) [(1 — a1) + a1(m?/M2,) (13:60) 


Diagram (c) gives the contribution 


d^k j 
no) = 4 | Git D (E ) Utm v9 = ma = jn 


! (255)5 (6 net 
“OPH a) o IP ee (k2 — Mi) 
—19g^V 
e s tie Mw 


* (a MZ] 


d^k 1 1 3 
=i 2 ef x IX zE N, 
Qz)* GIBT k- My; (k+q}? — Mọ 
(13.61) 
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where, after setting me = 0, 
N! = ūe(p — q)y. (o + ys)m2u, (p). (13.62) 


It is easy to see that this does not contribute to the term p - €. 
Diagram (d) is of the form 


d^k i 
n) = -iY | oio (Az) Utm + 95) = ma = y) 
i 


E 
x 
y:(pctk)-mi (m 


) U,ilmi (1 ys) m m, (1 s ys)luu (p) 


I 


I . 
* (8 — Mj) I a? — 151695 Obr 


YT. f ON tip - o0 vou, 
—-—I "ML Qz) uep q Ys)Uuu AP (p +k)? — m? 


1 1 
x x 
k — M, (k+q)?— Mj 


m? 
= -4 ) ciz P Olep — a + ous Q)] 
i W 


; | dæ; daz 0(1 — o — a2) (a, + &2)&ı ( —i ) (13.63) 


oum? + (1 — œ)M?, 323? 
Thus we get for the invariant amplitude 


(-1) ( m? NES a (1 — œ) + o1) 
A(d) — i 
(= ma 2b i 327? (s: om? +(1- 02) M, 


_ (1) (mM; do, o(1 — or) + o1) 
=n Pe n CEE (13.64) 


The total contribution is then 


A = J A; (a) + A; (b) + A; (d)] 


I 


Sn 1 G ra da 
~ "Lo 640? \ My) Jo 1— a + 0(m?/M},) 


m? 
«| 2(1 — à)? (3 — 2a) — 2(1 — a? — 2a (1 anc +a) (25) ] 
WwW 


(1) / 1 m? 
=m, x aL (uz) g (sz) (13.65) 


i 
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where 


! (1— o)da 
g(x) = T [2(1 — @)(2— a) +a (1 + ox] (13.66) 
o d-a)+ax 


and 


_ ge 


g UsUu- (13.67) 


Ci 


(b) The function g(x) can be calculated as follows: 


w= ane a [2(1 —a@)(2—a@)+a(1+a)x]. (13.68) 
Seo h Gees Gees] RUE 


Let y= 1/(x — 1) or x = (1 + y)/y. 


7 1 ! (1— a) de (+y) 
g(x) = CT d. x64 E o) (2 — a) -- a(1-- oot! 
! (1— o) da 
= [2y(1 — à) 2 — a) 4- a (1 +a)  y)] 
o (ect y 
' da 3 2 
= Í [-(1 + 3y)a7 + 8ya* + (1 — 9y)a + 4y]. (13.69) 
o (œ +y) 
To facilitate the integration we can write the numerator d(a) = —(1 + 3 y)a3 + 


8yo? + (1 — 9y)a + 4y as 
d(a) = d(a) —d(—y) + d(-y) (13.70) 
where d(—y) = 3y(1 + y)? so that 


d(a) — d(—y) = (a+ y)[-( + 326? + 3y(y + 3)a 
+(-3y? — 9y? — 9y + 1)] (13.71) 


and 


1 
g(x) = [-(1 + 3y)? + 3y(y + 3)a + (3? — 9? — 9y + 1)] da 
0 


! da 
ac» f a (13.72) 
o at+y 


The integration brings about 


1 1 
Ist term = —(1 + 3y)3 + 3y(y 37 + ( 3y? — Oy? — 9y + 1) 


15 11 2 
3 2 
+ 13.73 
2 y 2 y ( ) 
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and 
1 —3x3 
Dn eae ey in vee oe (13.74) 
y (d -— x) 
Thus 
a 3 15/ 1 tH 1 2 3x3 i 
x)= nx. 
x G@=xy 2 \1—x 2 (1-x/ 3| d^ 
For x < 1, 
15 11 2 " 
a(x) = 30-33) - (1-23) E Uta) + 3+ 0G?) 
scudo (13.75) 
= 3 2 X J. * 
In this way we see that for m; « My, for all i, we get 
8| mE U*U, l;- ix = - LO (sz) (13.76) 
where we have used the unitary relation 
$T ULU,-:0. (13.77) 


This is the same as CL-eqn (13.113) in the text. 
(c) But for mı, m» « My and m3 > My, the situation is different: 
&, = 2 (UR Uy  UA5U,1) (0) + 2UAU,5g(00) 
= 2UAU,s[g(oo) — g(0)] = -2UAU,s (13.78) 


because 
5 2 
g(0) = 3 and g(oo) = 3 (13.79) 


Remark. Since the GIM mechanism is not effective here, the branching ratio will 
be very large (compared to the experimental upper limit < 10719), if the mixing 
U% U,3 is not very small. Thus the coupling of electron or muon to any neutral 
lepton which is much heavier than a W boson must be highly suppressed. 


13.5 Leptonic mixings in a vector-like theory 


Consider a simple model of leptons, where there are two left-handed and two 
right-handed doublets and, in addition, there are two left-handed neutral leptons: 


ues ys wer: mer) mes s 
COE HJ, € JR H jR 


l = oL, h = ip. 
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Show that if the Higgs scalar is the usual SU (2) x U(1) doublet, then the weak eigen- 
states, ne, Np, ..., can be expressed in terms of mass eigenstates Ni, N2, v3, v4 as 
follows: 


(ne)r = (cos PN, + sin ÓN2)n 
(nw)r = (—sing@N, + cos óN5)n (13.80) 


Me Me . 
(nj), = ( cos QN, + — sin QN» + U.3V3 + a) 
m, m» L 


My, My 
(ny)r = | 7 — sin $N, + — coso Nz + U,javs + Uva (13.81) 
m, m2 L 


where U,;s are elements of the unitary matrix that diagonalize the mass matrix. 


Solution to Problem 13.5 


Because of the vector-like nature of the theory, we have the bare lepton mass term 


—Lo = a m;(L;R; + h.c.) = m,.(ée + n,n,) + m,(Aj T nyn,) (13.82) 
i=1,2 


and the mass terms arising from Yukawa couplings 
Ly = MeeNgLNeR + MreNzLNeR F Ho ul LR stt MryNrLNpR- (13.83) 


We can collect the mass terms of neutral leptons in the form 


—Lm = VinMijVjr + h.c. (13.84) 
where 
Ne 
20 (re EET | (me 0 Mo ma 
od 0 mb Mm m me ma) 
"d 


To diagonalize this mass matrix, we use the biunitary transformation 


V'MU = Mı, Mi (^s Ba : a) (13.85) 
The mass eigenstates are 
Ni 
Qc vien (m). Gom Uva. 0229 
V4 
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In general, the 2 x 2 unitary matrix V can be taken to have the form 


V= ( ed x) (13.87) 


—sing coso 


From eqn (13.85) 


ViM=M,U' (13.88) 
we get 
cos@m, —singm, 
sin$m, Cosm, 
Uei Ue U.3 

| (m| 0 00 Uni Uy» 
~\ 0 m, 0 0 

miU, mU, see eee 
= . 13.89 

oe mU y2 2) ( ) 


Identifying matrix elements on both sides of this equation, we get (see Cheng and 
Li 1977 for more details) 


Me My. 
Ue = —cos¢, Uu = ——- sing, 
m, mı 
Me . My 
Ua = — sing, Uni = — cos. (13.90) 
m» m» 


13.6 Muonium-antimuonium transition 


Compute the effective Lagrangian for the muonium-antimuonium transition u~ + 
et — u*-re- inthe same model as the standard model but with massive neutrinos. 


Solution to Problem 13.6 


(4) > . > (3) 
W wt 

D — j > (2) 
e* N ut 


FiG. 13.3. The box diagram for muonium-antimuonium transition. 


The only diagram contributing to this process is the box diagram. We are inter- 
ested in the limit where all external momenta are small compared to Mw. In this 
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approximation, the general box diagram with arbitrary masses for the internal 
fermion lines can be calculated in the 't Hooft-Feynman gauge 


ig\f f d'k 2 
B(x, y) = (3) | ator ee moyen 


x [ur Q) yoQ - k + my)yvur(1)] 


-i WV( -i -i 
x 
k? — Mi, k — m?) \k? — my 
_ (-ig* fan k? p. ced red l 
(O64? 2) XO —- Mi] NG-m NO - m 


x [uy "y^v^30 — ys)u3)] [4Q voy v 30 — y2340)]. 
(13.91) 


After making the Wick rotation the momentum integration can be reduced to a 
simple form that can be carried out explicitly: 


[^ Ge) (ete) ea) 


_ in? F tdt 1l 1 -in? 
~ 4M2, Jo Qü-0?0-x)-y) 4M3 


I(x,y) (13.92) 
where 
x= —, y= E ci (13.93) 


The function / (x, y) is of the form 


= 2 
I(x, y) = ao dye — +— Inx. (13.94) 


The Dirac matrices can be simplified by the identity 


y"y^y? = gy? + gy" ES g^y^ A ig"? yy. (13.95) 


Thus we have 


[44v yy $0 — y9uQ)] [4Q vovv $0. — yu 0)] 
= 10 [14^ $0 — ys)u3)] [anA — yuQ] 
e" eu us [Eyy 51 — ys)u(3)] [AQ ysy iA — yuQ] 
(13.96) 
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Using 
"e. = -6g. — ysl- ys) = —( — ys) (13.97) 


we get for the box diagram 


B(x,y)=— I(x, y») [y^ 3 — ys)u(3)] 


ee Mee 
* GA M3, 
x [Enia — you]. 


The effective interaction is then of the form 


Lou +e” > ut xe) gery [@y* 3a — ysu] [enia — yon] 


(13.98) 
where 
Gr J (xi) = Jj) 
eff = —— U, UZU,;U;) | —————— 13.99 
Seff Ton? 2, (Ue bj | xix ( ) 
with x; = m2/M;. 
For the case x < 1, 
jujeche pli R leu ti 
x)= nx x t x^ +x lnx 
1-x (Qx? 
JQo)-J x?Inx — y? In 
LUE NM EIE Ri Beet CN (13.100) 
x—y x—y 
Then we get for the effective coupling constant 
G? x? In x; — xInx; 
gef 1x 2, (Us Ue Uns Ue) le +xj)+ Zn m (13.101) 


14 Grand unification 


14.1 Content of SU(5) representations 
The SU(3) x SU(2) content of the SU(5) representation 5 is given by 


5 = (3,1) + (1,2). (14.1) 


Show that the SU(5) antisymmetric tensor representation 10 has the following 
decomposition 


10 = (3*, 1) + 3,2) + 4, 1) (14.2) 
and the adjoint representation 24 has 
24 = (8, 1) + (1, 3) + (1, D + (3, 2) + (3*, 2). (14.3) 


Also, find the decomposition of the symmetric tensor representation 15. 


Solution to Problem 14.1 
From 5 = (3, 1) + (1, 2) we can form the second rank antisymmetric tensor: 
(5x 5o) = (IG, D + 0,21 x IG, D + 0,200 
= (3 x 3), 1) + B, 2) + (,2x 2o) (14.4) 


where the subscript (., denotes antisymmetrization (while (,) will be used 
to denote symmetrization). In SU(3), we have (3x 3)) = 3%, and in 
SUQ), (2 x 2), = 1. Then we get 


(5x 5), = (3°, D + (3,2) +A, D. (14.5) 
On the other hand, as representations in SU(5), we have 
(5 x 5). = 10 (5 x 5), = 15". (14.6) 
Thus we get 
10 = (3*, 1) + (3, 2) + (4, 1), (14.7) 


all of which corresponds to known particles in the standard model. Similarly, we 
can work out the symmetric part 


(5x 5), = (8, D+ (,2] x IG. D 4 0, D)e 
= (3 x 3J, D + 83, 2) + 0,2 x Da) 
= (6, 1) + (3, 2) + (1, 3). (14.8) 
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Namely, the single SU(5) representation having exactly the same number of states 
(with the correct quantum numbers) as one generation of standard model fermions 
clearly does not correspond to any particles we have observed so far: 


15* = (6, 1) + (3, 2) + 0, 3). (14.9) 


The adjoint representation can be obtained by the product of the fundamental 
representation and its conjugate: 


5x5*—24-1 (14.10) 
To work out the SU(3) x SU(2) decomposition we note that 


5x5* = (3, D +4, D] x [G*, D) + (,2)] 
= (3 x 3*,1) + (1,2 x 2) + (3,2) + (37,2) 
= (8,1) + 4, 1) + 4, 3) + 4, 1 + (3,2) + (35,2. (14.11) 


Subtracting (1, 1) from both sides we get 


24 = (8, 1) + (1, 3) + (1, D + (3,2 + (3*, 2). (14.12) 


14.2 Higgs potential for SU (5) adjoint scalars 


In the Higgs sector of the SU(5) model, if we neglect Higgs in representation 5, 
we can write the scalar potential in the form 


V(H) = —m?Tr(H?) + A(Tr( H2) + ASTr(H?) (14.13) 


where H is the Higgs field in the adjoint representation of SU(5) and is repre- 
sented as a 5 x 5 hermitian traceless matrix. Here, for simplicity, we have imposed 
a symmetry of H — —H to remove the cubic term. 


(a) Show that H can be transformed into a real diagonal traceless matrix 


hy 
hz 
H=UH,U' with H, = h3 (14.14) 
h4 
hs 


where hy + ha + h3 + h4 + hs = 0. 


(b) Show that at the minimum, the diagonal elements h;s can take at most three 
different values. From this result, discuss the most general form of symmetry 
breakings that can be induced by a 24 adjoint Higgs field. 
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Solution to Problem 14.2 


(a) Theadjoint representation H has the following SU (5) transformation property: 
H—H'-UHU!. (14.15) 


Since any hermitian matrix can be diagonalized by a unitary matrix, we can choose 
U such that H is the unitary equivalent to a real diagonal matrix: 


H,-UHU'- ha : (14.16) 


The trace is invariant under unitary transformation, Tr H = 0, which implies that 
hy + ha E Ra + h4 4 hs = 0. (14.17) 


(b) With H in the diagonal form, the scalar potential is simplified: 


2 
V(H) 2 -m? 3 h? +4 (xx) +h. n. (14.18) 


Since h;s are not all independent, we need to use the Lagrange multiplier u to 
account for the constraint 5 '; h; = 0. Write 


V'  V(H) — uTr(H) 
2 
--m Y h +A (xx) +49 hj- uY hi. (1419) 
Then 
av’ 2 2 3 
m —2m?h; + 4X p i) hi + AA3h? — u — 0. (14.20) 


Thus at the minimum all A;s satisfy the same cubic equation 
4A4x) -F4A,ux —2m?x —-u=0 with a= ya (14.21) 

j 
This means that h;s can at most take on three different values, ¢;, $», and $5, 


which are the three roots of the cubic equation. Note that the absence of the x? 
term in the cubic equation implies that 


$1 + do + $3 = 0. (14.22) 
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Let nı, n2, n3 be the number of times $1, o, $3 appear in Hy, 


$i 


He -n with nid) + 71202 +1393 =0. (14.23) 


$3 


Thus Hj, is invariant under SU(n,) x SU(n5) x SU(n3) transformations. This 
implies that the most general form of symmetry breaking is SU(n) — SU(n1) x 
SU(n2) x SU(n3), as well as additional U(1) factors which leave Hg invariant. 


Remark. To find the absolute minimum we need to use the relations 


nd, + n20» + n393 = 0, $1 62+ ¢3 =0 (14.24) 


to compare different choices of (n, n2, n3) to get the one with smallest V (H). 
It turns out that for the case of interest there are two possible patterns for the 
symmetry breaking, 


SU(5) — SU(3) x SU(2) x U(1) (14.25) 
or 
SU(5) — SU(4) x UC) (14.26) 


depending on the relative magnitudes of the parameters, A; and A. 


14.3 Massive gauge bosons in SU(5) 


For the adjoint representation H, written as a 5 x 5 traceless hermitian matrix, 
construct the covariant derivative D,, H. Calculate the mass spectra of the gauge 
bosons from the covariant derivative if the vacuum expectation value is given by 


(Hjo =v 2 l (14.27) 


Solution to Problem 14.3 


In the SU(n) group we have the following transformation for the fundamental 
representation y; with j = 1,2,...,n: 


y; > y; = Ui pe = (8; + iej) va (14.28) 
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where we have also written out the form for an infinitesimal transformation. The 
conjugate representation transforms differently. For y = (v';)* we have 


qd cou (si = ief) y*. (14.29) 
The adjoint representation ^ transforms in the same way as the product y; yk: 
Hj = (5, + ic^) (85 — iek) H" = Hi + iel Hf — iek Hr. (14.30) 


The covariant derivative is obtained by the replacement of et, > g WF in the above 
expression: 


(D, Hy; = 9,H; + ig(W,), HF — ig(W,) H7. (14.31) 
Or in terms of matrix multiplication 
D,H —9,H +ig(W,H — HW,) = 0,H c ig[IW,, H] (14.32) 


where W,,, H are 5 x 5 traceless hermitian matrices. The gauge boson masses 
come from the covariant derivatives 


Lw = Tr [D,GT) D, 0D)? ] > g?Tr(QW,, (H)IW", (HD. (14.33) 
It is easy to see that 
[Wn (H)]] = QW,)1 (Hy — Hj) (14.34) 
where 
(Hy! = Hô} (no sum). (14.35) 


Equation (14.34) implies that if H = Hj, the gauge field (Wp) is massless, and if 
H; # Hj, then the corresponding gauge field is massive. From the VEV given by 


(H)o =v 2 (14.36) 


the gauge boson fields (W) having i = 1, 2, 3 and j = 4, 5 are massive, M? = 
258°v?, while i, j = 1, 2, 3 and i, j = 4, 5 are still massless. In other words, the 
symmetry-breaking pattern is given by, 


SU(5) — SU(3) x SU(2) x U(1). (14.37) 


The remanent U(1) corresponds to a generator which has the same diagonal form 
as that given in eqn (14.36). The number of massive gauge bosons is then 


24 — (8 +3 + 1) = 12. (14.38) 
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14.4 Baryon number non-conserving operators 


Write down all possible dimension-6 operators which are invariant under the stand- 
ard model group SU(3)c x SU(2); x U(1) and violate the baryon number (B) 
conservation. 


Solution to Problem 14.4 


In order to form a colour singlet state out of quark fields we need qq or qqq. But 
the quark-antiquark combination does not violate baryon number conservation. 
Hence we are interested in composite operators that contain three quarks in the 
form qa4pdy e°PY or equivalently d, 964; e*BY wherea, f, y are the colour indices. 
Thus these dimension-6 operators have the generic structure (g^q)(q*I). As for 
the SU(2); symmetry, it is clear that there are three possibilities: 4 doublets, 2 
doublets, or all singlets. 

For simplicity, we take only one generation of fermions. SU(2) indices are 
written in the Latin alphabet. 


(i) 4 doublets 
O® = (air djpL) (TkyrlnL) Faby 81; &%n 
OP = (Gur a jpL) (Geyt nt) &agy (TE)ij * (TE)En (14.39) 


where dior = “ar and qx = dar. 


(ii) 2 doublets 

oO = (dE pupr) (aalik) EapyEij 

0'? = (aj, qjpr) (i, rlar) £apy£ij- Sen 
(iii) 4 singlets 


oO = (dE ppp) (u, glar) Eaßy 


Qo (9 = (uS pup) (d; rlar) Eapy + (14.41) 


14.5 SO(n) group algebra 


Consider a real n-dimensional space with vector x = (x1, ..., Xn). A rotation in 
this space can be represented as 


Xj > x; = Rijxj (14.42) 
where R is an n x n orthogonal matrix, RTR = RR? = 1. 
(a) For infinitesimal rotation, show that R;; can be written as 


Rij = bij + Sij with &jj = —€ji. (14.43) 
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(b) For any function of x, this infinitesimal rotation induces a transformation 
which can be written as 


1&;; 
feo) fa = f(x) + A Ji; f (X). (14.44) 
Show that the operators J;; can be written as 
Jij = —i(xi0j — xj0i) i, j=1,2,...,n. (14.45) 


(c) Show that J;;s satisfy the commutation relations, 
[Jij, Ju] = i Có Jit — Sik J ji — Sj Jik + óuJ ji). (14.46) 


(d) Show that in the group SO(n) with either even n = 2m or odd n = 2m + 1, 
we can find m mutually commuting generators. 


(e) For the simple case of n — 3, if we define 
atariy (14.47) 
then the commutators in (c) reduce to the usual angular momentum algebra 
[Ji Jj] = i£ijk Jk. (14.48) 
(£) For n = 4, define K; = Ji4, show that 
[K;, Kj] = i&ijk Jk and [Ji, Kj] = iei Kx (14.49) 
where J;s are defined in part (e). Also if we define 
Aii; K), B= 40; — Ki) (14.50) 
show that 


[A;, Aj] = i£ijkAk, [Bi, Bj] = i£ijkBk, [Ai, Bj] = 0. (14.51) 


Solution to Problem 14.5 


(a) Write the matrix equation RR Tin components, we have Rj; Rik = djx. 
For Rj; = 6;; + £ij, with e;; « 1, it becomes 


(Sij + £i) (ik + Eir) = jk > Ejk = —Ex;- (14.52) 
Thus we have jn(n — 1) independent parameters for the orthogonal matrices R. 
(b) Xi > x; = Rixj = xicéijxj. (14.53) 
Then 

fD = fai + eyjxj) = fi) + ey 


LH 


Xi 
, OX; OX; 


= f(x) + E (: (14.54) 
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If we write the left-hand side as 
FOD = fi) + leg Jy f OD (14.55) 
we get 
Jij = —i(xi0j — xj0j). (14.56) 
(c) From the simple commutator 
[9;, xj] = ôij, (14.57) 
we get 
[x;8;, xk] = xi 5x0) — xxói0j. (14.58) 
From this it is straightforward to get the commutators for Jj;s: 


[Jij, Ju] = —i (ô jk Jit — Sik J ji — ji Jik + Si Jj). (14.59) 


(d) If indices (i, j, k, l) are all different, the commutator is zero. Thus the follow- 
ing generators will commute with each other: 


{Ji2, J34, J56, Jail for n even 


{Ji2, Ja, J56, .... Ja 2a] for n odd. (14.60) 


Remark. This set of n/2 (or (n — 1)/2 for odd n) mutually commuting generators 
is said to form the Cartan subalgebra. 


(e) To recover the familiar angular momentum commutation relations from 
eqn (14.59), we use the identification 


Jj— 453, k= Jn, B= Jp (14.61) 


[J1, Jo] = [J23, J31] = ~i Ja = ih. (14.62) 
Similarly, we can obtain 
[J5, 3] =i, [J5, JA] 5 i Jo. (14.63) 
(f) From K; = Jj4, we get, from eqn (14.59), 
[K;, K2] = [Jia, J4] = —i(—J12) = is. (14.64) 
Similarly, 
[Ko, Ks] =i), [K3,Ki]=is2, or [K;j, Kj] = ieije Je. (14.65) 
For the other commutators, we have 


[Ji, K2] = [Jo3, Joa] = —i(—J34) = i K3. (14.66) 
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Similarly, 
[Jo, K3]=iK,, [J3, Ki] 2 iK», or [Jj, Kj] = iei Ky. (14.67) 
These commutators can be simplified by defining 
Ai 2 30i Ki. Bie $i — Ki) (14.68) 
which gives 


[A;, Bj] = HJ; + Ki, Jj — Kj] = iieig (Jk + Ke — Jk — Ky) = 0 


[A;, Aj] = 1UJi + Ki, Jj + Kj] = iie (Jk + Ky + Jk + Ky) = ieikAs. 
Similarly, 
[Bi, Bj] = ieijk By. (14.69) 


This means that SO(4) algebra is isomorphic to SU(2) x SU(2), generated by A;s 
and B;s separately. Also this implies that the SO(4) group contains three distinct 
SU(2) subgroups, namely those formed by {A;}, ( Bi), or (J;) generators. 


14.6 Spinor representations of SO(n) 
Consider the n-dimensional real space with coordinates (x1, xo, ... , Xn). 


(a) Show that if we write the quadratic form x + 32 Tec xe as the square of 
a linear form 


xp tag te tx, = Guy H A2V2 to + Xn Yn)? (14.70) 
then the coefficient ys satisfy the anticommutation relation 
{Vis yj) = 26;;- (14.71) 


This is usually referred to as the Clifford algebra. 


(b) Show that if we take y;s to be hermitian matrices, then y;s have to be even- 
dimensional matrices. 


(c) For the even case, n = 2m, show that the following set of matrices satisfies 
the anticommutation relations in (14.71): 


= (er iz Urs d (eco _ f vi 
m=1, Y = 31 Y Sas " (14.72) 


and for the iteration from m to m + 1 we have 


(m) 
yor) = [uo "D > i=1,2,3,...,2m (14.73) 
= 


m-4- 0 1 m+ 0 —i 
Del) eI x 
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(d) Consider a rotation in space (x1, ..., Xn) 
x; > Xj = OikXk (14.75) 
which induces a transformation on the yis 
Vi = OikYe- (14.76) 
Show that {y/} satisfy the same anticommutation relations (14.71): 
(1. yj) = 28 (14.77) 


(e) Because the original {y;} form a complete set of matrix algebra, they are 
related to the new {y/} by a similarity transformation 


yi —-S(Oy$ (0) ^o  Ouy, = S(O)yi S7 (0) (14.78) 


where S(O) is some non-singular 2" x 2" matrix. If we write these transformations 
in the infinitesimal form 


Oik = Sik + &ik, S(O) = 1 + SiS" ej, with ej, = —exi, 
show that 
i[Sij, yx] = Gixy; — djxVi) (14.79) 


and that such 5;; can be related to the y matrices by 


i i 
Su = zou = - [ven]. (14.80) 


2 ral 


(f) Show that for the matrices given in part (c), we have 


(m) 
( o 
ott) b ) SIO Se. OM (14.81) 
lox 


(m+) _; 0 ye (m+1) _; 0 y 
Oi 2m+1 —! (m) Oi 2m+2 =! (m) 
mU 0 =Y; 0 
(14.82) 
—] 0 
(m+1) - 
O^om--1,2m42 v ( 0 » £ 

(g) Show that Sj; = i Yk, yi], as given in part (e), satisfies the commutation 

relation for SO(n), as given in Problem 14.5: 
[Sij, Su] = —i (0 jk Sii + SiS jx — Six Sj — 51 Sik)- (14.83) 


(5;;] then form the spinor representation of the SO(n) group. Clearly it is a 
2" = 2"? dimensional representation. (In Problem 14.8, we shall study its decom- 
position into two sets of 2" spinor states.) 
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Solution to Problem 14.6 


(a) To solve for ys from the equation ? "; x? = (x1V1 +++» xy) itis clear 
that y;s cannot be the usual real or complex numbers. The simplest possibility is 
that y;s are hermitian matrices so that y; y; Æ yjyi: 


2 
a= (Zan) = psy, =} wim tyn) 04.84) 
i i i,j ij 
Thus we need to have 
ViVi t Yjyi = 2ói. (14.85) 
(b) From eqn (14.85) we see that, because y? zw], 
yj iv VIM) = 2yj or YiYiYj = Yi no sumon j. (14.86) 


Taking the trace of this final relation we get 


Tr(yjyiyj) = Tr (y). (14.87) 
But for the case i Z j, eqn (14.85) implies that 
Tr(y;yiyj) = TrC-yivjvj) = TrC-y). (14.88) 
Thus combining eqns (14.87) and (14.88) we have 
Tr(y;) = O. (14.89) 


On the other hand, y? = 1 implies that the eigenvalues of y; are either +1 or —1. 
This means that to get Tr(y;) = 0, the numbers of +1 and —1 eigenvalues have 
to be the same. Thus y; must be even-dimensional matrices. 


(c) The m = 1 case Because the 2 x 2 Pauli matrices 

{tj, Tj} = 26i (14.90) 
satisfy the anticommutation relation of (14.85), we can choose y? = tj with 
i — 1,2. 


The m > 1 case Using the recursion relation (14.73) we get (i, j = 1,2, 
3,...,2m) 


(m) (m) 
(n3) ne D] Ir Vj | 0 
Yi , Yj = 0 ees y"| 


- (268i; O\_ g 
= ( 2 n) p. (14.91) 
(m) (m) 
atl) (mth)  f( 0 yj On yey 
I» , Yom4 | mE ee 0 ) + ( 0 ) m 0, (14.92) 


2 
Gn o et. (14.93) 
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Similarly, 
2 
(m+1) (m+1) (m+1) (m+1) (m+1) 
Ir » Yam-+42 | = 0, ban > Yom42 | = 0, s ) =1. 
(14.94) 
(d) To compute the anticommutator of the transformed gamma matrices: 
YY, EYY) = Oik OM + yo = OikO j12ôkı = 28); (14.95) 


where we have used the fact that O is an orthogonal matrix. 


(e) From O;ikOjk = ôij, we get for O;; = 4;; + £ij with ej; «& 1 
(Sik + €:x) (O jk + &jk) = s or Ej = Ei: (14.96) 


Thus if we write S(O) = 1+ jiSijeij, then Sj; is also antisymmetric ini <> j. 
From Oj,y, = S(O)y;S~'(O), we get 


(ik + e) yk = (1 + Fi Sav£ab) vi (1 — Fi Skeri) (14.97) 
or 
„Ekl 
yi + EikYk = yi + i= Su. vi). (14.98) 
Write 
Sikyk = Elk VYkôil = i8 (%5i1 — yiói). (14.99) 
Thus we get 
i[Su, yj] = (ijk — Ved j0)- (14.100) 


We now show that 


i i 
Su = l0 = = 


à 14.101 
5 4 Uf yı] ( ) 


will satisfy the commutation relation (14.100). Since k +Æ l, in Sx, the above 
relation can be written 


i i 
Ski = 41 0n — uy = 5 (14.102) 
Then 


i[Su, yi] = —530vi yi] 
= $us vi} — Ue vivo = (ibik — yu). (14.103) 
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(f) From the definition of o;; and the recursion relation (14.73), we have for the 
case ofn =m + 1 


PAD = 


(m+1) (m+1) 
ij Yi Vj | 


0 : [-4" , -y ] 


(14.104) 


Il 
Q 
c E 
ze 
SN c 
— 


The remaining results stated in part (f) can be demonstrated in a similar manner. 


(g) From the relation (14.102), the commutator can be evaluated: 
[Sij, Su] = i5[S)j, “Yi = iF([Sij. ykdn + si. 


= 5((y Six — Vid jk) Yi + yxGQrjóu — ¥i5;1)) 
=I je Sit + OS jk — Six Sj; — bj Sik)- (14.105) 


14.7 Relation between SO(2n) and SU(1) groups 


The U (n) group consists of transformations that act on the n-dimensional complex 
vectors, leaving their scalar product (w - z) = Y^; w*z; invariant. 


(a) Show that the SU(n) transformations which leave Re(w - z) invariant can be 
identified as those in an SO(2n) group. Thus, the SU(7) is a subgroup of SO(2n). 


(b) If we write the SO(2n) matrix in the form R = e", where M is an antisym- 
metric 2n x 2n matrix in the form 


M= ( sr c) (14.106) 


where A, C are antisymmetric matrices and B is an arbitrary n x n matrix, show 
that R = e" also belongs to U(n) if M has the specific form 


M= [5s a) with A antisymmetric and B symmetric. (14.107) 


(c) The 2n-dimensional representation of SO(2n) decomposes as n + n* under 
SU(n). In other words, if we write the 2n-dimensional real vector in the form 


r= (ai, .. an, Di, «+, Dn) = (ai, bj), (14.108) 


show that, for the unitary matrices written in the form as given in (b), the combi- 
nation a; + ib; transformed into themselves and so did the combination a; — ib;. 


(d) Work out the decomposition of the adjoint representation of SO(2n) in terms 
of the irreducible representations of SU (n). 
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Solution to Problem 14.7 


(a) In the scalar product (w - z) = »5; w*z; we can write w; and z; in terms of 
their real and imaginary parts 


wj-ajcib; zj =a +ib'. (14.109) 


The scalar product can then be put in the form 


(w - z) = Y (aja! + bb’) +i Y (ajbi, — bja!) (14.110) 
j=l j=l 
which gives 
Re(w : z) = Y (aja, + bjb’) (14.111) 


If we collect a; and b; to define a 2n-dimensional real vector r = 
(ai, ..., an, b1, ..., bn) then Re(w - z) can be written as the scalar product of 
2n-dimensional real vectors 


r-r = La + bjb (14.112) 

The transformations which leaves this scalar product invariant are just the SO(2n) 
transformations 

ri > r| = Rijrj where RR’ = RTR =1. (14.113) 


From this we see that the SU (n) group is a subgroup of SO(2n) whose transform- 
ations leaves both Re(w - z) and Im(w - z) invariant. 


(b) and (c) By definition a U(n) transformation on the n-dimensional complex 
vector space is of the form 


oiz-Ugz with UU'-U'UZI (14.114) 
where the unitary matrix U can be written as 
U =e” with H = — Hİ being an antihermitian matrix. (14.115) 
For infinitesimal H, we have U ~ 1 + H and 
z —icHjzj — z =z} + Hiz}. (14.116) 


Thus 


a tz = (a tg) tih + AG; +25) + 5 (Ay H3; zi) 
(14.117) 


14.8 Construction of SO(2n) spinors 269 
and 
a; = aj + Aijaj + Bijbj (14.118) 


where a and b are the real and imaginary parts of z: 


a; = $i +27), bi = cis = g), 
Aij = 3H + Hj). Bij; = i5 (Hi — Ai) ae 


are all real. Since H is antihermitian, we have 


Hý = —Hji. (14.120) 
This implies that 
Aij = —Aj and Bij = Bj. (14.121) 
Similarly, 
b; = bi — Bijaj + Aijbj. (14.122) 


We can combine these two transformations as 


G)-Gee() oem 


where M is an antisymmetric matrix of a specific form 


M= E " with A=—A’, B — Bl. (14.124) 


(d) From (b) and (c) we have learned that the vector in SO(2n) decomposes into 
n 4- n* of SU(n). The generators in SO(2n) can be associated with second-rank 
anti-symmetric tensors. This implies the decomposition of SO(2n) generators as 


[m+n*) x n - n]. = (nx n). + (n x n*) + (n* xn), 
n(n — 1) (n — D* 


n 
= $m -181e 


where the subscript (_) means antisymmetrization. For example, we can decompose 
the 45 generators of SO(10) in terms of the irreducible representations of SU (5): 


45 = 104+ 2441410". (14.125) 


14.8 Construction of SO(2n) spinors 


The y-matrices given in Problem 14.6 can also be written as a tensor product in 
the form (Note: the integer m of Problem 14.6 is being called n in this problem) 
poe = y" X T3, i —1,2,...,2n, 


+1 +1 
pet? =1% xq, y =1% xt 


where 1) and y/'s are 2” x 2" hermitian matrices. 
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(a) Show that 
YR mixixe XX T3 X- T3 


VO, = 1x1 x xX BX (14.126) 


where the 2 x 2 identity matrix 1 appears (k — 1) times and 13 appears (n — k) 
times and 


Gy isp (ie ae 3s, (14.127) 
(b) For the chirality matrix, we define 


Vrive = (—i)" Quya s: yon). (14.128) 


Show that yrryg can be written as the direct product of n Pauli t3 matrices: 


VFIVE = T3 X T3 X 3 (14.129) 
and 
1 ye 0 
VÉVE = ( PIVE r j (14.130) 
0 —YFIVE 


(c) Since the natural basis for Pauli matrices are spin-up |+) and spin-down |—) 
states, we can take as the basis for the y -matrices the tensor product of such states 


|€1, €2,--+,&€n) = |e1)lez) ... |en) with <; — +1. (14.131) 


Show that 2" such states in the SO(2n) spinor representation decompose irre- 
ducibly into two set of 2"-! states, called S* and S~. They have the property 
of 


St 
[[e= à for V states. (14.132) 


(d) For the case of n — 2, suppose we embed the SU(2) group into SO(4) by 
identifying t of SU(2) generators with B, generators of SO(4) as defined in 
part (f) of Problem 14.5. Show that spinor representation St and $^ reduce with 
respect to the subgroup SU(2) as 


St>1+1, 0473. (14.133) 


(e) Show that for the case n = 3, the spinor representation St and S^ of SO(6) 
reduced with respect to the subgroup SU(3) as 


St + 3*41, S — 3-1. (14.134) 


(f) Show that under SU(5), the spinor representation St ~ 16 of SO(10) reduces 
as 16 = 10 + 5 4- 1. 


For more details of SO(2n) spinor construction, see Wilczek and Zee (1982). 
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Solution to Problem 14.8 


(a) and (b) Let us work out the tensor product expression of a few low- 
dimensional y matrices: 
For the n — 1 case: 


1 1 1 : 
vin, yin ymg--inn-tn. (14.135) 
For the n = 2 case: 
2 2 
yr mw xm yi? — 75 X t3, 
vio —1xt, yo =1xt, 
2 2, (2). (2), (2). (2 
Vive = iP y yP yfP y = —(a) x (uT) 
= T3 X 73. (14.136) 
For the n = 3 case: 
3) _ (3) — 
yj =T1 X % X 73, y; =T2 X T X T3, 
y? 21xmnxm, yo =1x nxt, 
yO 21x1xn, yO 21x1xm, 
(3) 3, (3), (3), (3),,3),,3),,Q3) 
Yrive = (SI) Yi Yo Ys. Ya Ys Yo 
= 73 X T3 XT. (14.137) 


From these it is not hard to obtain the general (n) case by induction 


Yar, SIxixeou xtX X T3, yi) =1 x1 xm xm x X 0, 


where the identity matrix 1 appears (k — 1) times and t3 appears (n — k) times. 
We can also explicitly calculate the commutators: 


ODE 45 = ; Er »& | —1xlx-nxlx-xl (14.138) 
and deduce 
Ving = T3 X T3 X T3 X X T3. (14.139) 


(c) It is easy to see that Y anticommutes with ys. For example, 


Y eV2k-1 = 73 XT X X (T371) X Tp x f (14.140) 
Yo AY E = 73 XT X X (TT) X 12 ex f (14.141) 


which gives 


[vie vn] =0. (14.142) 
Since oj; is quadratic in y;s, 
LIED (14.143) 


which implies that ve S commutes with the generator J;;, which are represented 


2 
by Ji; = 50; j in the spinor representation. From (vite) = 1, we can decompose 
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the 2"-dimensional spinor into two 2"~!-dimensional representations S* having 
ys eigenvalues of +1 (Schur's lemma). It is clear that 


VE clei, £2 es, = (13 X T3 X X T3)|E1, E2, — 


(f a) Renee (14.144) 
i=1 


Thus S* states have []}_, &; = 1 and S^ states []}_, ¢; = —1. 
(d) Applying the above results to the SO(4) group which has the irreducible 
spinors 
Pop) xe. dope 
STU + ( ) and S:2-— ( 14.145 

|--) |--) LE 
and embedding SU(2) into SO(4), we can identify the SU(2) generators with a 
subset in the SO(4): 


‘Ty? —> Bk = Jk — Ky = dlegjJij — Jia. (14.146) 
For example, 
‘T3 — Jin — J4 > 3 (01 034) — iu x1l+1xt). (14.147) 
In St, we have | + +), | — —) and both have a zero ‘t3’ eigenvalue, e.g. 
‘t3’| ++) 2 4C D- 141-4 DI] +4) =0 (14.148) 
Similarly, for the | — —) state 
n ( m =0. (14.149) 


Namely, both members of the S* spinor transform trivially under SU(2). This 
implies that 2^ — 1 + 1 under SU(2). For the $^ states it can be similarly worked 
out and the result can be written as 


ny (ee ) B (5 ') (eal (14.150) 


Thus we have 2~ — 2. Namely, the SO(4) spinor S^ is simply an SU(2) spinor. 


Remark. The identification of the SU(2) generators TÊ with those in the SO(4) 


can also be carried out through the identification of their respective indices: a= 
1, 2 for SU(2) andi = 1, 2, 3, 4 for SO(4). 


leq 3—3 4i4 


T? = J34i4,3~-14 = 1543 — i J34 = —2i J4 = — 1034 
= -iü X 13) (14.151) 
Similarly, we have T = -405 x 1), so that we check with the above result, 


y = TÌ — T? = H-n x 1+1 x t). (14.152) 
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(e) We can embed the SU(3) group into SO(6) with the identification 
121412, 2—3- i4, 3—5- i6, with & = SU(3) index. 


The SU(3) generators wi are related to J; 5. by these relation of indices, e.g. 


wl = Jaiz = iJa -iJ,--2iJ5 = -ton = —$(5 x 1 x 1). 
(14.153) 
Similarly, 
Wi--lüxnxD),  WÌ=-—}(1x1 xt). (14.154) 
For S*, we have the states | + ++), | + ),|-+-), | +), and their quantum 
numbers are given by 
State Wi-W2 W;+W;-2wW;3 
| +++) 0 0 
bl -1 
leke es =l 
| — —+) 0 2 


(It may be helpful to think of W} — w2 as the third component of isospin and 
Wit w2 — 2W? as the hypercharge operator.) Thus we see that the states |3- ——), 


| — 4-—). | ^ —+) form the triplet 3* representation under SU(3) 
|+-—) 
| esse | ~. (14.155) 
|- =+) 


This means that St decomposes under SU(3) as 4* — 3* + 1. Similarly, S~ 
decomposes as 4^ > 3+ 1. 


(f) In the spinor representation St for SO(10), we can denote the states by 


le1, €2, 83,84, €5,&6) — with IE = 1. (14.156) 


We can identify the first two e;s as the spinor states of SO(4) which contains SU(2); 
and the last three ¢;s with SO(6) which contains SU(3)c. Then the SU(2); x 
SU(3)c quantum numbers of spinor representation $* are given by 


eH) ui 
( 2 2» x | |= +=) | > 203") tags dr (14.157) 
pex 


( u 2 X |+ ++) > 2(1, 1) = vr, er (14.158) 
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( " 8) x|+++) > 2,1) > J (14.159) 
L 


I --) 
[Es | -+-) | > (2,3) - (4) ; (14.160) 
|- =+) L 


It is easy to see that these are just 5+10* + 1 representations of SU(5), 
see Problem 14.1. The SU(5) singlet can be identified with the right-handed 
neutrino vg. 


15 Magnetic monopoles 


15.1 The Sine-Gordon equation 


Consider the Lagrangian for a scalar field $ in two-dimensions (respectively, one 
space and one time) 


1 1 a 
L = z (990) — = (8.4)? — -I1 — cos(bó)] (15.1) 
2 2 b 
where a and b are constants. 
(a) Show that the equation of motion for this Lagrangian is of the form 
3o — 026 +asin(bd) = 0 (15.2) 


which is called the Sine-Gordon equation. 


(b) Verify that the field configuration 


4 (x — vt) 
(x,t) = n tan! {exp | se^ || , (15.3) 


with v being an arbitrary constant, is a solution of the Sine-Gordon equation. 


(c) Show that the effective potential V ($), given by V($) = a(1 — cosbQ)/b, 
has degenerate minima at 


(min) = 2n 
pi ne (15.4) 


where n is an integer, and the field configuration, given by eqn (15.3 ), interpolates 
between two such minima of V(@): 


$(x = —00,t) = gm 


$(x = +00, t) = à. (15.5) 


(d) Show that the energy carried by the configuration (15.3) at t = 0 is 
a\1/2 
BE ( 5) , (15.6) 


(e) If we write the Lagrangian £ in powers of ¢, find the mass and the quartic 
coupling constant in terms of a and b. Express the energy E = 8(a/b?)!? in terms 
of the mass and coupling constant. 
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Solution to Problem 15.1 


(a) The equation of motion which follows from 


DE 2s gee (15.7) 
ap (9,0) 
is the Sine-Gordon equation: 
ə” 3 H + asin bd = 0, (15.8) 
Le. 
ao — 026 + asin bọ = 0. (15.9) 


(b) We will show that the field of the form 
d esed 
P(x) = pan E (15.10) 


where 


& = exp [(ab) ^y (x — vr)]. (15.11) 


and y = (1 — v2)? with v being arbitrary, satisfies eqn (15.9). 
Using the formula 


ð 
—t = — 15.12 
ie Y 1+ y? dx ed? 
we obtain 
A 4 1 Æ 4 & 1/2 
= 2 b)" 15.13 
ax vien bite Y Um 
and 
32 4 2 = 2 
$  Aay'tü - £) dnd 


ax2 — a + &2)2 


Because the function $ (x, t) has the space-time dependence through the combi- 
nation of (x — vt), the second derivatives must be related (as in the conventional 
wave equation) Io - vio = 0. The above result can then be written as the first 
and second terms of the Sine-Gordon eqn (15.9): 


p Po  —4at(ü-£&) 


0 əx? (+E ` ED 


Now calculate the third term in the Sine- Gordon equation: 


sin bó = sin 4(tan^! £) = sin 40 with 0 = tan”! E. (15.16) 
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With the help of the formula sin 40 = 2 sin 20 cos 20, and 


2tan 0 2& 1—tan?6 — 1—£? 


sin 20 — = and cos 20 = = ; 
l+tan?0 1+8& l+tan?9 1+8&2 
(15.17) 
the sine term can be evaluated, 
4£(1— £? 
amecae ee (15.18) 
(1+ &?)? 
which just cancel the first two terms calculated in eqn (15.15): 
ao — 026 +asinbd = 0. (15.19) 


Remark. This solution has the space-time dependence through the variable £ = 
exp [(ab)/ 2y (x — vt)]. One simple way to understand this is to note that if we 
write 


; x — vt 


Xm awn (15.20) 


then x’ is related to x by a Lorentz transformation. Thus in this variable x’, so 
that $ = exp[(ab)/ ?x'], the function $(£) is expected to be a solution to the 
time-independent equation of 


92$ = a sinbó. (15.21) 


Let us demonstrate this. To solve this static equation by integration, we can multiply 
both sides by 0,¢@ so that it becomes 


ld (dóV | ad 
2 (2) = yg. 6050) (15.22) 
or 
“(2 Em 1523 
2 dr + zes o) = C. ( ^ ) 


If we use the boundary condition of 0,9 = 0 and bó = 2nz, as x — -oo, then 
the integration constant is fixed to be c — a/b. We have 


dp\* — 2a _ 4a , bo 
(2) = pl — cos bd) = Xd sin E (15.24) 
Or 
^P e a2() sin f. (15.25) 
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Integrate over the equation 


d 1/2 
El p =2(=) [^ (15.26) 
sin(b@¢ /2) b 
or 
1. |1— cos(bo/2 b 
iub ig ER COPIAM Sint” (15.27) 
2 1 + cos(b¢/2) 4 
which just checks with our result of 
4 
d= ; tan! [exp [3 (ab) 2x] . (15.28) 


Thus we can get the general solution by boosting this static solution in the x- 
direction by a velocity v. In other words, the general solution is moving in the 
x-direction with a velocity v. 


(c) From V($) = a(1 — cosbQ)/b we have 


as = a sin bó, (15.29) 


so that 0V/d¢ = 0 can be satisfied by bó = mz with m = 0, +1, +2,.... Such 
extremum points are minima if 


eV 
ae = ab cos bọ > 0. (15.30) 


Thus if we take ab > 0, then cos mx > 0, only for even m = 2n. Thus the minima 
of V (ġ) are located at 
2nz 


pee nzs0, 5 52,.... (15.31) 


We now study the extrapolation of this $ (x, t) from x — oo to x — —oo. Taking 
the x — oo limit, we have 


E = exp [(ab) Py (x — vt)] — oo, d= f anig = = x p. 
(15.32) 


Taking the x — —oo limit 
4 . 
E = exp [(ab)? y (x — vt)] > 0, $-, tan!£ 20— 90, (15.33) 


Thus, the configuration 


4 (x — vt) 
(x,t) = ; an l E Ed (15.34) 


interpolates between two minima of V (à). 
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(d) The conjugate momentum is given by 


al 
=—=49 15.35 
Ta o9 ( ) 
and the Hamiltonian density is then 
H = ndoh — L = 3 (30H)? + 58,9) + VP). (15.36) 


The total energy E for the time-independent field is then 


E= [^ E + ve»| : (15.37) 


Because eqn (15.9) can be written via eqn (15.29) as 


do — 3? — =0, 15.38 
for the static case 099 = 0, we get 
aV hdd IVId AV 
tg du. | = =. 15.39 
ne Tag "9x2 dx ab OX OR doom) 


This implies that 


aTr |] 1 (ag)? y 
«D (3) -v|- bi ; (x) -Vv-a. (540) 


To calculate the constant c; we can set x = oo which gives $ = 0, $ = 0, hence 
d¢/dx = 0 and V = 0, leading to c; = 0. This means that for the field which 
satisfied the equation of motion, we get 


1/89 V? dx j NU 
~{—] =V or — = | — (15.41) 
2 \ ax do 2V 

and the total energy is then 


1 2 dx 
e= fas; oo eve) = | xv [2v ao 


dọ 
2m /b 2a 1/2 p2x/b 
= Í QV(9)!^ db = (=) f (1 — cos bó)? dø 
0 b 0 
a\1/2 
28 (5) (15.42) 


(e) From the power series cos0 = 1 — 10? + x04 +--+ we get 


ab? 


are sens (15.43) 


v) = 5 dy tag? 
(er — cos $) = ab 
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Comparing this to the standard form given by 


2 
M^ 2 ^ ag 
Ví) = —9 - — 15.44 
($) 9 Tg’ ( ) 
we have 
wR — ab, à = ab’. (15.45) 
The energy is of the form 


a 1/⁄2 w 
=) eg (15.46) 


E-s( à 


Note that in a two-dimension fields theory, the parameters A and u? have the same 
dimension because ¢ is dimensionless. 


15.2 Planar vortex field 


Consider the Higgs Lagrangian in two space and one time dimensions (u = 0, 1, 2) 


: HY *( DH 2 p* A * a2 
L= FFF! + (Dud) (O9) + 6° — 2070) (15.47) 


where F,» = 0,,Ay — 0,A, and D o = 0,6 + ieA,®@. 
(a) Work out the equations of motion from this Lagrangian. 


(b) Show that the time-independent field configurations A and $ with Ao = 0 and 
having the r — oo asymptotic behaviour (in the two-dimensional polar coordi- 
nates) 


1 f 2\ 1/2 
A(r,0) > -V(n0), (r, 0) > ae"? with a= (4) (15.48) 
e 
will satisfy the field equations worked out in (a) upto O (r ?). 


(c) The magnetic flux @ = f B - ds is related to the gauge field A of eqn (15.48) 
on a large circle C at infinity as b — fc A - dl. Show that this flux must appear in 
quantized units: 


2 
pst. (15.49) 
e 
Solution to Problem 15.2 
(a) From the Euler-Lagrange equation for the $ (x) field: 


aL aL 
= à, 
ag* 9(9,*) 


(15.50) 


we obtain 


D'(D,)ó = u^$ — 29 (69^). (15.51) 
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while the equation of motion for the A,, field 


al E al 
89A, — "8(0,A,) 


(15.52) 


works out to be 
ie (69,9* — $*8,0) + 2€ AL (0*9) = 9" Fur. (15.53) 


(b) In the polar coordinate system, we have V = (fd/dr, 30 6 /r). Thus for large 
r, the asymptotic form we want to use can be written as 


; 1 A 
Vo —60 7. ^ A(r6)—-WV(n0)—- --Ó as r— oo. (15.54) 
e er 


Since Ag = 0 and ¢ is independent of t, the full covariant derivative is given by 
the spatial part, which vanishes asymptotically as 


Do = (V — ieA)¢ > jan ie ] > O(r?) as r — oo. 
i (15.55) 
Also from $ (r, 0) = a e/"?, we have 
u^$ — X($*$)ó — 0 (15.56) 


where we have used a? = 42/4. Thus eqn (15.51) is satisfied up to terms of order 
O (r?). 

We now show that eqn (15.53) is satisfied by these field configuration. The 
right-hand side vanishes to O (r7?) because the field tensor F ieee. O (r ?) as the 
gauge field can be written as a pure gauge, eqn (15.48) 


0 
Ay,—8,X — wih x= as r— oo. (15.57) 
e 
The left-hand side also vanishes to O (r ?) 


; 42 $4332. A 
ie| (322 | +26? (7.8) a = Or). (15.58) 
r r er 


Equations (15.53) and (15.51) are satisfied because both sides of these equations 
vanish, at least to O(1/r?). 


(c) From Stokes’ theorem, we get 


o= [Bas=¢ a-a (15.59) 
S [o 


where C is the boundary of the surface S. In the limit of r — oo, we have 
A(r, 0) > (1/e) V (n0), thus the components 


A, > 0 and Ag > — (15.60) 


and the flux quantization condition follows: 


n 


2x 27 
o- | Aer d0 = -f do =n—. (15.61) 
0 € Jo € 
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15.3 Stability of soliton 


The equation of motion for a scalar field in two dimensions can be written as 


$4 — —0 where O=4 — 92. (15.62) 
ap 
Consider a small perturbation around the time-independent solution ¢9 (x), 
$ (x, t) = $o(x) + (x, t) (15.63) 


where ó(x, t) is a small quantity. 


(a) Show that, to the first order in ô, the perturbation ó(x, t) satisfies the equation 


a°V 
d(x, t) + TU ó(x,t) = O. (15.64) 
I” loa, 
(b) Take 9 (x, t) in the form of a superposition of normal modes: 
8(x,t) = Re `a, el^! yy, (x). (15.65) 
Show that 
d? y, 
LENE Gi 0» ry (15.66) 
dx? 


(c) Show that if $o(x) is a monotonic function (i.e. has no nodes), then all 
eigenfrequencies are non-negative. 


Solution to Problem 15.3 
(a) The unperturbed static solution $o(x) satisfies the equation 
$o--V'(óo 20 or | —32$o + V'(do) — 0. (15.67) 


Substitute $ = po + ô into the field equation, D ($o + ô) + V'($g + ô) = 0. For 
small 6 we can expand V’ 


V'(do + 8) = V’ (ho) + V"($9)8. (15.68) 


Then the equation of motion is, for small 6, 


po + V'($o) + 05 + V"($9)8 = 0 (15.69) 


or 


8+ V" ($9)8 = 0. (15.70) 


(b) Substituting the normal mode expansion 5(x, t) = Re Y^, a, e/^"! Wn (x) into 
the above equation, we get 
d'y, 
dx? 
which can be viewed as a Schrödinger equation, v; being the eigenfunction with 
eigen-energy E, = o». 


+ V'O) Yn = oo, (15.71) 
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(c) From the equation for ġo, 
— 860 + V'(do) = 0, (15.72) 


we get, by differentiating with respect to x, 


2 
_ (*) 4: v^ (dg) = o. (15.73) 
Ox Ox 


This can also be viewed as a Schródinger equation with 2e being an eigenfunction 
with zero energy E, — w? = 0. Then if $9 is monotonic it has no nodes. It 
is a well-known theorem that for a one-dimensional Schródinger equation with 
arbitrary potential the eigenfunction with no nodes has the lowest energy. Since 
this eigenfunction has zero energy, all other eigenvalues are positive. Note that 


with normal mode frequencies all positive for the perturbation 6, the solution ġo 
is stable. 


15.4 Monopole and angular momentum 


For a charged particle moving in a monopole field, the Hamiltonian is given by 


1 
Hem D’+V(r) where D= V —ieA (15.74) 


~ 2m 
where A is the monopole vector potential given in CL-eqn (15.25). 


(a) Show that 
; ; Fk 
[Di, rj] = óij, [D;, Dj] = —iegeijk 3. (15.75) 
(b) Show that the angular momentum operator L defined by 
r 
L = —ir x D — eg- (15.76) 
r 


will have the usual commutation relations for the angular momentum operators, 


[Li, Dj] = iei Dy, [Li, rj] = i£ijk"k, 


[Li, Lj] = ieijk Ly, [Li, H] = 0. (15.77) 
(c) From the Heisenberg equation of motion show that 
—i— (15.78) 


which implies L = mr x dr/dt — egr/r. 
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(d) Using the identity 
D-D=O-)50-1)- Dx £50 x r) (15.79) 
and the relation 
L-L=-(r x D? eg, (15.80) 


show that the Hamiltonian on a subspace of states for a given total angular momen- 
tum is of the form 


EY OP do uo Ce Dee 
A, = V. 15.81 
i 2m ERIH] 2mr? |+ ( ) 


(e) Show that the quantum number / can take only values of the form, 


1 = legi, leg| +1, leg] +2,.... (15.82) 


Solution to Problem 15.4 


(a) The vector potential for the monopole, according to CL-eqn (15.25), has the 
form 


E. (1 — cos 0) 


A,=Ap=0, Ay (15.83) 


r sin 0 


which has a string on the negative z-axis. Expressed in Cartesian coordinates, it 
has the form 


-y " x 


= ' = g—__, A, = 0. 15.84 
TS S xz) z ( ) 


Since A depends only on the coordinates (not on the derivatives), it is easy to see 
that 


[Di, rj] = 0, rj] = óij (15.85) 
[D;, Dj] = [3j = ieAj, 9j = ieAj] = —ie[d;, Aj] = ie[Aj, dj] 
= —ie(8;Aj = 0; Aj) = —ie£jjy Bk = —iegsij (15.86) 
r? 


where we have used the fact that the monopole field is given by By = grg/r°. 


(b) Given the definition of (15.76) L = —ir x D — eg} we now compute the 
commutators involving L;s: 


ri 
[L;, Dj] = [-ieiurkDi, Dj] — eg [2.5] ; (15.87) 
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The first term on the right-hand side is 


g . F r, 
—ieiu(ra[Di, Dj] + [rk, Dj] Di) = —ieiu [e ieg)enn s — 5 xD] 


Oi; lif; a 
= —eg (3 — zi) + iij] Di. (15.88) 


r 
The second term on the right-hand side in eqn (15.87) is 


1 1 bij Vil j 
-eg ri. Dj] — egri » D;|= eB — 68,3 (15.89) 


where we have used [D;, f (r)] = f'(r)8r/8r;. Combining these two terms, we 
get the result 


[Li, Dj] = i£ijk Dr. (15.90) 


This means that D; transforms as a vector under the rotation. 
The next commutator to compute is 


. Fi 
[Li, rj] = [-ieiursDr, rj] — eg E 7 
= —i£jyurg| Di, rj] = LEijkTk (15.91) 
which just confirms that r; is a vector. 
We now need to check the basic angular momentum commutation relation 


LL, Lj] = ie juli, eDi] — eg [Li =]. (15.92) 


The first term on the right-hand side can be calculated using the commutation 
relations of (15.90) and (15.91): 


—i£ ja (Li, rk] Di + relli, Di) 
= —i£ juega rk Di — irg&ini Dn) 
= (8ij0,; — ÔilÔnj)rn Di + (4: j5nk + Sikô jn) TE Dg 
= irb at Dj — Si18njtnD1 Si Erim iEn e Da) (15.93) 


where we have used the identity £abc£ade = Ôbdôce — Ôbeôca, the second term on 
the right-hand side in eqn (15.92) is 


| 1 
—eg [t s] = —eg[Li,r;]- = -egisi =. (15.94) 


r 
Combining them, we get the expected result 
; ; r ; 
[Li, Lj] = iei (—itmintxDn — eg) = igijmLm, (15.95) 


showing that L;s, as defined in (15.76), are indeed the angular momentum 
operators. 
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The Hamiltonian is of the form 
1 
H--—D-V(r (15.96) 
2m 
and the commutator with the angular momentum operator is 


3 2 NET 
[Li H] = Ds Docs as VO ms DEDE 


1 
Fy CEU PRD) + iei D; Dk) = 0. (15.97) 


This means L is conserved by the Hamiltonian which describes the motion of 
particle in a monopole field. These calculations verify quantum mechanically that 
the monopole's contribution to angular momentum is indeed given by —egr/r. 


(c) From the Heisenberg equation of motion: 


i Lin -i(-L n2 (15.98) 
qg AI 5 2 : 
Thus we can write the angular momentum L of eqn (15.76) as 
dr r 
L = mr x — — eg-. (15.99) 
dt r 


The first term is the familiar particle angular momentum. This again confirms the 
interpretation of the second term as the angular momentum of the electromagnetic 
(monopole) field. 


(d) In the identity 


1 1 
D-D= (D.r)-5;(-.D) -(Dxr)-;(rxD) (15.100) 
r r 
we have 
0 
BEDS PW de E Mul (15.101) 
r 


where we have used A, = 0. Also 


D] 
Donat dee Ea (15.102) 
r 
Then the first term of the identity (15.79) is 
1 a 1/ ə EE 
D.r)—c(r.D)— 3 = . 15.103 
( mid ) ( )3 (=) ere ( ) 


From [D;, rj] = àjj, we get D x r = —r x D and 
[mr x D), r°] = [rDs — r3Do, r? r2 r2] = 2n — 21r =0. (15.104) 


The second term of the identity (15.79) is then 


-DxplexD- lex. (15.105) 
r r 
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Combining them, we get 


Ded qa Li D)? (15.106) 
Tae Mean e UD ; 
The last factor can be related to L? because the definition (15.76) leads to 
L-L=-(r x D? + eg. (15.107) 
We then have 
a 209 L? — e? g? 
D-D= : 15.108 
ðr? T r or i r2 ( ) 
The Hamiltonian is then 
1 
H = ——D' + V(r) 
2m 
1 Fd? 23 P-eg 
= V 15.109 
2m E r or T r2 | TKU ( ) 


and for states with orbital angular momentum /, we can replace L? by /(I + 1) to 
get 


1 3? 20 Id + 1) — e? g? 
H, = V(r). 15.110 
f 2m E r or r? TON ( ) 
(e) We can write the usual spherical harmonics as 


Y (0, $) = (9, bli, m) (15.111) 


where |/, m) is the eigenstate of the angular momentum operator and |0, $) is the 
eigenvector of the particle with angular position at polar angle 0 and azimuthal 
angle $. Under the rotation characterized by Euler angles a, £8, and y, we have 


e Ion eT EYL, m) = S Dy (e By m) (15.112) 


where DO, (a, B, y) = eie qt (B)e-'"Y and am (8) can be found in books 


mm 
on rotation group. A particular case of the above relation is, fora = y = 0 and 


p=-8, 
ei^? m) = 314, C9) m’). (15.113) 


On the other hand, |0, $) can be obtained from |0 = 0) by rotations 
[0, p) = e 1 «9 ety? 19 = 0). (15.114) 
Thus we can write the spherical harmonics as 
Yr (6, $) = (0, oll, m) = (6 = Oe" e 5*1, m) 
= X eta) (0) (0 = OIL m’). (15.115) 
This means that we can construct Yj” (0, $) from (0 = O|}, m’). 


The constraint on the eigenvalue / can now be obtained by investigating the 
structure of (0 = O|I, m^). 
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The special case of eg — 0: L is the same as the usual rotational operator, and it 
is easy to see that 


e419 = 0) = |0 = 0) (15.116) 


because a particle in the z-direction (0 = 0) is invariant under rotation about the 
z-axis. From this we get 


(8 = 0je "|l, m") = (0 = O|L, m’). (15.117) 


On the other hand, e/^*|I, m^) = ei". m^) and (eio — D(0 =Ojl,m’) = 0. 
This means that 


(0 =O|l,m') 40 only when m =0, (15.118) 


which implies that the allowed values for / are 0, 1,2,3,.... 


The general case of eg 4 0: 


L620) = |-ite x D. — eg (=) | l8 = 0). (15.119) 
r/z 
Since 0 = 0 corresponds to x = y = 0 and z Z 0, we have 
(r x D); |ð = 0) = (xD, — yD,)|6 20) 20 (15.120) 
r 
(5) le = 0) = |0 = 0). (15.121) 
Y^z 


Thus we get 
L.|0 = 0) = —eg|0 = 0) and — e /^"|g = 0) = e'***|g = 0). (15.122) 
Then 
(0 = 0je/^" |, m") = e718 (9 = Oll, m') = e7"*(9 = Oll, m) — (15.123) 
or 
e 1 —9 9 — Ol, m^) — 0. (15.124) 


This implies that the matrix element (0 = O|/, m") Æ 0 only if m' = eg. Since 
l > |m'|, we have 


l-jeg| or i-legl,leg| 4 L.... (15.125) 


16 Instantons 


16.1 The saddle-point method 


The transition amplitude for a particle moving in a one-dimensional space, when 
written as the path integral, is of the form 


(tiat) = Ge Pp) = N [taxi (16.1) 
where 
p? 
H=F evo) (162) 
and 


seda i V 16.3 


N is the normalization constant, 


(a) Show that in the Euclidean space t — —it, we can write 


le" Pls) =N f td] er 


seque Sy 


(b) One can use the saddle-point method to obtain a semi-classical result. Show 
that in the limit i — 0, we have 


where 


N fixi e SE/h = Ne Se @0)/h [det(—a? + Voy] ^ 


1 


- —Sg(xo)/h 
— Ne I] aay (16.4) 
where xo(f) is the classical solution, obeying the equation of motion 
és d?xg 
Tau tV) (16.5) 
and A,s are the eigenvalues of the second derivative operator, 
d n 
ZE A V"Gg)x, = Ann (16.6) 


di? 
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(c) Show that the matrix element (x pe */^lx:) for large t is of the form 
(x ple pa) en P Gr eO) (Ola) (16.7) 
where |0) is the ground state with eigenvalue Eo of H, 
H|n) = E,|n) and Eo < E, n £z 0. (16.8) 
(d) Show that for xo which satisfies the equation of motion (16.5), the combination 
2 
Z (=) - VG. (16.9) 
interpreted as the ‘energy’, is conserved. 


(e) Show that if xo (Tt) satisfies the equation of motion (16.5), then (dxọ/dT) is an 
eigenfunction of the second derivative operator, with zero eigenvalue, 


d? dxo dxo 
cu [e " em avs 16.1 

A (Z)+v oo (S $941) 
Solution to Problem 16.1 


(a) Making the replacement t = —it in eqn (16.3), we get 


domum a ay evo (16.11) 
E — —l «f T (= x y : 


(b) We are interested in calculating the transition amplitude, which is proportional 
to f [dx] e 5*/^. Thus we need to compute Sz and [dx]. 

In the semi-classical limit A — 0, we can use the saddle-point method to evaluate 
the integral for Sz. The saddle point xo of Sg satisfies the first derivative equation 


d?xg j 
——m-——--V (xg) = 0. (16.12) 
dt? 


OSE 
ôx 


X=X0 


Thus, near the saddle point the leading correction to the classical action is the 
second derivative term. We can write Sg as (see, for example, Problem 1.6) 


Se(x) = Se (xo + 1) 
2 


ý d 
= Sg (x0) +f dt'n ES za v'an] +. (16.13) 
0 


Write 
xG)— xo) $ ex) o = Dental) (16.14) 


n 


with xo(0) = x;, xo(t) = xy, and x,(0) = x,(t) = 0. Also x,s are chosen to be 
orthonormal, 


f Xn(T )Xm(T )dt! = nm. (16.15) 
0 
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Then we can take the integration measure to be 


1 
[dx] = lan] = | | acsi dos (16.16) 


T dn 
s2 af d / _ y" 
E A Pap +V (xon 


S P 1 d?x, H 
= CnCm T Xm PE + V” (x0) Xn | - (16.17) 


n,m 


and 


We can choose x,s to be eigenfunctions of the second derivative operator 


dx, 5 
dr? +V (Xo) Xn = = AnXn (16.18) 
to carry out the integration, 
S® = ee. Xn(T!)Xm(T!) dt! An = E (16.19) 


n,m 


and 


m h dc, iz 
[lane Se/h T ome | y ; | 


1 


7 I s ~ (det OQ)? (16.20) 
with O being the operator: 
d? 
Qr PB) (16.21) 


(c) From H |n) = E, |n), we have 
ARS) = M "epe nni) = Y e^ P Gunn). (16.22) 


n n 


(x ple 


Since E, > Eo for n Æ 0, the ground state will dominate the sum for t large, 
(x ple P x) > e^ Por (x 10) (01x;). (16.23) 


(d) By multiplying dxo/dt to both sides of eqn (16.5), we get, 


d |m (dxo : 
— 0. 16.24 
TEO vio] : m) 
We can thus interpret 
m ( dxo 2 
E=—|—) -vV 16.25 
2 (=) (x0) ( ) 


which is a constant of motion as the ‘energy’ of the particle in the Euclidean space. 
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(e) By differentiating with respect to r both sides of the equation of motion (16.5), 


we get 
d? dxo dxo 
us = 0. 16.2 
"s m) d (=) (18-20) 


This means that dxo/dt is the zero mode of the second derivative operator. 


16.2 An application of the saddle-point method 


(a) Show that for the case of a free particle, Hy = p?/2m the transition amplitude 
is given in the Euclidean space by 


u -Hr/ň Lye (xy — x) m 
(xyto|x;0) = (xyle IX) FA exp -k 3f (16.27) 


(b) Compare this amplitude with the formula derived in Problem 16.1(b) to show 


that 
d2 —1/2 mh 1/2 
N | det | ——— = | —— ; 16.2 
ie ( =)| (=) n 


(c) Use the above results to find the ground state eigenfunction W(x) and energy 
E) for the case of a simple harmonic oscillator, 


p m 5.2 
H = — + — : 16.29 
om ugs doen 
Solution to Problem 16.2 
(a) (x ple Pf) = i £P (j| p) (ple P hy 
2x 
= / dp pnl elP(xp—xi)/h 
2x 
" dp TQ 5$ | Xf — Xi 
TELI] m tt RP 


1/2 NE) 
= ( a ) exp | 5| (16.30) 


27t To 2toh 


where we have used the formula for the Gaussian integral, 


+00 1 \ 1/2 
Í dxexp(-ax* + bx) = (=) exp(b/4a). (16.31) 


oo 
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(b) From the result (16.4), obtained in Problem 16.1, we have 
(xf, tolxi, 0) = N exp [—Se (x)] [det (—32) + Vx] ^ (16.32) 
where xo(f) is the classical trajectory with the boundary condition 
xo(0) = xi, X(T) = x. (16.33) 


In the case of free particle V(x) = 0, we have d?xo/dt? = 0. Thus, taking into 
account the boundary condition, we get 


T 
xo(1) = xi + (xy — xi)—. (16.34) 
To 
The classical Euclidean action is then 


To d 2 To 1 a 2 
SE (To) = dr |” (2 z I di'(x; — xi) — m(xf — xi) 
0 2 \dt' Dele m 20 


and 


— xy. 
lose Nesp eae) [det (-a2)] ^ . (16.35) 
2toh 


Compare this with Part (a), we get 


» L( mh y 16.36 
cons) l ee 


Eigenvalues of — a can be obtained as follows: 


d? 
—qu mx m X= A sin(e,)! "c. (16.37) 
T 


Then the boundary condition (16.33) requires 


2 
Xn(To) =0 > & = (=) : (16.38) 


To 
Thus we have to choose the normalization constant in such a way that 
1/2 
To mh 
NIC) 6G) . 16.39 
I] nu ( 27 To ) ( ) 


(c) For the case V(x) = jmo?x?, we get V"(xo) = maw”. The eigenvalues are: 


(ise). EnXn => € (m) +0 (16.40) 
dt2 Ho n^n n — To * $ 
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Thus 


N -N[T 1 
[det(—d2/dr? + 2)] 7 ut (En) "2 


-|* 2) |acoces 


= (mt) : (16.41) 
CX DE (sinh wt)!” 
where we have used the identity 
oo 2 inh 
II ( if 5) 5 eee (16.42) 
: n TY 


The classical action can be calculated as follows. 


dX av 
dtr? ax 


= X > X= Ae” + Be“. (16.43) 


Using the boundary condition we get 


. f (xy — xi) 
X = Asinhot + x; with A = ——— ——. (16.44) 
sinh wtp 
The Euclidean Lagrangian is then 
231754 2 MF EN 
Le = — |—) -zmot^X*^- -mœ A^ cosh2or (16.45) 
2 \dt 2 2 
where for simplicity we have set x; = 0. The Euclidean action is then 
K moA? ox; 
$p — / Ledt= sinh 2@t = coth wT. (16.46) 
0 


Substituting the expressions derived in eqns (16.41) and (16.46) into the transition 
amplitude: 


(x, = xle7#*/"|x; = 0) = N [det (82) + V(xo)] ^ e- Seem 


mhw \\/? 1 mox? 
= i jj; &XP coth wT |. 
27 (sinh wt) 2h 


(16.47) 


AS Tọ — ©, this amplitude has the limiting value of 


hw \ 1/2 
(x le P710) => (m ) pra or meen, (16.48) 
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Compare with the formula in (16.23) 
Ge 77/740) — e^ (x10) (O]x = 0) = e P" yo(x)yo(0), — (1649) 


we get, 


ho mho is —mox? [2l 
Eo= and ec =(S—) e i (16.50) 


Set x = 0, we get y (0) = (mwh/ 27)!/4 so that the ground state eigenfunction 
for an SHO system is 


mohiY ^ 2 
V(x) = (= ) ges, (16.51) 
16.3 A Euclidean double-well problem 


In Chapter 15 we considered the double-well potential in Minkowski space-time: 
here we consider its Euclidean counterpart. 


V(x) = A(x? — a)? (16.52) 
with minimum at x = +a. This is an example of the instanton solution (with 
non-trivial space and time dependence) in a field theory in one space and one time 


dimensions. 


(a) Show that the solution to the equation of motion (set m = 1 for simplicity) 


dxi J 
Tu VG) =0 (16.53) 


with boundary conditions x;(t) — +a as tT — +œ has zero energy 


e-i) V&n) 20 (16.54) 
75 E = X1) = U. 3 


Integrate this equation to show that the solution is of the form 


c(t — Tı) 
xı = a tanh E NE (16.55) 


with tı some arbitrary constant. (This solution is usually referred to as the instanton 
centred at To.) Also show that the Euclidean action for this solution is 


3 


So = ty 


(16.56) 


where o? = 8Aa?. 


(b) From the zero-energy condition (16.54), show that for large t we have 
(x; — a) ^ e ?*, This means that instantons are well-localized objects, having 
a size of the order of (1/@). 


296 Instantons 16.3 


(c) The zero-mode eigenfunction x, (1) from the translational invariance is related 
to the classical trajectory x(t) by 


x; = N—. (16.57) 


1 2 
0 


(d) Show that in the path integral [dx] the integration over the coefficient c; of this 
zero mode can be converted into an integration over the location of the centre ro: 


>t ges P ge (16.59) 
Gane S an) 9 


(e) Show that the one-instanton contribution to the transition matrix element is 
given by 


S, MA 
(ale P*| — a) = Nt (=) e 9" (det’[—a2 + V"(x)]) — (16.60) 


where det’ means that the zero eigenvalue has been taken out. 


Solution to Problem 16.3 


(a) Given that x;(t) — a as tT — oo, we must also have dx,/dt = O in that 
limit; otherwise, xı (t) will not stay at x, = a. Thus as t > oo, we have xy = a 
and dx;/dt = 0, which implies that both the kinetic and potential energies must 
vanish: 


1/dx V 
E--[—]|J-Vo)20 at t — oo. (16.61) 
2\ dt 


Since E is independent of t, we have E = 0 for all values of t. Using 
VG) = AG — a’)? (16.62) 


we get from E — 0, 


(=) = (2V 1)? = —(2a)'? (xt — a’). (16.63) 


The minus sign is chosen because we are interested in the region |xj| < a. 
Integrating this equation we have 


d 1 
| a -[ow^e or In 
(x? — a?) 2a 


X1—aà 


= —(21) ^? (t — v). 


xı +a 
(16.64) 
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Or, with o? = 8Aa?, 


xı(t) = a tanh a (16.65) 


For the zero-energy solution the classical action is 


1 /dxiV? 
s= fl; (=) tva dr 
= fve )d = [ov a -[ 1/2 
= dt = CDF dx; = | QVGa» ^^ dxi 
1 


="? f (7x? +°) dx, = QA)? 40°. (16.66) 


a 


From o? = 8Aa?, we get 


3 
So = 22) 24 ( 2 LL (16.67) 
3 229172 12A i 


Having the coupling in the denominator shows that the classical action for the 
instanton is intrinsically a non-perturbative contribution. 


(b) We are interested in 


3 = Dv)" = -QJ'^ (x? - a?) SUM 


For t large, because of the feature of x; — a, 


d 
($) ~ (24)? 2a(a — x) > ola — xı) or xi -ace *. (16.69) 


(c) Substituting into the normalization condition, Jo [xı (1) P dt’ = 1, the trans- 
lational relation between the zero mode and the classical solutions, we get 


2 d dx " / 
N ds| dr (16.70) 
0 


On the other hand, the classical trajectory x(t) has an action 


*dxWM 
E ( ) dt’. (16.71) 
0 dt’ 


Thus we get N? So = 1, or 


(16.72) 
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(d) Expanding x(t) in terms of eigenfunctions x, (1), having eigenvalues E£, 
X(T) = exi (T) + eoxa(2) +++ (16.73) 
we get for the zero mode E; = 0 
dx(1) = x1(1) dci. (16.74) 


On the other hand, the change induced by a small change in the location of the 
centre T is 


dx 
dx = —dt. (16.75) 
dt 
Thus we get 
ae d (t)d : M (16.76) 
—dty = dx = x,(t) dej = ——~ — dc]. : 
de? : 1 (Sidr 


Cancelling dx /dt on both sides, we get 


1/2 1 So \ 
dc = ($9) "^ dt or Qn) dc, = (=) dt. (16.77) 
(e) In the usual formula 


(ale EY — a) = Ne!" [get (282 + V") ^ (16.78) 


we can remove the zero mode in the determinant by integrating over the location 
of the centre of instanton, 


S, NU pt S, NU 
(=) l dw=t (3x) (16.79) 
0 


So 
2xh 


Then we have 


1/2 

-1/2 
(a|e- P */^| —a)=WNt ( ) e SEO)/h [det ’ (—a? a v")] / . (16.80) 
Note on the multiple instanton solution 
Since instantons, for large t, are well-localized objects, there are also approximate 
solutions consisting of strings of widely separated instantons and anti-instantons, 
centred at 7;,..., t, where 


TOU »T72,».-1,»-0. 


We will now evaluate the functional integral by summing all such configurations. 
Since these n objects are widely separated, the classical action is just $ = nSo, 
where So is the action for one instanton. Recall that for a single-well (harmonic 
oscillator) potential we have, 


= o \1/2 

N [det (0? + o)? = (—) e? (16.81) 
wh 

for large t. If it were not for the small intervals containing the instantons and anti- 

instantons, V" would be equal to c? over the entire time axis and give the result 
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(16.81) for the single-well potential. The small intervals containing instantons and 
anti-instantons correct this formula and can be written as 


N [det (C82 + œ?) J"? = (2) gota gn (16.82) 


where the factor K can be determined by demanding that this formula yields the 
right answer for one instanton. The zero-mode integration is again converted to 
integration over the centres, T1, T2, ..., Tn, 


T T To icu n 
f an | dn | ds: f ducc. (16.83) 
0 0 0 0 n! 


For transition from —a to a, the integer n is odd and from —a to —a, it is even, 


(-a|e "^^ — a) 


oN an (Ke o/h) 
2 EIG D a 


n! 
n-even 


_ (=)" ew T exp (Ker) 
T 


+ exp (—Ke7//"r) ]. (16.84) 
Similarly, 
(a |e7 "^| — a) 


E (4)" gen 5 (Ke Sf)" 


n -even n! 
w \1/2 1 
xd A —or/2 7 —So/h 

=(=) e 5L exp (Ke 2 T) 

— exp (—Ke7*/"r) ]. (16.85) 
Clearly, the one-instanton contribution is 

—Hz/l w 2 -ot/2 =So/h 

(a |e" - a), = (=) e 2 (Kelt), (16.86) 


Compare this with the result in Problem 16.3(e), 
_Ht/h So NUS —Splxy)/h j 2 m\q-1/2 
fa |e” | — a) = Nt | — }) e [aet' (—82 + v")] (16.87) 


we see that 


QNT or / 2 a2 (So Vi 
Kk (—) e? = N [det (-2 + 9?)] (16.88) 


300 


or 


So 


16.3 


Instantons 


1/2 [get (—82 + V"(x)) J? 


20h 


x 


| 


16.89 
[det (—32 + 2) | ^ RM 


Note that by taking t large in (J 
eigenvalues are given by 


-a|e-"*/^la), we can see that the lowest two energy 


E hKe- 9h 


(16.90) 
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